Topological Filters

A Toolbox for Processing Dynamic Signals
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Key points

* Systems can be encoded as sheaves
* Datasets are assignments to a sheaf model of a system

e Consistency radius measures compatibility between
system and dataset

— Global sections have zero consistency radius

— Data fusion minimizes consistency radius

 Filters transform global sections via pairs of sheaf
morphisms
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What 1s a sheat?

A sheaf of on a
(data type) (topological space)
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Overlap constructs topology

no 2-simplex:
there 1s a gap
in scene coverage

i |
&3

2-simplex: j

there are scene

points in common
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Changing overlaps changes the topology

Subset
relation SCI]SH]g domains

,‘&_ a& Sections

Coarse topology Finer topology

restriction map
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Sheaves are about consistency
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‘ Non-numeric data types of varying complexity can certainly be supported!

bj Michael Robinson



Finite topologies from partial orders

* Partial orders describe the relationships between observations in a
system. .. order relations correspond to (differential) operators

_ ITor ellip&eA
Lat/lon/vel A/TeXt report

& e

ion
Lat/lon/vel  Lat/lon/vel g\ Lat/lon region
region / —¥ region Tra{k'sv
y'<

Tracks —® Subtracks

— Presheaves and sheaves “are the same thing” in this topology, since the
gluing axiom 1s satisfied trivially

— Commutativity 1s the only actual constraint on a sheaf diagrams
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Topologizing a partial order

/ 0\1/
A
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Topologizing a partial order

Open sets are unions
of up-sets
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Topologizing a partial order

Open sets are unions
of up-sets
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Topologizing a partial order

Closed sets are
complements of
open sets
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Topologizing a partial order

@)
2z
<
D)
)]

o =
o O
eSS
Spﬂ
851
G— O
=038 5




Topologizing a partial order

W

of up-sets are also

Intersections
up-sets
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A sheaf on a poset 1s...

R
A set assigned to
each element, called R
a stalk, and ... R R?2
R R3 R?

(The stalk on an

element in the poset ;
1s better thought of being ) R
associated to the up-set) R

l“ This is a sheaf of vector spaces on a partial order
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A sheaf on a poset 1s...

... restriction functions 01
between stalks, (10) / \ R

following the
order relation. .. (1 01 ( ) 21
011 011
101
R /\
1
(0 1 1)
1 101
(“Restriction” (b
because 1t goes from 3

R

bigger up-sets to smaller ones) TR 2

l“ This is a sheaf of vector spaces on a partial order
EJ Michael Robinson



A sheaf on a poset 1s...

... so that the diagram R
commutes!

-G

This is a sheaf of vector spaces on a partial order
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An assignment 18...

(-4)

... the selection of a
value from all stalks (-4)

(-1)

3
0

()

The term serration is more common, but perhaps more opaque.
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A global section 1s...

(-4)

... an assignment 01
that 1s consistent (10)

with the restrictions
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Some assignments aren’t consistent

... but they might
be partially
consistent
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Consistency radius 1S...

... the maximum (-4)

(or some other norm) ‘\0 1)

distance between the " (-4)

value 1n a stalk and 4

the values . ((1)(1) }) ( ) 4) (-2 1)

plropagﬁted (1 0 1) )

along the s o1 N\[3l- (3l =[2
restrictions (1 - _1 2 (1 0 1) 0 (2) J_

3

011
2 -2 101

3[ (+1) -3
1 1

MAX >2[14

3
|

Note: lots more restrictions to check!
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The space of global sections

It’s a subset of the product 01
of the stalks over the (1) / \ : R
minimal elements
10 1 ) /42 1)
011 \O0 11
(1 0 1)\ / Thm: (R.) Consistency
2 radius sets a lower
R /? R> R bound on the distance
| h|2- to the nearest
(0 1 1) global section
(1-1) \1 01
\ ___ Data fusion selects the
R> nearest global section

Global sections € R?xR3*C R
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Separating sinusoids from noise

* Consider a signal formed from N sinusoids

— Each sinusoid has a (real) frequency w

— Each sinusoid has a (complex) amplitude a

e Task: Recover these parameters from M samples

N

f 1s an arbitrary \
known function =f Z

X aget®rktm +n
Possibilities:

ULICS. k=1 ‘\
* Magnitude
e Phase (Gaussian noise

* Identity function Sinusoid amplitude | Sample time
* Quantizer output

* Signal dispersion Sinusoid frequency

Michael Robinson
Chris Capraro, Janelle Henrich



Separating sinusoids from noise

* Consider a signal formed from N sinusoids

— Each sinusoid has a (real) frequency w

— Each sinusoid has a (complex) amplitude a

* Model the situation as a sheaf over a poset...
N

Xy = f E ape'“ktm + n

] k=1
Signal models become restrictions

C C C

‘\\v/

become stalks

Michael Robinson
Chris Capraro, Janelle Henrich

R V¥xCN Parameter spaces
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Separating sinusoids from noise

* Consider a signal formed from N sinusoids

— Each sinusoid has a (real) frequency w

— Each sinusoid has a (complex) amplitude a

* The samples become an assignment to part of the

sheaf N
Xy = f Z a,et@rtm +n

k=1
X, € C X, € C X, € C Observed
‘\\ /
RVxCV
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Separating sinusoids from noise

* Consider a signal formed from N sinusoids

— Each sinusoid has a (real) frequency w

— Each sinusoid has a (complex) amplitude a

* Find the unknown parameters by minimizing

consistency radius
N
(3 o) s,
k=1

M 2
min E
A, Wy, fOFR=1,...,N m=1

x €C ‘& x,€C Observed
(@,.. W s La,) € RYCN Inferred

Michael Robinson
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Sheaves deliver excellent performance

Spectral Estimation Comparison
3 Tone Signal, 3 Receiver(s), Normal Additive Noise

—FFT

— Eigenvector
MUSsIC

——Welch

— Multitaper

>
o
I

—— Covariance
—— Yule-Walker

= Sheaf

B
I

L
o
I

(%)
I

P
I

Root Mean Square Error
Normalized Frequency (0-2x)
&)
|

=
o
I

in heavy nmsq!

< Sheaf result

0
SNR (dB)
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More complex example: flight tracking

46
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RDF sensor 1 |

Planned flight path
ATC radar

—80

\ATC maximum range
RDF sensor 2
5 = 55 ==
Longitude
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... turns 1nto a search and rescue mission

46

Latitude

A
@]

W
©

38|

37

a4} j I | il <\fﬁgh’[ path

Actual

Satellite image -

—80

—75 —70 —65 —60

Observations generated using realistic simulated data...
(known crash location withheld for validation)
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Sheat model of the sensors

* We can form a partial order of the sensors and

their overlaps

Virtual (inferred) sensors

Physical sensors

Reported data

Dead reckoning

0N

ATC RDF 1 Satellite RDF 2

Ire=e

Last Bearing 1 Crash Bearing 2
known time
position

Partial order

Michael Robinson



Sheat model of the sensors

* We can form a partial order of the sensors and
their overlaps

P (X) = R3*xR*xR Dead reckoning

P N O\

F(U,)=R’xR? F(U)=S'xR y(U5)=R2pr2,§ﬂ(U4)=SlxR ATC RDF1  Satellite RDF?2

C :
prl\ pr, ¢ PWH radar image
FUD=R* S (V)=S' (V=R F(V,)=S" ¢ l>< l

Last Bearing 1 Crash Bearing 2
known time
position

Sheaf model Partial order

Restrictions A, B, C, D compute bearings from lat/lon
Restriction E computes estimated crash location from last known position, velocity, time
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Case 1: Known flight path

F(X) = R3xR*xR

P(U)=R3xR? P (Us;)=S'xR y(Us)_R2 S U= =S'xR

0.1°
12 km 0°| 0.04h 0.1° N

F(UN=R* F(V)=S' F(V;)=R S (V=S

(a)

Raw data:
Consistency radius: 15.7 km

a6

b Sight line from RF 1

ATC last known track

_.,/»-/ ~ ~— Sight line from RF 2
Field office dead

reckoning estimate

ATC last known position

ATC maximum range circle

=75 =70 =65 —-60

(b)

Crash site error: 16.1 km (using last known position only)

Post-fusion:
Crash site error: 2.0 km
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Case 2: Minor RDF angle error

o case 2 Satellite object detection

ATC last known track %/7 e / B

P (X) = R¥*R2xR *®b Sight line from RF 1
4) SR Slght line from RF 2
\ Field office dead

e

P (U,)=R*xR? L (U;)=S'xR SP(US)—RZ Q(U)—SlxR

. 0° | 0.041 0 210 reckoning estimate
I i ATC last known position
F(UD=R?® L (V)=S' P (V=R F(V,)=S" 38| ATC maximum range circle
(a) (b)
Raw data:

Consistency radius: 11.6 km
Crash site error: 17.3 km (using last known position only)

Post-fusion:
Crash site error: 8.4 km

Michael Robinson



Case 3: Major flight path error

- Satellite object detection
ase \
ATC last known track > e :

b Sight line from RF 1
L - Sight line from RF 2
Field office dead

reckoning estimate

a6

F(X) = R*xR?>xR

29k, 9.7°
152 km

F(U,)=R*xR? L (U)=S'xR P (Us)=R* F(U)=S'xR

0.0576 Oh
0 km 0°| 0.04 h -

ATC last known position

P (U)=R> P (V)=S' F(V5)=R F(V,)=S" 3s| ATC maximum range circle
(a) | | (b)
Raw data: High consistency radius means data

Consistency radius and model are in conflict...

Crash site error: 193 km (using last known position only)

Post-fusion:
Crash site error: 74.4 km

Michael Robinson



Topological filters
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Discrete-time L'TT filters

* Linear Translation-Invariant filters are the
workhorses of modern signal processing

Input Signal

—ﬂ—A'.

> time
Linear
operation

Output Signal
A
— > time

Michael Robinson



Discrete-time L'TT filters

* Linear Translation-Invariant filters are the
workhorses of modern signal processing

Input Signal

ﬂwA_——'-_F
time

Linear
operation

Output§ignal
time

Michael Robinson



Discrete-time LTI filters

* Linear Translation-Invariant filters are the
workhorses of modern signal processing

. Input ASignal
time
Linear
operation
Output $ignal
é

00000000000% | 0400, ‘
“0 > time
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Filters as sheat morphisms

* Theorem: Every discrete-time LTI filter can be
encoded as a sequence of two sheat morphisms

S -< projection S combination > S
1 o) 3
Sheaf formalism

Input Internal state —— QOutput

> 1 ™
—
—> i
Shift register
/ Weighted sum

Hardware

Michael Robinson



Proof sketch: Input sheat

e Sections of this sheaf are timeseries, instead of
continuous functions

¢ A

0000002 0000000600060 000 > timc

Input Signal

Michael Robinson



Proof sketch: Input sheat

e Sections of this sheaf are timeseries, instead of
continuous functions

—> ) «—R— 0 =—R > () <—R > () «——R

N

2

time

Input Signal

Michael Robinson



Proof sketch: Input sheat

e Sections of this sheaf are timeseries, instead of
continuous functions

—> () «—R—> 0 «—R > ) «<—R > () «—R

Michael Robinson



Proof sketch: Output sheat

* The output sheat 1s the same

—> ()+—R—>0<+«— R —0<«— R —> (0<+— R

L ~
hj Michael Robinson



Proof sketch: The internal state

* Contents of the shift register at each timestep
* N =3 shown

(100) (100) (100)
010 010 010

—>R2<— ]R3 —>R2<— ]R3 —>R2<— ]R3 —>R2<—R

010 010 010 010
001 001 001 001

Michael Robinson



Proof sketch: The internal state

* Loads a new value with each timestep

—> () «—R—> 0 «—R > () «—R > () «—R

T(OOI) T(OOI) T(()()l) T

—>R2<— ]R3 —>R2<— ]R3 —>R2<— ]R3 —>R2<—R

Michael Robinson



Proof sketch: The internal state

* Computes linear functional of the shift register at
each timestep (for instance, compute the mean)

—>R2<— ]R3 —>R2<— ]R3 —>R2<— ]R3 —>R2<—R
1(1/3 %R%) 1(1/3 3 Y3) 1(1/3 Vs V3) l

—> ()+—R—">0<+— R —0<«— R —> (0 <— R

A
EJ Michael Robinson



Proof sketch: Finishing both morphisms

* Put in a few zero maps!

—> () «—R—> 0 «—R > ) «——R > () «—R

[ A A

Michael Robinson



A practical topological filter

The QuasiPeriodic Low Pass Filter
(QPLPF)

Michael Robinson



Circumventing bandwidth limits

* Traditional: averaging in a connected window

— Noise cancellation (Good)
— Dastortion to the signal (Bad)

Ao A
wwwfﬁ%%mwv

* Knowledge of the phase space: can safely do more
averaging across the entire signal

YN
L
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QPLPF block diagram

4 N O N

Factorization construction

Input signal =% ‘akipeioce P QUGB = Averaging filter —-%)utput signal

Stage 1: Stage 2:
Topological Topological
estimation filterin
- RN © /

®s 0 "'no
" R L B

I —— = ;7:7‘
- > Average along rows

Time

Neighbors

Michael Robinson



How 1s this a topological filter?

4 N

: Quasiperiodic _ :
Input signal =% Factorization — Output signal

Stage 1:
Topological
\_ estimation Y,

Output base
space 1S Z

Input base @
space 18 Z Internal state base space 1s

Egj learned from the data

Michael Robinson



How 1s this a topological filter?

4 N O N
- g Quotient : _ :
Input signal —% Rt construction — Averaging filter -7/0utput signal
Stage 2:
Topological
\_ VAN filtering Y,
Input Project Samp I?S grouped Average  Qutput
: : according to >~ :
timeseries timeseries

learned topology

AT
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QPLPF results

| |
Some low - Ext er%e]hy tabl ,0~ht t,amy *iﬁlud 1L
frequency | l R ﬁ)ﬁi | P ‘F "l Pi | ﬂ ||
distortion M Njﬂ \ WHF lh ﬂ | W lﬂ
I | 1

N |

LU T

w “ {r *'||E||' lt ll,ll‘d‘ '&i | ',' } u '| } \J | LIJLM—L?
| ’ |
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Compare: standard adaptive filter

Signals at ports of variable-bandwidth LPF filter

\ | output ——
| n!T | L] ] | “ || | |
i H | ?* M | | '\'l | —
5” i'{ M | # M | A | (‘W‘” | H * H
(| |
m |
4 ||
/| \ | ‘ |
L U\ | | || | !
l‘ | M | \ J 1 T — | " | F\ % MLLL
! I \\ ".' | ’h N ﬂUHstable amﬁﬂltude
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Filter performance comparison

* QPLPF combines good noise removal with signal
envelope stability

0.03 e Boxcar filter 0.035 e Boxcar filter
,5 0.025] = Adaptive bandwidth boxcar 0.03 = Adaptive bandwidth boxcar
k= =  |* QPLPF = m_ |% QPLPF
s 0.02 A Averaging stage of QPLPF 50.025 = |4 Averaging stage of QPLPF
2 n
! z
D)
=
O
72
>
a2

1086420 2 46 810 10864202 46 8 10
Signal-to-noise ratio (dB) Signal-to-noise ratio (dB)

3

i
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Ocean radar 1image despeckling

After topological filtering:

* Speckle and contrast improved

Michael Robinson



High-pass filtering

Detecting missing and spurious data

joint work with Fernando Benadon and Andy McGraw
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Context: Afro-Cuban drumming

L

e Five instrumentalists
e No musical score

* Varying degrees of
structure

Onset list Inter-Onset
Intervals

[ LWL L LW LW P R L WL W LY

8 2?.91%33333 0.2406
9 28.16 0.06400(
10 28.224 0.22266€

11 23.446666666 0.1Z2400(

phOtO Credlt' 12 28.570666666 0.18666€

13 2B.757333333 0.117333
Andrew MCGraW 14 28.874666666 0.19333
15 29.068 0.233333
16 29.301333333 0.12266¢

17 29.424 0.21600(
18 29.64 0.231337

160G 20 9771 3IFIAII N MGOIIT
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Extracting musical structure

* The clave 1s highly regular... it provides the timing
for the ensemble

Sliding window array

Michael Robinson



Extracting musical structure

* The clave 1s highly regular. ..
* QPLPF acts by tightening the note clusters

Sliding window array (1gnore the nuisance rotation!)

Michael Robinson



Extracting musical structure

e ... so much that i1t can be transcribed easily

J v r 3 J —

PORS W T W S —

A
clave

Onset number

Measure number

3 4 5 6 7 8 9 10 mn 12 1 2 3
Note position within window Note position within measure

Sliding window array Measure window array

Michael Robinson



Some 1instruments are less clear

* The segundo 1s pretty structured...

Outliers present

PCA of sliding window of attacks for sequndo
\ \ T T T /

0.2

015
0.1

0.05

\
Note clusters
- from main theme

0

-0.15

-0.2
-0.3 -0.25 -0.2 -0.16 -0.1 -0.06 0 0.05 0.1

Michael Robinson



Some 1nstruments are less clear

* ... but automated transcription 1s frustrated by
ghost notes. (There’s considerable musical nuance)

“Extra” notes

|

" “Missing” notes

" NB: These might
" be “extra” or
“missing” on

Note offet purpose!

0.1
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Deghosting process

 Use QPLPF as a baseline, look at the difference!
e This 1s the QuasiPeriodic High Pass Filter

IOI timeseries

Y

Form
measure > OPLPF > Difference — Peak I Add/remove
window detect notes
array ?
. |
Y Corrected IOI timeseries
QPHPF

Michael Robinson



Peak detection subtlety

* Two musically-separate halves of the piece.
* They need to be handled differently

QPHPF for segundo Slidogram of segundo, post-deghosting
T T I

—
oM
w
=
<]
3_!

o

Missing notes

.

I
| [ ﬂ ! Extra notes

i \ 0N E I|II Illl il IiFIF

~ o
2
~
Q
)
::
O
A
S
©
2
qq 0.
-
o
=
S
; 0
o -
A

.
2

time (s)
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Features now visible

First few measures are different, before stabilizing to regular pattern

Distinct anomalous
measures, possibly to re-
synch with other
drummers, or maybe just = —
weaker ghosts...

r 022

r 0.2

r 7018

r 70.16

0.14

asearour odwa],

0.12
300

8 10 12 14 16 18 20
| Mote position
0.1

Segundo follows an 11-note pattern

Michael Robinson

0.1
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The future

* Computational sheaf theory

— Small examples can be put together ad hoc

— Larger ones require a software library
* PySheaf: a software library for sheaves
— https://github.com/kb1dds/pysheat

— Includes several examples you can play with!

* Connections to statistical models need to be explored

* Extensive testing on various datasets and scenarios
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https://github.com/kb1dds/pysheaf

For more information

Michael Robinson
michaelr@american.edu
Preprints available from my website:

http://www.drmichaelrobinson.net/

i,

Topological
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