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The 1d beta-ensemble is ...

= ... the probability measure on A" C RY

N
1
duv =z TI - Ni|P T e NEPVOI1 1A )dA, B>0
N 1<i<j<N i=1

= |t is the measure induced on eigenvalues of a random matrix M

B =1 real symmetric matrices
AM o~ N(B/2) Tr V(M) 3 |
8 =2 hermitian matrices

Wigner, Dyson, Mehta L :
(50s-605) 5 =4 quaternionic self-dual matrices

M = triagonal all 5> 0,V quadratic

Dumitriu, Edelman 702



We would like to study when N = o ...

s the (random) empirical measure

1 N
1=1

N
Example : what kind of random variable is Z f(X;) 2

1=1

= the partition function

N
74 = /AN H ‘)\i _ )\j‘BHQ—N(ﬁﬂ)V(M)d)\i
i=1

1<i<j<N



N
— %25)% ZN—/ H ‘)\ N\ ‘BH —N(B8/2)V (A )d)\
i=1

1<i<j<N

The Ieading order ... s given by a continuous approximation

Anderson, Guionnet, Zeitouni (book ’09)
Classical result Mhaskar, Saff ’85 Boutet de Monvel, Pastur, Shcherbina 95

. - .. Vi)
Assume V' continuous and confining ( lim inf > 1

z|—soo 21n |z

» E[p] = [[In|z —yldu(z) - J V()

has a unique maximizer fleq € /\/ll(A) characterlzed by

3C 2 [, In|z — yldpeq(y) — V(z) < C  with equality peseverywhere

m LN — [eq almostsurely and in expectation

n Zf\lf — exp {N2(6/2)(8[,ueq] -+ 0(1))}



Large deviations (local result)

n )\;'s feel the effective potential

Vet(2) = V() — 2/ln |z — yldpeq(y) — C >0

m For any closed FF C A

Probj [Ji A; € F| < exp ( = N(5/2){ min Ve (z) + 0(1)})

Vert ()

1 ~ One can restrict to a compact B C A

neighborhood of {V.g(z) = 0}

Zy = Zy(1+o(e™N))




Large deviations (global result)

~ |FT[M1 — pa] (k) |2

s D1y, o] = _/m = yld(pr — po)(2)d(pr — p2)(y) = / k

0

defines a distance € [0, +o0c] on M*(A)

such that ‘/f o) (x )| <\f(/ ‘FT[f](k)}Qdk)l/Z @1/2[11“7”2]

: : L. 1 ~
= Let us pick a nice regularization Ly = — Y Ga A~ Ly
1=1

Proposition Borot, Guionnet ("11)

If V is C°, we have for N large enough

Prob%; [@1/2[51\7,#6(1] >t] <exp (CNInN — N*(8/2)t%)



More on the equilibrium measure ...

leq is supported on a finite number of segments
m V real-analytic = g

S — U [CLh, bh]

h=0

s €05 isahardedgeif a € dA, is a soft edge otherwise

Ytea(r) = Y 1) TT o0 T o —af

2T

o soft o hard

1-cut regime (g + T)-cuts regime
transition
A A

through

)
)
. o . ~—
T < T

&
=)
~—

o
)
=

s We say that peq is off-critical when M(z) >0 on A



Finite size corrections : we assume ...

Vo real analyticon A
sV =W+ (1/N)Vi +--- |
V1 complex analyticon A

s Control of large deviations ~ Veg(x) >0 for x € A\ S

m eq IS Off-critical

m [ = test function, analytic on A



Result in the 1-cut regime

feq/d

= 1/N asymptotic expansion

74 = NN+ exp [ S NTER + O(N_OO)}
k>—2

v,~" depend only on 3 and the nature of the edges
k/2)+1

B\ 1 9\ k+2—2h
Fy = Z (5) (1—5) Flp)sk+2—2n

m Central limit theorem

N
(Z f(Ai) — N/ f(f)d,ueq(ﬁ)) — (non-centered) gaussian
i=1 A



Result in the (g + 1)-cuts regime

feq/da

» Oscillatory asymptotic expansion

Z]‘é/- — N’YN—i—'y’(DN@_NG*)(F/_l}F/_/Q) exp [ Z N—F F + O(N_OO)i|
k>—2

! 5 kit T R vl
where DN:ZF Z N~ Qo kitls H Z&!

r>0 lq,...6,.>1 i=1
ki,....kp.>—2
Zi(ki+£i)>0

acts as a differential operator on the Siegel theta function

0,.(W|Q) = Z oW (m+tp)+ 5 (m+4) Q- (m+p)
mecZ9

= Moving characteristics 1= —Ne, mod Z7

Quadratic form Q= F", =2ir (3/2) x (period matrix) < 0



Result in the (g + 1)-cuts regime

feq/da

= No central limit theorem in general ...

E[eis(sz\rzl f(Ai)_fo(x)d,ueq(iE))} o gismalfl-ma[f]s?/2 O_ne- (F' 4 +isv[f]|F",)

Noo O_ne (F'1|F",)
(non-centered) gaussian /
+ discrete Gaussian, centered at u = —Ne, mod Z9

td
step v[f / )z’ de )
I1., ]x—oz]l/z 0<i<g—1

Corollary

(00 -n | 1€)anea(©)

converges in law along subsequences Ea i .




History in the 1-cut regime

B=2 = If 1/N expansion exists, then Zy = N"N*7 exp (Z N2—2h F[h])
h>0
and Fn can be computed by the moment method —

Ambjarn, Chekhov, Kristjansen, Makeenko, 90s

s Rewriting of Fny in terms of a universal topological recursion
Eynard, 04

» Existence of 1/N expansion by
- analysis of SD equations  Albeverio, Pastur, Shcherbina 01

- RH techniques Ercolani, McLaughlin ’02
- analysis of int. system Bleher, Its, 05



History in the 1-cut regime

5 >0 = if 1/N expansion exists, then

[k/2]+1

B\ 1P 9\ k+2—2h
F = Z (5) (1—5) Flp)sk+2—2n

and Fin.m computed by a B-topological recursion
Chekhov, Eynard '06

s Central limit theorem

Johansson 798

= Existence of 1/N expansion (analysis of SD eqn)

Borot, Guionnet '11



History in the (g + 1)-cuts regime

5 =2 = numerous observations of oscillatory behavior
physicists, ‘90s

s asymptotics of (det(x — M))nxn up to o(1) (RH techniques)
Deift, Kriecherbauer, McLaughlin, Venakides, Zhou 99

= heuristic derivation up to o(1)
Bonnet, David, Eynard '00

= generalization to all orders
Eynard '07

s Observation of “no CLT”
Pastur '06

B3>0 = Proofof “no CLT” and asymptotics of Z45 up to o(1)
Shcherbina ’12

s General proof

Borot, Guionnet ’13
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Orthogonal polynomials and random matrices

For 5 = 2 V(z) =Volz) + 354 %jmj
measure over the space of

o . —nTr V(M)
N x N hermitian matrices ZN -dMe

» Py, =Enyn|det(z — M)]

is the Nth orthogonal polynomial for the weight dze™"V(*) on R

s Let hy,=normof Py,

Pn = Pnn/+/hnn satisfies a 3-term recurrence relation

(x — 5Nn = v/ hNn PN—|—1 n(T) + /AN_1n 13N—1,n($)



Orthogonal polynomials and random matrices

For 8 = 2 V(z) =Volz) + 354 %jmj

measure over. t.he spacg of L qaf e Tr V(M)
N x N hermitian matrices ZNn

s The coefficients are solutions of a Toda chain :

UN,n — In hN,'n, atluN,fn, — UN,n — UN—-1,n
UN.n — _BN,n

O UNp = 'V TLn — eliNon

» 0, are the higher Toda flows

= initial condition prescribed by the string equations

. Znn=N! Hj.\[:_ol h;.n isthe Tau function



The continuum limit of Toda N.,n— oo N/n=t fixed

hNn
h hIN]il,n
L (d)
3 ost
06
h = 0.05 Cuts L
------------------- '
: 1 cut
; 04+
2 cuts 1 cut _
0 : G O Leapreees
4.0 _3.0 20 10 o 04 _ |
V(z) = x—; + hG %4 + hZ%fj from Jurkiewicz '91 Phys. Lett. B, 261, 3

= if the model with V/t has (g + 1)-cuts and is off-critical

1 ZNi41,nN/(N+1)
N +1 ZN,n

main result & Ay, =

|

all-order oscillatory asymptotics for uny ,, = Inhy ,



Asymptotics of orthogonal polynomials N,n — oc

N/n =1t fixed
ZV—(l/N) In(z—e)
N,n

%
ZN,n

» main result + Py ,(z) =

—> all-order asymptotics of Py ,(z) for x away from its zero locus

m 3=1,4 are related to skew orthogonal polynomials/Pfaff latice
(PinlPrn) = (0j,5-1 = 0j—1,k)jn

M = real symmetric

B=1 {({flg)p=1 = [go dadye VTV sgn(z —y) f(z)g(y)
| Nj_y = 2N

[ M = quaternionic self-dual

B=4 {{flo)p=a = [pdze ™V (f(2)g'(x) - f'(z)9(x))
| Ng=4 =N

Ponn(x) =E det(x — M . :
2n() = Enyxvy |det( ) — similar asymptotic results
P2N+1,n(x) = ENgXNB [(CE‘ + Ir M)det(a: — M)}



All order asymptotics for B-ensembles
in the multi-cut regime

1. Beta-ensembles and random matrices

2. Applications to orthogonal polynomials

3. Ideas about the proof

4. Perspectives



Conditioning on the filling fractions

» From local large deviations : up to o(e™*"), we can choose

A
|9
A= Uh:o Ah
—‘—l—‘—) X
A() Al AQ
Ny first A’sin A
. Ag,..., A . .
= We will study MENENQQ)) = puy conditioned to have { Ni next \’sin A,
etc.
Th tition function d 74 = N 7 A0r-- )
e partition function decomposes N=oY ARG A



Correlators and partition function

» We will show a 1/N expansion for the m-point correlators :

A al 1
W, (21, 2 = 42 —cumul t(E: LY )
(21 Tm) = pn—cumulan 2, D

m If (V}): is a smooth family of potentials respecting our assumptions

Z8:V1 dx

ZE;VO — exp [_ N(3/2) 7{1 ﬂ&J/t(x) Wit (z)| will have a large N expansion

A3V,
» We need a reference 1, where Zy'"° can be exactly computed



The Schwinger-Dyson equations

= Integration by parts = exact relations between ug-cumulants

N
/ H ‘)\i _ )\j’B H e—N(B/Q)V(M)d)\i
1=1

1<i<j<N

mfEg:
N

A I 5 NG LV (\) Oum 2 _
MN[Z(x—)\i)Q—l_ 2 (x—)\i)(x—)\j)_72x—)\l+z —a 0

i=1 1<i<j<N

which can be rewritten :

Walz,z) + (Wi(2)? + (1 — 2/8)Wi(z) - f

A2i7T Clj—g

» For any n > 1, there is a quadratic relation between Wy, 11, Wy, ..., W3



A priori control on correlators

For the conditioned measure &

consider N, (Np), — oo with ¢, = N /N fixed, close enough to ¢j,

» There is an equilibrium measure pg, (depending smoothly on ¢)

So: N™'Wi(x) P dgej(?

= From global large deviations :

Wilz) = N [ L&) < o) [d(e, A)) (V1o N) /3

Win (21, s 2m)| < (Hﬁ';;l Cm[d(xi,A)])(Nln N)m/2



Rigidity of the Schwinger-Dyson equations

By recursive analysis of the Schwinger-Dyson equation :

Nf d,ueq(f)| <C1 (ZIJ A)] (NlnN)1/2

W1, m)| < (TI0 emld(ai, A)]) (N In N)™/3

H thanks to off-criticality

( Nf d,ueq(f)) . Wl[O] (CE)
m - concentration
Win(@r, 2| < (I chld(ai, A)]) N7 henomenon
for all K

Win(@1,. . zm) = Y N W (2, zn) + O(NTF)

(no uniformity)



Back to the partition function

ZA;Vl

N —ew [- 02 X N o Wi @) + (v )

N k>—2

To deduce an expansion for Z3'", we need

= V5 such that Zg'"* is exactly known

= an interpolation (V;)icjo,1) from Vie; =V
staying uniformly (g + 1)-cuts and off-critical

Idea : interpolate in the space of equilibrium measures

(:LLZq)tG[O,l] < > (Vt)te[O,l]

/ In |z — y|du, (y) — Vi(z) = Cr with equality ,uzq-everywhere
A



An interpolation path ...

>

€0

semi-circles

// \ ao by Q1 by az by
€1 €92

| | | | >

ao+bo a1+b1 az+bo

2 2

ZR[Vi] ~

t—0

2

H ap + by, — apr — by

2
0<h<h'<g h=0

N2eheh,ﬁﬁ< Selberg 5—Gaussian >

integral over RV"



Sums and interferences - 1/3

N N
We initially wanted to compute  Zj = ) g
[T7_, Ny

» From global large deviations :

N
z=( ¥ 7 28 ) (14 0(e™N))
IN—Ne*|<In N L1h=0""h"

" For N — Ne* € o(N), we just proved, with € = (N,/N)1<n<g

N!
g
n—o V!

Z& = NV exp | 3 NTFF(e) + O(NTF)
k>—2

m Extra lemma : Fi(e) are smooth functions of € ~ ¢*

F/_Q(G*) — O and FI_/Q(G*) < O

.....

.....



Sums and interferences - 2/3

We plug the asymptotic formula and use a Taylor expansion at € ~ €*
= F.g. uptoo(l):
Zj% _ N'yN—l—fy’6N2F_2(e*)—|—NF_1(e*)—|—F0(e*)

X( Z 1F”2(e ) (N=Ne*)®?4F  (e*)-(N—=N¢* )) (1 +O(€—c(lnN)3/N))
IN—Ne*|<In N

It is the general term of a super-exponentially fast converging series :

Z]f\xf _ N7N+7’€N2F_2(e*)+NF_1(e*)+Fo(e*)

><< Z 5 F5 (") (N—NG*)®2+F/_1(6*)'(N—N€*)) (1+ O(ecn N)2))
NeZ9

= We recognize ©_ . (F'||F",)



Sums and interferences - 3/3

s Including higher orders yields terms of the form

r F]gz)(e*) . (N o NE*)(X)EZ-

Z (i' H ¢! ) 03 Q (N—Ne*)®2+w: (N-Ne*)
(A i

NcZ9 T i=1

r (£i) 1 % XY
. 1 sz (6 ) ) vVV ‘
We recognize (— H A

)0 e (w]Q)

7!
i=1

Here Q = F",(¢*) and w = F_;(&")

= We justified step by step the heuristics of Bonnet, David, Eynard 00, Eynard 07



Summary : the (g + 1)-cuts regime

feq/da

» Oscillatory asymptotic expansion

Z]‘é/- — N’YN—i—'y’(DN@_NG*)(F/_l}F/_/Q) exp [ Z N—F F + O(N_OO)i|
k>—2

! 5 kit T R vl
where DN:ZF Z N~ Qo kitls H Z&!

r>0 lq,...6,.>1 i=1
ki,....kp.>—2
Zi(ki+£i)>0

acts as a differential operator on the Siegel theta function

0,.(W|Q) = Z oW (m+tp)+ 5 (m+4) Q- (m+p)
mecZ9

= Moving characteristics 1= —Ne, mod Z7

Quadratic form Q= F", =2ir (3/2) x (period matrix) < 0
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Generalization ...

... to real-analytic k-body interactions

T N2k N N
diy= I P=nlPen (Y= > Tl ,Azk)) TTax
1<i<j<N k=1 T d1,.ip=1 i=1

s Equilibrium measure & local large deviations providec

Elp) = § [ a1 —ws|dpu(wn)du(za) + Xpmy 1 [ Telwr, o op) [Ty du(s)
has a unique minimum

= Global large deviations provided &£"[peq] < 0

in progress with
o , Guionnet, Kozlowski
= Similar asymptotic results

= Coefs. of expansions are given by a “blobbed” topological recursion
Borot "13



General ideas

» Nature of expansion depends on the topology of the spectrum

connected —— 1/N expansion

gaps =~ —> ... + interference patterns

» Structure of expansion is influenced by singularities of the measure

on the “moduli space” M = AN /Gy

[Lic; 1A —Xj1” = non-analyticity on o9



Open problems

= Singular V’s and uniform asymptotics around critical points
1 asymptotics of (skew) orthogonal polynomials in the bulk

- universality and computing tails of universal laws

» Complex-valued V

1 Berry-Esséen type estimates in CLT

= Same questions for \; € C

= Same questions for multi-matrix models

1 asymptotics of biorthogonal polynomials



