Characteristic classes in stable motivic homotopy theory: TA 3

Thom spaces on virtual vector bundles.

Prove that infinite suspension of Thom spaces induces a functor
Th: V(X) — HoSH(S)

on the 1-group completion V(X)) of the groupoid of vector bundles (you do not have to check all
the details). Explain to the TA the oo-categorical construction of Bachmann and Hoyois in [BH21,
Section 16.1].

Strongly dualizable objects of SH.

For any smooth S-morphism p : X — S, and any virtual bundle v over X, we put IIg(X,v) =

f(Th(v) @ f'(Ls)).
1. Compute IIg(X,0) for X/S smooth.

2. Show that for X/S smooth and proper the object IIg(X,0) is strongly dualisable with dual
IMg(X,—Tx).

3. Let Z C X be a closed subscheme, and X /S smooth and proper. Show that if Z is smooth
over S, the object ITg(X'\ Z, 0) is dualisable. Extend this result for normal crossing S-schemes.

4. Compute the dual in the previous example.
5. Give an example of a non strongly dualisable object in SH(.S). Can you give a non dualisable

object of SH(S)“ 7

Riemman-Roch for curves.

Make the Grothendieck-Riemman-Roch formula explicit in the case of the Chern character to get
the “usual” formula for smooth projective curves over a field. Deduce facts with it.
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