Torsors over affine curves

First problem session

Exercise 1. Let R be a commutative ring and let M be a R—module of finite presentation. Let
W(M) be the R—functor defined by S — M ®p S. Show that W(M) is representable if and only if
M is a locally free R—module of finite type.

[Hint: To show that if W(M) is representable by a G—scheme then M is a locally free R—module
of finite type, one can show that G is smooth and then consider the tangent vector bundle.]

Exercise 2. Let R be an unitary commutative ring.

Show that Pic(R[t]) = Pic(R) when R is a normal ring of finite type over a field k of dimension
n.

[Hint: One can use that, for every X—scheme and every effective Cartier divisor £ of X, there is
a Gysin-map L. from CHy(X) to CHy_1(]£|) define on cycle [Y] by L.[Y] = [i*L] where i : Y — X
is an irreducible subscheme of X of dimension k. (See [Ful84].)]

Remark 1. See [Wei94] for examples in which Pic(R[t]) # Pic(R).

Exercise 3. Let C1,Cs,Co be three categories and «; : C; — Cq for i = 1,2. We define the category
C1 X¢, C2 whose objects are the triple (C1,Ca, ¢) where ¢ : a1(C1) — a2(Cs) is an isomorphism and
a morphism from (Cy,Ca, ¢) to (Ci,Ch, ¢') consists of two morphisms f; : C; — C; for i = 1,2 such
that ¢’ o ay(f1) = aa(f2) o ¢.

If F is a field, we denote by Vect,, (F') the category of F—vector spaces of dimension n and if R
is a ring, we denote by Mod,,(R) the category of R—modules locally free of rank n.

1. Let Fy, F5 be two fields, Fjy be an extension of this two fields, and let F' = F} N F5.

Show that if for every n, GL,,(Fy) = GL,,(F1)GL,,(Fz), then the map:

B: Vect,(F) — Vect, (F1) Xvect, (Fy) Vectn (F)
% = (Veor L,V erFe,¢:VerF @ Fy =V er Fr®r, F)

is an equivalence of categories.

2. If Ris a DVR and K is its field of fractions, one can define in the same way an application

~

7 : Modn (R) = Vectn (K) Xy, () Modn(R).

First show that GL,(K) = GL,(K)GL,(R) and then that v is an equivalence of categories.
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