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Satake equivalence via convolution
-

work in
progress ,

joint w/Bezrwkarnihov
Goal: Describe the spherical Conventions :
"

÷÷÷
""

÷÷¥÷÷::¥f1¥ : char E -- O is known
,

D= derived category of
constructible sheaves .IE

but the results are still toeffs)

interesting ( also apply to
Pri¥d in

D-modules
,
charhe o )

.

E- Ee , let char k



God: Describe DCGOIGR) . Idea : the extra structure

7ohm : Answer is hard Cdwived) : to
"

bootstrap
" Perv-D

↳hfptx.pt/E) .

-
derived scheme

so proof is also hard . . .

Barfi acm category is

easy
fish) :

Mirkoviz- Vito hen :

-

Perv (Gover) - Rep ( GT .



1. Convolution )
- Our setting-:

¥ :

G - G
Hop DCP.lu/p) hes

Us K O -

connotation t y
'

-
U- Ga

.

Pollo Q DC#IQ ) is U= unipofcntradialoftwahori
a DCPIUIP ) - module

y non-degenerate characterCanada DCPIHIP ) - DIQINQ
For xsu

,
retake

bindle)
. --

DC×µj=D
" it Whittaker

subspace
"

f⇐¥iEE⑨o,y :C moat
.



Ousting :

spherical Hecke category monoidal cat
.

-
:

D#Gedo) -- Dorko D :

-

www.fiedwhittakercakgr# bimodal cat
.

Dunya =D (Gr)
" 'T

q
Bi - Whittaker category-
D. (UI

,
a) =D (g.)

"44 .

-Y)
monoidal cat

.



2. Rigidity (
Versa-
ion : Suppose HSP and

Noddy (Boyarehenko -Printed) "

hyp is proper.
Then

H --
group .

CHI
,
s ) is rigid iff H is

(D (PNP) . - ) is rigid .

proper .

Proof Dual of F satisfies
Hom ( FsGi

,
Ga) = them (Gi

,

FIG
.)

adjunction no this would

wrkmonoidaleategoryisigidfiftu.coversions of * coincide
every object is left - and night -Hx Hm ( m

*
and he

?
)

.

-dealing able .

&



Version Suppose Hp is proper . Sidereal
Then for any Q , ,Qz ,

consider 2- category :

D. (*Yp ) xD (pika) objects : Max
H Hom (X

.
. b)=D ("%)DCQ.IM/Qa) µ.

:X-- NP
Then

any FEDCQ.LU/P)
Llom( Vp

,
Not -_ D Camp)has a right dual FRED Ma)

↳ Then * is about adjoint
and every GEDCPIHIQZ) to l - morphism .

has a left dual FED¥Yp)



Version suppose Hp is proper . theorem In this situation,
Then for any Q , , Qz ,

consider the functor

D. (*Yp ) xD (Pluto) DKQ.lu/p)0DCPlU/aa)
ft D (PMP)

DCQ.IM/Qa) to
DCQ.lu/aD

Then
any FEDLQ.tt/P)

is fully faithful .has a right dual FRED Mla?
and every GEDCPIHIQZ)
has a left dual FED flp) µ¥.t



3. Putting things together-1
. Correction Glade is not proper . . .

B :=D CUI,Gk4U ) but Gkhiuahori is !

I So : replace
W : -

-Duffy) Dcu fu ) with
U a smaller category :

Fli-=D (GolGr) sheaves that are monochromic

f. faithfulf Th with unipotent monodromy
WOW forT

.

1B
Reims One of w 's should be

Thr Th still applies .

aight -to - lift .



= 6h (Elf ) (work in progress , e)Whip Bezrwkarvikor -Riche

stpport .
'

(work in progress ,B:=DCUlyGk4U)=Gh(GYE )wi Bearuharnihov- Rik)
I

supfrt
W :=D(U¥r) = Rep (E ) (Casselman- Shatila of

CT
Bezrukavnihor - Gaitsgory

-

Mirkovie- Biche - Reider) .

Hi-=D (Gover) -
f. faithfulfth

793 |/E?g*¥tnipohntcone



B:=DCUyGn4U)=6hCEkihw
!

W :=DCu¥r ) = Rep (E) = Cohlptlg)
!

O

H:=DCGdGr) 6h (

ptxg.pt//Gf.faithHfpwormoligatiyT
perf

•98 = # (ptxoptyj Ept)yg
/ (derived scheme?



Summary : Hard (derived) Satake equivalence
-

a
11

1.
"

classical
"

( non - derived) equivalences (for abelian cat ) .

2. Abstract nonsense (Th )

3. Calculation of image ( renormalization) .



⑨
Question
-

How close is WOBW-K
to an equivalence ?

Coherent EB
"

) side Geometric EA
"

) side
- -

M :-. fpt¥:pthe

g.
Perf CM) : span of Om V, g

w BW : Span of C - l - C - )

6h (M) : Span of Opt V, N : Span of TC , ( or 6*0×7

Categories are orthogonal ( in the appropriate sense ) :

Eg .

: Cohen) = IF : Perf Car)m_ Veottdiml FCA 17,7=0 tiny;d
Perf Carl -- {F : Cohen)

"
- Vecft -din ) FCA Onto S,doA ?



Remark The
"

intermediate
"

-

category 6hm. ,p(ptEpt/g )
(
corresponding to

"

safe
"

objects
of Drinfeld - Gaitsgory in Tl)

plays no role here
.



④
Broadpicture Cor .

- what can we see without calculations )

Answer : tung :

qpcE)EY÷÷m )i. I f
'

'

e.
commute

'

B Cai W- I

f Given:

Perfecto) °Ytufµtxny,
ftp.jgnff.tsgtnivihgon f . (Stp :X)

.

.

( ignoring ind - completions) nearby cyclist
fusion


