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@ H < G locally compact groups

@ X = H\G G. Assume X has a G-invariant measure
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@ X = H\G G. Assume X has a G-invariant measure
@ Then R: G ~ L2(X) by right translation
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@ X = H\G G. Assume X has a G-invariant measure
@ Then R: G ~ L2(X) by right translation

Problem : Decompose L2(X) in irreducible representations J
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@ H < G locally compact groups
@ X = H\G G. Assume X has a G-invariant measure
@ Then R: G ~ L3(X) by right translation

Problem : Decompose L2(X) in irreducible representations J

@ Case of interest : F a p-adic field, G= G(F), H = H(F) where H < G are
reductive algebraic group over F.
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H < G locally compact groups

X = H\G G. Assume X has a G-invariant measure
Then R: G ~ L2(X) by right translation

Problem : Decompose L2(X) in irreducible representations J

@ Case of interest : F a p-adic field, G= G(F), H = H(F) where H < G are
reductive algebraic group over F.

ex: GLy, SLp, SO(V), U(V)...
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The local Langlands correspondence

Langlands parameters <— Irreducible repns of G

o F = E DAy
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The local Langlands correspondence

Langlands parameters <— Irreducible repns of G
@ Langlands parameter : @ : W — LG
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The local Langlands correspondence

Langlands parameters <— Irreducible repns of G )

@ Langlands parameter : ¢ : Wf — LG
@ W/ : Weil-Deligne group, closely related to Gal(F/F)
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The local Langlands correspondence

Langlands parameters <— Irreducible repns of G

@ Langlands parameter : ¢ : Wf — LG
@ W/ : Weil-Deligne group, closely related to Gal(F/F)
@ LG : Langlands dual group, a complex group
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The local Langlands correspondence

Langlands parameters <— Irreducible repns of G

Langlands parameter : ¢ : Wf — LG

WE : Weil-Deligne group, closely related to Gal(F/F)
LG : Langlands dual group, a complex group

ex :LGL, = GLy(C), - SL, = PGL,(C)
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The local Langlands correspondence

¢ : Langlands parameter — [, : finite set of irred repns (L-packet) J

Langlands parameter : ¢ : Wy — LG

WE : Weil-Deligne group, closely related to Gal(F/F)
LG : Langlands dual group, a complex group
ex:LGL, = GLn(C), 'SL, = PGLn(C)
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The local Langlands correspondence

¢ : Langlands parameter — [, : finite set of irred repns (L-packet) J

Langlands parameter : ¢ : Wy — LG

WE : Weil-Deligne group, closely related to Gal(F/F)
LG : Langlands dual group, a complex group
ex:LGL, = GLn(C), 'SL, = PGLn(C)

Known for GL, (Harris-Taylor, Henniart), SO(V), Sp(V) (Arthur) and U(V) (Mok,
Kaletha-Minguez-Shin-White)
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Spherical varieties

@ Assume X is a spherical variety

o F = E DAy
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Spherical varieties

@ Assume X is a spherical variety
@ ex: (GLp X GLn)\GLp+-m, GLr\SO2pn, SO;\SOp 41 X SOy,
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Spherical varieties

@ Assume X is a spherical variety
@ ex: (GLp X GLn)\GLp+-m, GLr\SO2pn, SO;\SOp 41 X SOy,

@ In many cases Sakellaridis and Venkatesh constructed an L-group -G x +
LGX X SLz((C) — LG
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Spherical varieties

@ Assume X is a spherical variety
@ ex: (GLp X GLn)\GLp+-m, GLr\SO2pn, SO;\SOp 41 X SOy,

@ In many cases Sakellaridis and Venkatesh constructed an L-group -G x +
LGX X SLz(C) — LG

@ Assume the SL,-factor is trivial, by pushing forward

¢ Langlands parameter into “G x — ¢’ Langlands parameter for G
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Spherical varieties

@ Assume X is a spherical variety
@ ex: (GLp X GLn)\GLp+-m, GLr\SO2pn, SO;\SOp 41 X SOy,

@ In many cases Sakellaridis and Venkatesh constructed an L-group "G x +
LGx x SLy(C) = G

@ Assume the SLp-factor is trivial, by pushing forward

¢ Langlands parameter into “G x — ¢’ Langlands parameter for G

Conjecture (Sakellaridis-Venkatesh)
Assume the SL,-factor is trivial. Then

3
12(x)= | % do
[o]
@ ¢ varies over (tempered) Langlands parameter into ‘G

@ ¢ is the Langlands parameter of G associated to ¢ and }(P/ is a multiplicity-free
sum of representations in ¢y (may be zero)

Raphael Beuzart-Plessis Local relative trace formulas 25 septembre 2014 4/7



Trace Formula

e For f € C(G), R(f) = [5f(9)R(9)dg ~ L3(X) convolution operator

R(N0() = [ Kilxy)ody. Kilx.y) = [ Hx " hy)a
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Trace Formula

e For f € C(G), R(f) = [5f(9)R(9)dg ~ L3(X) convolution operator
/foy y)dy, Ki(x,y)= /f x""hy)dh
o IfL2(X) = @nm(n)n, R(f) is trace-class and

Y m(n)trace n(f) = trace R(f) = / Ki(x, x)dx = / I(h,f)dh
P X H/conj
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Trace Formula
e For f € C(G), R(f) = [5f(9)R(9)dg ~ L3(X) convolution operator
/mxy y)dy, Ki(x,y)= /f x""hy)dh
o IfL2(X) = EBnm(fc)n, R(f) is trace-class and

ZMMMwMQ:MwmozAmmmm:A//wﬁw
g conj

© I(h.f) = Jcenta(ny\a f(g~"hg)dg orbital integral and /(m, f) = trace Tt(f) character

Raphael Beuzart-Plessis Local relative trace formulas 25 septembre 2014

5/7



Trace Formula

e For f € C(G), R(f) = [5f(9)R(9)dg ~ L3(X) convolution operator
)= [ Kxpew)dy. Kixy) = [ 10 hy)an
o IfL2(X) = @nm(n)n, R(f) is trace-class and
;MMMwMO:MwMO:A&mﬂm:AmeﬂM

© I(h.f) = Jcenta(ny\a f(g~"hg)dg orbital integral and /(m, f) = trace Tt(f) character

@ In general R(f) is not trace-class. Arthur’s idea : consider "truncated" trace

- /XKf(x,x)u(X7 T)ax

where u(., T) is the characteristic function of a compact set Q7 C X covering X
as T — oo,
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Trace Formula

e For f € C(G), R(f) = [5f(9)R(9)dg ~ L3(X) convolution operator

x)= [ Ky, Kilx.y)= [t hy)an

o IfL2(X) = @nm(n)n, R(f) is trace-class and

Zm T)trace T(f —Mwmoz/&mnwz/ I(h,f)dh
X H/conj

© I(h.f) = Jcenta(ny\a f(g~"hg)dg orbital integral and /(m, f) = trace Tt(f) character

@ In general R(f) is not trace-class. Arthur’s idea : consider "truncated" trace

- /XKf(x,x)u(X7 T)ax

where u(., T) is the characteristic function of a compact set Q7 C X covering X
as T — oo,

@ Try to evaluate JT(f) as T — o in two different ways : geometric (orbital integrals)
and spectral (characters).
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translations

@ Arthur : group case H — H x H = G, then X = H and G acts by left and right

=} F = E DAy
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@ Arthur : group case H — H x H = G, then X = H and G acts by left and right
translations

@ Gan-Gross-Prasad case : V quadratic space, W C V nondegenerate hyperplane
and H = SO(W) — G = SO(V) x SO(W)
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@ Arthur : group case H — H x H = G, then X = H and G acts by left and right
translations

@ Gan-Gross-Prasad case : V quadratic space, W C V nondegenerate hyperplane
and H= SO(W) — G = SO(V) x SO(W)

Theorem (Waldspurger)

For certain f € C(G), we have

/ J(h, f)dh = / J(m, f)dn
Cx(H) Rx(G)

@ Cx(H) : space of conjugacy classes in H, Rx(G) : space of (virtual)
representations of G

@ J(h,f) : weighted orbital integral, J(, f) : weighted character
@ Remark : Here 1 € Cx(H) is an atom

@ Application : The Gan-Gross-Prasad conjecture giving a precise description of
L3(X)
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@ Arthur : group case H — H x H = G, then X = H and G acts by left and right
translations

@ Gan-Gross-Prasad case : V quadratic space, W C V nondegenerate hyperplane
and H= SO(W) — G = SO(V) x SO(W)

Theorem (Waldspurger)
For certain f € C(G), we have

/ J(h, f)dh = / J(m, f)dn
Cx(H) Rx(G)

@ Cx(H) : space of conjugacy classes in H, Rx(G) : space of (virtual)
representations of G

@ J(h,f) : weighted orbital integral, J(, f) : weighted character
@ Remark : Here 1 € Cx(H) is an atom

@ Application : The Gan-Gross-Prasad conjecture giving a precise description of
L3(X)

@ This also works for unitary groups : H= U(W) — G = U(W) x U(V).

Raphael Beuzart-Plessis Local relative trace formulas 25 septembre 2014 6/7



® Ho = GLn(F) x GLp(F) = GLz2n(F) = Go

o F = E DAy
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® Hy = GLy(F) X GLy(F) < GLan(F) = Go
@ Hy = GL,(E) — GLon(F) = Gy (E/F quadratic extension)
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@ Hy = GLn(F) X GL(F) < GLon(F) = Go
@ Hy = GL,(E) — GLon(F) = Gy (E/F quadratic extension)
@ H, = GL,(E) — GLn(D) = Gz (D/F quaternion algebra)
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Ho = GLn(F) x GLp(F) = GLan(F) = Go

Hi = GLp(E) — GLop(F) = Gy (E/F quadratic extension)
Ho. = GLp(E) < GLp(D) = Gy (D/F quaternion algebra)
In these three cases, able to establish a weak trace formula
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Ho = GLn(F) x GLp(F) = GLan(F) = Go

Hi = GLp(E) — GLop(F) = Gy (E/F quadratic extension)
Ho. = GLp(E) < GLp(D) = Gy (D/F quaternion algebra)
In these three cases, able to establish a weak trace formula

Application : set m;(1t) = dim Homg,(mt, L2(X;)). If T is a square-integrable
representation of GLpp(F) and ' = JL(7), then

mi (1) + mo(n') = mo(m)
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