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Plan

Maximal Rank and Matching Numbers

» Flanders theorem and its extensions
» Maximal rank in the exterior algebra

» Edmonds and Lovasz min-max theorems

Minimal Rank: between Algebra and Topology

» Algebraically closed vs. finite field cases

» Nonsingular spaces of real matrices

Linear Spaces in Nilpotent varieties

» The matrix case: Gerstenhaber theorems

» Some Lie algebra generalizations



Notations

Mpmxn(F) - the space of m x n matrices over a field F.
M, (F) = Mpxn(F).

Sym,(F) ={Ae€ M,(F): A=AT},
Alt,(F) = {A € Mu(F): A= —AT & A(i,i) = 0 for all i}.

For u e F™, v € F" let

uv=u-v' e My n(F).



Notations

Mpmxn(F) - the space of m x n matrices over a field F.
M, (F) = Mpxn(F).

Sym,(F) ={Ae€ M,(F): A=AT},
Alt,(F) = {A € Mu(F): A= —AT & A(i,i) = 0 for all i}.

For u e F™, v € F" let
uv=u-v' e My n(F).
For S C Mpmxn(F) let:

p(S) = max{rk(A) : A e S},
p(S) = min{rk(A) : 0 # A€ S}.



Subspaces of M,(F) with bounded p

Theorem [Flanders (|F| > n), M (any F)]
Let S € M,(F) be a linear subspace such that p(S) < k. Then:
» dim S < kn.

» dimS = kn iff either S =V ®F" or S =F" ® V for some
k-dimensional linear subspace V C F".




Subspaces of Alt,(F) with bounded p

Theorem [M (|F| > n), de Seguins Pazzis (any F)]
Let S C Alt,(F) be a linear subspace such that p(S) < k = 2t.

Then:
sl () ()
>'< 0 %
++++++++++++++++++++++++ o,
O 0 |

dimS = (2’;1) dimS = tn— (tgl)



An Extremal Problem for Graph Matchings

A Matching in a graph is a family of pairwise disjoint edges.
The Matching Number of G = (V, E):

v(G) = max{|M| : M C E is a matching }.

Ny



An Extremal Problem for Graph Matchings

A Matching in a graph is a family of pairwise disjoint edges.
The Matching Number of G = (V, E):
v(G) = max{|M| : M C E is a matching }.

Theorem [Erdés-Gallai]: If G = (V, E) satisfies v(G) < t then

asm{ (5 - (39}

Kf V (n - t)K]_




Proof Idea

Let S C Alt,(F) such that p(S) < k = 2t.

» Associate with S a graph Gs = ([n], Es), with |Es| = dim S.
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Proof Idea

Let S C Alt,(F) such that p(S) < k = 2t.

» Associate with S a graph Gs = ([n], Es), with |Es| = dim S.

» Main point: The matching number of Gs satisfies

» Use extremal graph theory to bound from above dim S = |Eg|.



From Matrix Spaces to Graphs

The Colexicographic Order
[n] ={1,....,n}, [n)2 ={(i,j) € [n]?: i <j}.

(L) =("J) & j<j o (j=j & i<i)

The Leading Entry of a Matrix
For 0# A= (A(i.}))]_; € Alty(F) let
q(A) = max{(i,)) € [n]2 : A(i.j) # 0}.
The Graph of an Alternating Space
For a subspace S C Alt,(F) let Gs = ([n], Es), where

Es = {{i,j}: (i,j) = q(A) for some 0 # A € S}.



Examples

The Colexicographic Order:
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The Colexicographic Order:

The Leading Entry of a Matrix
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q(A)

(2,4).



Examples

The Colexicographic Order: LWLL

The Leading Entry of a Matrix
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q(A) = (2,4).
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The Graph of an Alternating Space
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The Pfaffian of an Alternating Matrix

C= (C(i,j))?’j:1 € Alt,(F) of even order n = 2t.
M, - all perfect matchings in K,,. For

M:{{k1<€1},...,{kt<€t}} e M,

let

1 2 .-+ n—1 n
0(/\/1)—sgn<k1 . ke Et)'



The Pfaffian of an Alternating Matrix

C= (C(i,j))?’j:1 € Alt,(F) of even order n = 2t.
M, - all perfect matchings in K,,. For

M:{{k]_<€1},...,{kt<€t}}EMn
let
1 2 .-+ n—1 n
0(/\/1)—sgn<k1 . ke Et)'

The Pfaffian of C is:

= ) oM H (i, £7).

MeM, i=1



The Pfaffian of an Alternating Matrix

C= (C(i,j))?’j:1 € Alt,(F) of even order n = 2t.
M, - all perfect matchings in K,,. For

M: {{k]_ <€1},...,{kt <Et}} EMn
let
1 2 -~ n—1 n
0(M)-sgn< PR kel )
The Pfaffian of C is:
= ) oM H (ki, ;).
MEMn i=1

Fact: det(C) = Pf(C)2.



Combinatorial Nullstellensatz

glx o Xe) = D, e Claa, o)t Xt € Fxa, . xe].
deg(g) = max{> i a; : c(a1,...,a) # 0}



Combinatorial Nullstellensatz

glxa,... Xt)—z(ah ) Clon, o ae)xqt g € Fx,

deg(g) = max{> i a; : c(a1,...,a) # 0}
Theorem [Alon]

Assume:

deg(g) = Zd & c(d,...,d:) #0.

Let Ay,...,As C F such that |A;| > d.
Then there exist A1 € A1,..., ¢ € A¢ such that

g(/\l,...,)\t) 750



Main Step

Proposition
Let n=2m and By, ..., By, € Alt,(F).
If {g(Bi1),...,9(Bm)} is a perfect matching in K,, then:

ﬁ(<Bl,---,Bm>) =n.



Main Step

Proposition
Let n=2m and By, ..., By, € Alt,(F).
If {g(Bi1),...,9(Bm)} is a perfect matching in K,, then:

ﬁ(<31,...,3m>) =n.

Sketch of Proof: It can be shown that the monomial xq - - - x,
appears in

F(xt,- . xm) = PF( D xiB;)
i=1

with a nonzero coefficient. By the Combinatorial Nullstellensatz
there exists a A = (A1,...,Am) € F™ such that

det (zm:)\,-B,-) = f(\,..., Am)> #0.

i=1



Subspaces Sym ,(F) with bounded p

Theorem [M (|F| > n), de Seguins Pazzis (any F)]
Let S € Sym,(IF) be a linear subspace such that p(S) < k.

» If k = 2t then

dim s < max{<2t2+ 1), tn - @}

> If k =2t+1 then

dim$S < max{<2t;2>, tn — <£> + 1}.



Exterior Powers and the Pliicker Embedding
The p-th Exterior Power
I,(V)= subspace of V®P generated by
Vi Vvp — sgn(ﬂ)vﬂ(l) X R Vr(p)
where vq,...,vp € V, T € S,.

APV = VEP /T (V).



Exterior Powers and the Pliicker Embedding
The p-th Exterior Power
I,(V)= subspace of V®P generated by
V1 ® - @ Vp — SEN(T) V(1) @ -+ @ Vp(p)
where vq,...,vp € V, T € S,.
APV = VEP/T (V).

The Plucker Embedding

Gp(V) - the Grassmannian of p-dimensional linear subspaces of V/,
embeds into P(APV) by the map

(U, ... up) = [ur A Aup).



Maximal Linear Subspaces of G,(V)

Classical Fact
Let M be a maximal linear space in G,(V) C P(APV). Then

either:
M={ANe Gy(V) : NC U} forsome U € Gpi1(V),
or

M={Ne Gy(V) : ADU'} forsome U € G,_1(V).



Maximal Linear Subspaces of G,(V)

Classical Fact
Let M be a maximal linear space in G,(V) C P(APV). Then
either:

M={ANe Gy(V) : NC U} forsome U € Gpi1(V),
or
M={Ne Gy(V) : ADU'} forsome U € G,_1(V).

Equivalent Formulation: If W C APV is a linear space of
decomposable p-vectors then either

(i) W C APU for some U € Gpi1(V), or

(i) W {aAv : veV}forsomea=viA---Avpy_1 €APV.
In particular:

dimW <max{p+1,n—p+1}.



The Rank of a p-Vector

Enveloping Space of w € APV
E(W):ﬂ{UC V:we APUL.

Rank of w:
rk(w) = dim E(w).



The Rank of a p-Vector

Enveloping Space of w € APV
E(W):ﬂ{UC V:we APUL.

Rank of w:
rk(w) = dim E(w).

Example:

w=e NeNes+eNeNe+e3NesNe+esN\es N eg
=etNexN(es+eq)+ (e3+e) Nes Aes.

E(w) = (e1,e2,63+ €es,65,6) , rk(w)=5.



Subspaces of APV of Bounded Rank

Forp< k< n=dmV let

|1 p=korp=2|k,
ep(k) = { 0 otherwise.

mp(k) = the unique m such that

m-—1 m
+m< k< + m.
p—1 p—1



Subspaces of APV of Bounded Rank

Forp< k< n=dmV let

|1 p=korp=2|k,
ep(k) = { 0 otherwise.

mp(k) = the unique m such that

m-—1 m
+m< k< + m.
p—1 p—1

Theorem [Gelbord,M]:
If W C APV satisfies p(W) < k, then:

aim w < max { () (M) k)0 =m0}

p p



Large Spaces W C APV with p(W) < k

Fix U e Gk+6p(k)(V) and let
Wl(”’Pa k) = /\pU.

Then: p(W;) = k and dim Wy = (k+€:(k))_



Large Spaces W C APV with p(W) < k

Fix U € Gype,(k)(V) and let
Wa(n, p, k) = APU.

Then: p(W;) = k and dim Wy = (k+€;(k))_

Fix U € Gyn(V) and k — m decomposable elements
Z1, . Zkem € APTY(U), and let

W2(n7 p, k) =AU + <Zl’ s 7zk—m> AV.

Then: p(W>) = k and
dim Wa = (™) + (k — mp(K))(n — mp(K)).



The PIT Problem

Given Ay, ..., Am € My(F), can 5({A1,...,Amn)) be computed in
deterministic polynomial time?

Remarks

» The problem admits a simple probabilistic solution: Choose
random xi,...,xn € F. Then with high probability

k(D> xiA) =p((A1,..., Am)).
i=1

» There are (highly nontrivial) deterministic algorithms for PIT,
when all A;'s are of rank 1, or skew-symmetric of rank 2.



Spaces Generated by Rank 1 Matrices

Let ug, -+ ,us €EF™, vq,...,vy € F" and let

S=(u1®v,...,ut @ v¢) C Mpxn(F).
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Let ug, -+ ,us €EF™, vq,...,vy € F" and let
S=(u1®v,...,ut @ v¢) C Mpxn(F).
Matroid Intersection Theorem [Edmonds]

p(S) = Irréi[r:] (dim (uj:i € I)+dim(v;:j & 1I)).



Spaces Generated by Rank 1 Matrices

Let ug, -+ ,us €EF™, vq,...,vy € F" and let
S=(u1®v,...,ut @ v¢) C Mpxn(F).
Matroid Intersection Theorem [Edmonds]

p(S) = Irréi[r:] (dim (uj:i € I)+dim(v;:j & 1I)).

Computational Result [Edmonds]

There is a polynomial time algorithm to determine p(S).



Spaces Generated by Alternating Decomposables

For u,v e F"let uAv=u®v—v®u e Alt,(F).
Let ug,vy,...,us, vy € F" and let

S = <U1 ANVigooo, Uy A Vt> C A|tn(F).



Spaces Generated by Alternating Decomposables

For u,v e F"let uAv=u®v—v®u e Alt,(F).
Let ug,vy,...,us, vy € F" and let

S = <U1 ANVigooo, Uy A Vt> C A|tn(F).

Linear Matroid Parity Theorem [Lovasz]

ﬁ(S)—mm{2d|mA—|—2Z d'mBJ}

i=1

where the minimum ranges over all subspaces A, By,..., By C F"
such that

k
SCAANV+) AB
=1



A Dual Problem and Graph Rigidity

Let u1,vi,...,us, ve € F7 and let

S={[(muAwv)x | ... | (utAw)x] : xeF"}



A Dual Problem and Graph Rigidity

Let ug,vy,...,us, v € F" and let

S={[(muAwv)x | ... | (utAw)x] : xeF"}

Theorem [ Raz,Wigderson]
There is a polynomial time algorithm to determine p(S).

Remark
As a very special case, this provides a new polynomial algorithm

for deciding graph rigidity in the plane.



Weak Duality

Switching Roles

Let U, V be linear spaces over F and let S C Hom(U, V).
View U as a subspace of Hom(S, V), by u(s) = s(u).



Weak Duality

Switching Roles

Let U, V be linear spaces over F and let S C Hom(U, V).
View U as a subspace of Hom(S, V), by u(s) = s(u).

Theorem [M,Semrl]
- 0(5) < (V).
» Let IF be infinite. If p(U) < dimS — 1 then:

either
p(S) >dimS

or
p(S) <dimS —2.



Maximal Singular Spaces

Rank 1 Generation

The minimal dimension of a maximal singular subspace
W C M,(C) generated by rank 1 matrices is L3" 2
Example: W = U; @ F"+ F, ® U, where

dim U1 = g,dim U2 = g —1.



Maximal Singular Spaces

Rank 1 Generation

The minimal dimension of a maximal singular subspace
W C M,(C) generated by rank 1 matrices is L3" 2
Example: W = U; @ F" + F, ® U, where

dim U1 = g,dim U2 = g — 1.

Alternating Rank 2 Generation
The minimal dimension of a maximal singular subspace W C A2C"

3n
generated by decomposable elements is 57

Example: W = @Fz_l A?U; where the U;'s are 3-dimensional
spaces in general position.



Maximal Singular Spaces

Rank 1 Generation

The minimal dimension of a maximal singular subspace
W C M,(C) generated by rank 1 matrices is L3" 2
Example: W = U; @ F" + F, ® U, where

dim U1 = g,dim U2 = g — 1.

Alternating Rank 2 Generation

The minimal dimension of a maximal singular subspace W C A2C"

3n
generated by decomposable elements is 57

Example: W = @Fz_l A?U; where the U;'s are 3-dimensional
spaces in general position.

Theorem [Draisma]

For infinitely many n's there exist 8-dimensional maximal singular
spaces in M,(C).



Subspaces of M,(F) with Bounded p
Rank Varieties
Rok(F) = {A € Mo(F) : rk(A) < k).

fr(n, k) = max{dim S : S € M,(FF), p(S) > k}
=max{dimS : SN R, «_1(F) = {0}.




Subspaces of M,(F) with Bounded p
Rank Varieties
Rok(F) = {A € Mo(F) : rk(A) < k).

fr(n, k) = max{dim S : S € M,(FF), p(S) > k}
=max{dimS : SN R, «_1(F) = {0}.

If F is algebraically closed then R, «(F) is an irreducible
(2nk — k?)-dimensional affine variety. Hence:

fu(n, k) < codim R, x_1(F) = (n — k + 1)2.

W = X




Subspaces of M,(F) with Bounded p
Rank Varieties
Rok(F) = {A € Mo(F) : rk(A) < k).

fr(n, k) = max{dim S : S € M,(FF), p(S) > k}
=max{dimS : SN R, «_1(F) = {0}.

If F is algebraically closed then R, «(F) is an irreducible
(2nk — k?)-dimensional affine variety. Hence:

fu(n, k) < codim R, x_1(F) = (n — k + 1)2.

Example:
There exists an (n — k + .1)2.—dim W N
subspace S C W that satisfies
p(S) = k. o




Bounded p: the Finite Field Case

Theorem [Roth]

fr,(n, k) = n(n — k +1).
A Simple Construction [M]:

W, (n, k) = { Zaj aj € P } C Endr, (Fgn) = My(Fg).

|W,(n, k)| = g"(n=k+D) = dimp, Wy(n, k) = n(n — k + 1).
0#g(x) € Woln k) = |ker(g)l <q"* =
dimker(g) <n—k = rk(g)> k.



Spaces of Non-Singular Real Matrices

Hurwitz-Radon Number
Write n = (2 — 1)27+49 where 0 < v < 3, and let

HR(n) =27 + 84.

Theorem [Hurwitz-Radon, Adams]

fr(n, n) = HR(n).



Spaces of Non-Singular Real Matrices

Hurwitz-Radon Number
Write n = (2 — 1)27+49 where 0 < v < 3, and let

HR(n) =27 + 84.

Theorem [Hurwitz-Radon, Adams]
fr(n, n) = HR(n).

Comments
» The lower bound fg(n, n) > HR(n) follows from a
construction of Hurwitz and Radon, using Clifford algebras.

» The upper bound fg(n, n) < HR(n) follows from Adams’
theorem on the maximal number of vector fields on the sphere.



The Clifford Algebra C;

C:= R-algebra generated by ey, ..., e; modulo the relations
e,-2 =-1 & ee=—¢gefori#j.

C: is 2t-dimensional algebra with basis:

t
U{e,-l"'e,-k:1§i1<~'<ik§t}.
k=0



The Clifford Algebra C;

C:= R-algebra generated by ey, ..., e; modulo the relations
e,-2 =-1 & ee=—¢gefori#j.

C; is 2'-dimensional algebra with basis:
t
U{e,-l"'e,-k 1<h< o< i < t}.
k=0

Periodicity:
Ce+s = Mig(Cr).

Co|C1| Co Cs Cs Cs Cs Cq

R|[C |H|HoH | My(H) | Ma(C) | Me(R) | Mg(R) @& Ma(R)




Nonsingular Spaces via Clifford Algebras

A Representation of C; on an n-dimensional real vector space W is an
algebra homomorphism p : C; — End(W).

Claim: .
S = {Zx,-p(e;) X € R}
i=1

is a t-dimensional nonsingular space in End( V).



Nonsingular Spaces via Clifford Algebras

A Representation of C; on an n-dimensional real vector space W is an
algebra homomorphism p : C; — End(W).

Claim: .
S = {Zx,-p(e;) X € R}
i=1
is a t-dimensional nonsingular space in End( V).

Proof: Let 0 w € W. If S2_, xip(e;)(w) = 0 then

(5)--+(&))-

Therefore x; = --- = x; = 0.



Hurwitz-Radon Construction

Fix n > 1. Using the classification of Clifford algebras, it can be
checked that for t = HR(n), there is a representation of C; on R".
Therefore:

fr(n, n) > HR(n).



Hurwitz-Radon Construction

Fix n > 1. Using the classification of Clifford algebras, it can be
checked that for t = HR(n), there is a representation of C; on R".
Therefore:

fr(n, n) > HR(n).

Examples
n=72 n=4
X1 —Xop —X3 —X4

X2 X1 X3 —Xa X1 X2

X4 X3 —X2 X1



Adams Theorem

Vector fields on the (n — 1)-Sphere
Sl ={xeR":|x|| =1}.

A vector field on S"~1 is a continuous map
$:5" 5 R"
such that for all x € §"1;

o(x)-x=0.



Adams Theorem

Vector fields on the (n — 1)-Sphere
Sl ={xeR":|x|| =1}.

A vector field on S"~1 is a continuous map
$:5" 5 R"
such that for all x € §"1;

o(x)-x=0.

Theorem [Adams]: Let é1, ..., ¢k be vector fields on S™~1 such
that ¢1(x), ..., ¢x(x) are linearly independent for all x € S"~1.
Then:

k < HR(n) — 1.



Nonsingular Spaces and Vector Fields

Theorem [Adams]

fr(n, n) < HR(n).

Proof: Let t = fg(n, n) and let S = (A, ..., A:) be a nonsingular
space in Mp(R). We may assume Ay =I. For 1 </i<t—1let

oi(x) = Aix — ((Aix) - x) x.

Then ¢1,...,¢:_1 are linearly independent vector fields on S™ 1.
The result then follows from Adams vector fields theorem.



Nonsingular Spaces and Vector Fields

Theorem [Adams]

fr(n, n) < HR(n).

Proof: Let t = fg(n, n) and let S = (A, ..., A:) be a nonsingular
space in Mp(R). We may assume Ay =I. For 1 </i<t—1let

oi(x) = Aix — ((Aix) - x) x.

Then ¢1,...,¢:_1 are linearly independent vector fields on S™ 1.
The result then follows from Adams vector fields theorem.

Remark:
For the proof of this special case, one only needs the additive
structure of Kg(RP"1).



K-Theory of the Real Projective Space

Notation
€ - the trivial line bundle.
nr_1 - the tautological line bundle over RP1:

E(mr—1) = {([x],v) : [x| e RP"" 1, v € (x)}.



K-Theory of the Real Projective Space

Notation
€ - the trivial line bundle.
nr_1 - the tautological line bundle over RP1:

E(mr—1) = {([x],v) : [x| e RP"" 1, v € (x)}.

Theorem [Adams]

Ke(RP™1) = 7/(2)Y)
where
Mr—=1)=|{1<k<r—-1:k=0,1,2,4(mod 8)}|.

RR(RIP”_l) is generated by 1,_1 — €.



Proof of fz(n, n) < HR(n)

Let S = (A1,...,A,) be a nonsingular subspace of M,(R).
Suppose for contradiction that r = HR(n) + 1.



Proof of fz(n, n) < HR(n)

Let S = (A1,...,A,) be a nonsingular subspace of M,(R).
Suppose for contradiction that r = HR(n) + 1.
Define a bundle map
g :nPn — N
by
61

g ([x],01x,...0,x) = | [x], <Z X,~A,~>

The nonsingularity of S implies that g is an isomorphism.

On



Proof of fz(n, n) < HR(n)

Let S = (A1,...,A,) be a nonsingular subspace of M,(R).
Suppose for contradiction that r = HR(n) + 1.
Define a bundle map

g :nPn — N

by
01

g ([x],01x,...0,x) = | [x], <Z X,'A,') :
i=1 0,

The nonsingularity of S implies that g is an isomorphism.

Therefore n(n,—1 — €) = 0 in Kg(RP"~1). Hence:

2)\(2’\/+85) — 2)\(r—1)‘n — (20[ _ 1)2’Y+46

Thus v+ 1+ 46 = A(27 4+ 80) < v+ 49, a contradiction.



Spaces of Nilpotent Matrices

Theorem [Gerstenhaber (|F| > n), Serezkin (any F)]
Let S C Mp(F) be a linear space of nilpotent matrices. Then:
» dimS < (g)
» dimS = (5) iff S is similar to the space of strictly upper
diagonal matrices.




Spaces of Symmetric Nilpotent Matrices

Theorem [M,Radwan]

The maximal dimension of a linear subspace of Sym,(C) consisting
of nilpotent matrices is L"TZJ

Example

For n =2m let

| X+XEP4+Y (X=X +4Y)
S=lix—xt+y) x+xt—y | S¥malC)

where X € Mp,(C) is strictly upper triangular and Y € Sym,,(C).

Then dimS = m? = ”TZ and S is nilpotent.



Nilpotent Subspaces of Lie Algebras

g - a complex semi-simple Lie algebra.
h - a fixed Cartan subalgebra of g.
g=n_®h>Dn, - a fixed Cartan decomposition.

Theorem [Radwan, M|

If W C g is a linear subspace of ad nilpotent elements then

1
dim W < E(dimg —rkg) =dimny .



Nilpotent Subspaces of Lie Algebras

g - a complex semi-simple Lie algebra.
h - a fixed Cartan subalgebra of g.
g=n_®h>Dn, - a fixed Cartan decomposition.

Theorem [Radwan, M|

If W C g is a linear subspace of ad nilpotent elements then

1
dim W < E(dimg —rkg) =dimny .
Theorem [Draisma, Kraft, Kuttler]

W nilpotent & dimW =dimn, = W is conjugate to ny .



Partitions

A partition of n: p = (p1, ..., pt) such that

t
pL>-2p>0 & > pi=n
i=1

The conjugate partition: p* = q = (g1, ..., qs) where

gi=1{:p =i}

p=(431) p*=(3.2.2.1)



Nilpotent Orbits

Jordan Form

Jpy O
0 Jp

Jp = _
0 o0

where Ji is the k x k Jordan block.



Nilpotent Orbits

Jordan Form

Jy O ... 0
0 Jp 0

J, p — . .
0 o0 Ipy

where Ji is the k x k Jordan block.

The Orbit of J,

Op = {ngg_l g € GL,(C)}.

The closure O, is an algebraic variety of dimension

S
dim(’)_p =n’— quz
j=1



Linear Spaces in Nilpotent Varieties

Theorem [Gerstenhaber]
If S C O_p is a linear space then

dim S < %dimO_p.



Linear Spaces in Nilpotent Varieties

Theorem [Gerstenhaber]

If S C O_p is a linear space then

dim S < %dimO_p.

Problem
What is the analogues statement for Lie Algebras?



THANK YOU!



