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The curve integral

Recent works: amplitudes can be
written as single integrals over
combinatorial objects constructed
from surfaces.
Novel results: hidden zeroes, new
factorization relations, gluons and
pions from scalars, etc.

N. Arkani-Hamed, Q. Cao, J. Dong, C.

Figuereido, S. He, H. Frost, P-G.

Plamondon, G. Salvatori, H. Thomas
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Missing step: fermions?

Real world �! we need to include models with fermionic particles.
Yukawa with colored fermions and scalars:

L = iTr
�
 ̄/@ 
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Vertex orientation ) strict constraints on the amplitude.
Species and placement of curves is completely determined.
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Final formula for the amplitude

Tropical numerator N (t): combinatorial object, no need to sum over
Feynman diagrams!

N (t) =

0

@
Y

i= ̄
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Loop-integration

Integrate out loop momenta �! tensor structure is encoded into tropical
determinants.

A =

Z
dEt

MCG
Iscalar

X

O 2conf

det⌦O NO(t)
��
/P!�µ

Spanning over the whole parameter space results in the complete set of
Feynman diagrams for the theory.
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THANK YOU!
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Christoph Bartsch, PhD student (3rd year)
w/ Karol Kampf and Jaroslav Trnka at Charles U., Prague

Amplitudes for pions (NLSM) and related scalar theories (tr�3, NLSM+�3)

Use soft theorems (e.g. Adler Zero) to efficiently represent and compute
amplitudes.

Reveal structural similarities between tr�3 and NLSM(+�3).

Today: tr�3
�! NLSM+�3

�! NLSM in under 2 minutes
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Cubic recursion relations: tr�3

Mafra (1603.09731)

=
X

i

,

based on root vertex = 1

e.g.
m3(123) = 1, m4(1234) =

1

X24
m3(234) +

1

X13
m3(123),

m5(12345) =
1

X25
m4(2345) +

1

X13X35
m3(123)m3(345) +

1

X14
m4(1234),

with Xij = si,j�1 = (pi+ . . .+pj�1)2.
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Cubic recursion relations: tr�3

Mafra (1603.09731)

=
X

i

,

based on root vertex = 1

e.g.
m3(123) = 1, m4(1234) =

1

X24
m3(234) +

1

X13
m3(123),

m5(12345) =
1

X25
m4(2345) +

1

X13X35
m3(123)m3(345) +

1

X14
m4(1234),

with Xij = si,j�1 = (pi+ . . .+pj�1)2.
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Consider two-step modification of tr�3:

=
1

X26
m5(23456) +

1

X15
m5(12345)

+
1

X13X36
m3(123)m4(3456)

+
1

X14X46
m4(1234)m3(456)
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Consider two-step modification of tr�3:

=
�X2

26

X26
m5(23456) +

�X2
15

X15
m5(12345)

+
(X36�X13)X13

X13X36
m3(123)m4(3456)

+
(X14�X46)X46

X14X46
m4(1234)m3(456)
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Soft Factor Expansion for NLSM Amplitudes
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Soft Factor Expansion: NLSM at n points

=
X

i
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Soft Factor Expansion: NLSM at n points

=
X

i

based on root vertex = (XL �XR)XR

Efficient representation: O(n) terms.

Adler Zero pn ! 0 manifest term by term.

Serves as basis for cubic recursion relations.
CB, Kampf, Novotný, Trnka (24xx.xxxx)
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Soft Factor Expansion: NLSM at n points

=
X

i
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Soft Factor Expansion: NLSM at n points (Loops!)

=
X

i

+
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Soft Factor Expansion: NLSM at n points (Loops!)

=
X

i

+

Equivalent to integrand from �-shift of tr�3 surfacehedron.
Arkani-Hamed, Figueiredo (2403.04826)
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Soft Factor Expansion: NLSM at n points (Loops!)

=
X

i

+

Equivalent to integrand from �-shift of tr�3 surfacehedron.
Arkani-Hamed, Figueiredo (2403.04826)

Manifest loop-level generalization of Adler Zero.
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Soft Factor Expansion: NLSM at n points (Loops!)

=
X

i

+

Equivalent to integrand from �-shift of tr�3 surfacehedron.
Arkani-Hamed, Figueiredo (2403.04826)

Manifest loop-level generalization of Adler Zero.
CB, Kampf, Novotný, Trnka (2401.04731)

Thank you!

Amplitudes 2024 Gong Show, IAS Princeton Christoph Bartsch



N=4 sYM 
6-point MHV 
amplitudes

3-loop 4-point integrals with one off-shell leg
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N=4 sYM  
3-point form factor

QCD scattering 
amplitudes

⃗α = {p2
4 , s, t, p2

4 − s − t, p2
4 − s, p2

4 − t, s + t, (p2
4 − s − t)s − R

(p2
4 − s − t)s + R

, st − R
st + R

, p4
4 − t (p2

4 + s), p4
4 − s (p2

4 + t),

t2 + p2
4 (s − t), s2 − p2

4 (s − t), − p2
4 t + (p2

4 − s)2}

Higgs+jets 

tr(ϕ2)
tr(ϕ3)

R = −p2
4s(p2

4 − s − t)twith

Collaboration with Thomas Gehrman Johannes Henn, Petr Jakubčík , Cesare Carlo Mella, 
Nikolaos Syrrakos , Lorenzo Tancredi and William J. Torres Bobadilla

Jungwon Lim

[Lin, Yang and Zhang 2022]

[Dixon, Gürdoğan, McLeod and Wilhelm 2022]

[Dixon, Gürdoğan, McLeod 
and Wilhelm 2021]

[Gehrman, Jakubčík, Carlo 
Mella, Syrrakos and Tancredi 

2023]
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Motivation

§ Constraints from amplitude poles well known and e�ective,

what about amplitude zeros?

§ Some examples

- Adler zero of NLSM amplitudes

- Standard model radiation zeros, q1q̄1 ›Ñ W ˘“ and

q1q̄1 ›Ñ W ˘Z zero
1

§ Recent work
2

on hidden zeros of partial amplitudes in NLSM,

Yang-Mills, and Trp„3q

1L. Dixon, Z. Kunszt, and A. Signer. “Vector boson pair production in hadronic collisions at Order –s : Lepton
correlations and anomalous couplings”. In: Physical Review D 60.11 (Nov. 1999). issn: 1089-4918.

2Nima Arkani-Hamed et al. Hidden zeros for particle/string amplitudes and the unity of colored scalars, pions

and gluons. 2024. arXiv: 2312.16282 [hep-th].

https://arxiv.org/abs/2312.16282


BCJ and Zeros

§ Hidden zeros s13 “ s14 “ s15 “ 0 of 6-pt NLSM from BCJ
3

A6r123456s “ 1

s12s123s56

„
A6r162345s s15 ps12 ` s23qps14 ´ s56q

´ A6r162354s s14 ps12 ` s23qps25 ` s35q
` A6r162435s s13s15 s24

` A6r162453s s13 s24ps15 ` s35q
´ A6r162534s s14 s25ps12 ` s23q

` A6r162543s s13 s25ps56 ´ s24q
⇢

.

3Z. Bern, J. J. M. Carrasco, and H. Johansson. “New relations for gauge-theory amplitudes”. In: Physical

Review D 78.8 (Oct. 2008). issn: 1550-2368. doi: 10.1103/physrevd.78.085011.

https://doi.org/10.1103/physrevd.78.085011


The Zeros from Double Copy

§ BCJ implies hidden zeros, do zeros double copy as well?

pDC ampq “ pBCJ ampq b pBCJ ampq (1)

§ We can write the special Galileon amplitude as a double copy

of zero satisfying NLSM

Mn “
ÿ

‡“

Sr‡|“sAnp1“m`1nqAnp1m`1n‡q , (2)

§ We can always find a basis where the kernel S vanishes at

hidden zeros

§ Zeros carry over to special Galileon, what about gravity?

Leave it to future work



The End

Thanks for Listening!
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Gustavo Figueiredo | Florida State University 
 
Amplitudes 2024 Gong Show  
In collaboration with: Fernando Febres Cordero, Manfred Kraus, Ben Page, Laura Reina

Analytic Structure of Multi-Scale 
Two-Loop Feynman Integrals for 

 Production at the LHCtt̄H

[Yellow Report, CERN-2019-007]

Talk based on: arXiv:2312.08131 [hep-ph] Companion poster next week

https://arxiv.org/abs/2312.08131


 Families tt̄H
Kinematic Variables:   xm = {v12, v23, v34, v45, v15, m2

t , q2}

2

vij = 2pi · pj

q1(p4) q2(p5) → t(p1) H(p2) t̄(p3)

p2
2 = q2



• 111 Integrals


• 152 differential forms

T1  & 

• 19 Integrals (each)


• 73  forms 

T̃2 Z(T̃2)

dlog ⊂ T1

d𝔸T1
(xn) =

d𝔸 =
κ

∑
α=1

Mαωα ωα ∼ dlog(Wα)where 
(mostly) &  related by kinematic map T̃2 Z(T̃2)

Z : p1 ↔ p3, p4 ↔ p5

Gustavo Figueiredo | Florida State UniversityTalk based on: arXiv:2312.08131 [hep-ph]

https://arxiv.org/abs/2312.08131
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N± = q2(Nb ± N2
b − Nc)

https://arxiv.org/abs/2312.08131


4 Gustavo Figueiredo | Florida State UniversityTalk based on: arXiv:2312.08131 [hep-ph]

Analytic Solutions

Modulo boundary constants

Machine-readable expressions for all our results 

& numerical integration scripts available on ArXiv!

Results Numerical Solutions

Large-  limitη

Solve DE numerically 
via Generalized Series 
Expansions [DiffExp]

Singular 
surfaces

Physical 
phase space 

(η = 0)

⃗I( ⃗s0)

⃗I( ⃗s1)

Auxiliary Mass Flow 
[AMFlow]

https://arxiv.org/abs/2312.08131
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Results Numerical Solutions

Large-  limitη

Solve DE numerically 
via Generalized Series 
Expansions [DiffExp]

Singular 
surfaces

Physical 
phase space 

(η = 0)

⃗I( ⃗s0)

⃗I( ⃗s1)

Auxiliary Mass Flow 
[AMFlow]

Thank you!

https://arxiv.org/abs/2312.08131
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Integrated Unitarity
for Scattering Amplitudes

1

https://arxiv.org/abs/2403.18047


              Piotr Bargieła                                                                                                                                                                                 2

Integrated Unitarity

• method for computing Scattering Amplitudes 

• ~ Generalized Unitarity @ integrated level : 
constrains both MIs and their coefficients with cuts 

• allows algorithmic usage of dispersion relation 

• ansatz matching as an alternative to explicit integration 

• beneficial for IBP computational complexity 

• requires understanding of analytic structure

1
2πi

∫∞
1

∑

{cj}

(

1
x−z −

1
x−z0

)

dx(z) =

2

1

3

4

2

1

1

2

3

2

+

4

1

(x)

{cj}

trade-off

𝒜(z) = 𝒜0 + 1
2π i (∫

∞

0
Cutt + ∫

∞

1
Cutu) ( 1

x − z
− 1

x − z0 ) 𝒜(x)d x

Disc0 𝒜 = Cutt 𝒜
Disc1 𝒜 = Cutu 𝒜
Disc∞ 𝒜 = Cuts 𝒜

𝒜(z) = ϵ# ∑
n≥0

ϵn ∑
⃗α : | ⃗α|≤n

rn, ⃗α(z) G( ⃗α , z)

• formulated for 4-point massless kinematics 

• validated for 2-loop nonplanar massless QCD amplitude 

• provided new 4-loop ladder integral result 

• multivariate generalization ongoing

properties

status

planar

IBP & DEQ simpler on a cut

1
(2πi)n

(

∏n
m=1

∫∞

x
(m)
thres

dxm
xm−zm

∑

{cjm}

)

= + . . .(z⃗)

1

N

. . .

...

· · ·

(z⃗)

1

N

. . .

...

· · ·

{cj1}

{cjn−1
}{cjn}

(x⃗)

1

N

. . .

...

· · ·
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Based on : 2005.12324 and 24xx.xxxx 

Supersymmetric Yang-Mills theories 
without anti-commuting variables
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The Idea
• Supersymmetric Yang-Mills theories can be characterized by a transformation of the bosonic 

fields such that the Jacobian determinant of the transformation exactly is equal to the product 
of the fermion and ghost determinants. 

• Where is the information of interaction and supersymmetry?

⟨⟨A1(x1) . . . . An(xn)⟩⟩ = ⟨Tg
−1[A′ 1](x1) . . . Tg

−1[A′ n](xn)⟩0

Nicolai, 1979; Nicolai, 1980
Flume and Lechtenfeld, 1984; 

Dietz and Lechtenfeld, 1985;  Nicolai and Plefka, 2020

Z = ∫ DA′ e− ∫ d4x A′ □ A′ 

Z = ∫ DA e− Sg[A] ΔFD[A] ΔGD[A]

Integrate out fermions 
and ghosts

Field transformation

Z = ∫ DA Dλ DC DC̄ e− S[ A,λ,C,C̄ ]



Results
• For super Yang-Mills theory derived the map up to third order in the coupling constant. 

• Determinant matching condition imposes the constraint  , where  is the number of 
fermionic degrees of freedom, and  is the number of space-time dimensions.  

•  Is there a simpler version or closed form of Nicolai Map for super Yang-Mills theories? 

• We work in the light-cone gauge and find transformation that satisfies all the conditions of Nicolai 
map. 

• Found two inequivalent maps and addressed the uniqueness of this approach. 

• Computed amplitudes using the inverse map.

r = 2(D − 2) r
D

D = 3,4,6,10 ⟺ r = 2,4,8,16

Ananth, Lechtenfeld, Malcha, Nicolai, Pandey and Pant; 2020 

Ananth, Bhave and Pant; 2024 



Hidden Structures in Intersection Numbers [Crisanti, Smith, 2405.18178]



Hidden Structures in Intersection Numbers [Crisanti, Smith, 2405.18178]

1. What is intersection theory?
A mathematical framework that allows us to build inner products between twisted period integrals:
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Hidden Structures in Intersection Numbers [Crisanti, Smith, 2405.18178]

1. What is intersection theory?
A mathematical framework that allows us to build inner products between twisted period integrals:
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2. How is it useful for Feynman integrals?
Through a parametric representation, Feynman integrals can be written as twisted period integrals. Allows us to decompose to MIs using this inner product: 
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[Mastrolia, Mizera, 2018] [Frellesvig, Gasparotto, Mandal, Mastrolia, Matiazzi, Mizera 2019][Smirnov, Petukhov, 2011][Baikov, 1996]



Hidden Structures in Intersection Numbers [Crisanti, Smith, 2405.18178]

1. What is intersection theory?
A mathematical framework that allows us to build inner products between twisted period integrals:
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3. What properties are known about intersection numbers?

[Matsumoto, 1998]

[Mastrolia, Mizera, 2018] [Frellesvig, Gasparotto, Mandal, Mastrolia, Matiazzi, Mizera 2019][Smirnov, Petukhov, 2011][Baikov, 1996]

For dLog or 1-forms, much is already known:

⟨ϕL|ϕR⟩ ∝
∑

{ri,rj}∈P(ϕL)∩P(ϕR)

1

γi γj

[Mizera, 2018]
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3. What properties are known about intersection numbers?

[Matsumoto, 1998]

[Mastrolia, Mizera, 2018] [Frellesvig, Gasparotto, Mandal, Mastrolia, Matiazzi, Mizera 2019][Smirnov, Petukhov, 2011][Baikov, 1996]

For dLog or 1-forms, much is already known:

⟨ϕL|ϕR⟩ ∝
∑

{ri,rj}∈P(ϕL)∩P(ϕR)

1

γi γj

[Mizera, 2018]

In our work, we find unexpected symmetries in intersection numbers beyond dLog and 1- forms for the first time! 

⟨b(z)p|b(z)q⟩ = fn(p, q; γ)×
det (H(bh))

n+p+q

det (H(b))
n+p+q+1

u(z) = b(z)γ b(z) quadratic
Completely trivialises the computation of the C-matrix at one 
loop

Hessian determinants are are multivariable polynomial discriminants! 



Thank you for listening!

[arXiv: 2405.18178]



S-matrix thermodynamics reloaded

Based on ongoing work with J. Elias Miró and P. Baratella

Emanuele Gendy Abd El Sayed



The idea: 
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Express the thermodynamics of a system in terms of the S-matrix only 

Connect properFes of (reasonably) hot and dense ma6er with zero temperature quanFFes 
like their scaHering amplitudes

Exploit computaFonal power of S-matrix methods bypassing off-shell approach

Unresolved IR divergences prevented applicaFon to relaFvisFc systems

UNTIL NOW! 

[Dashen, Ma, Bernstein ’69-’70]  



The applicaFon: 
We studied a simple, integrable system where F is known exactly 

Reproduced F up to NNLO
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Exact Results for Giant Graviton Scattering
Augustus Brown, Francesco Galvagno, Congkao Wen, QMUL

N = 4 SYM: ΦI, packaged by YI. No. of colours= N, ’t Hooft coupling= λ = g2YMN

types of 1
2 -BPS operators of interest:

• O2(x, Y) = YI1YI2Tr
(
ΦI1(x)ΦI2(x)

)
: Bottom component of stress tensor multiplet

• D(x, Y) = detN YIΦI(x): Determinant operator,∆ = N

AdS/CFT: ⟨O2O2DD⟩ ↔
Scattering of two gravitons with a D -brane
(giant graviton) that moves along an AdS5 geodesic

This has been studied at weak ’t Hooft coupling λ up to O(λ2) [Jiang, Komatsu, Vescovi]

Supersymmetric localisation: Calculated the integrated correlator of ⟨O2O2DD⟩ to all
orders in λ at leading and subleading order in N

Expanded at large λ, and completed with modular functions
/



Unitarity for a dS S-matrix

Santiago Agǘı Salcedo

Cambridge University DAMTP

Harding Distinguished Postgraduate Scholars Programme

12th June 2024



A S-matrix with particle production

Broken time translations are a key di↵erence between Minkowski
and cosmological spacetimes:

t

|0i

I+

I�

U
The vacuum is time dependent.

Particle production at the level of the free
theory.

Asymptotic states need to take particle
production into account.

Asymptotic states are built in a di↵erent way [2309.07092]:
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New cutting rules and Positivity

The dS S-matrix satisfies a set of unitarity cutting rules [SAS+Melville,
in prep]:

Û† Û0 Û†
0
Û = I (3)

The lack of energy conservation means that unitarity cuts need to
account for particle production via more intermediate states:
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These new terms do not spoil flat space positivity:
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A Leafy Celestial Dual for MHV Amplitudes

Walker Melton

[2312.07820] + [2402.04150] w/ Atul Sharma and Andrew Strominger
[2403.18896] w/ Atul Sharma, Andrew Strominger, and Tianli Wang

Amplitudes 2024 Gong Show

1 / 3



Celestial Leaf Amplitudes

Celestial holography posits that 4D amplitudes can be computed

holographically by a 2D CFT.

4D translation invariance forces low-point massless celestial

amplitudes to be distributional.

Leaf amplitudes describe scattering that occurs on a single hyperbolic

slice of spacetime.
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Amplitudes are linear combinations of leaf amplitudes
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A Celestial Dual for MHV Leaf Amplitudes

The dual leaf CFT for MHV amplitudes has action
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Schubert arrangements in the Grassmannian
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A Double Copy from Twisted Cohomology at
Genus One
Gong Show: Amplitudes 2024, IAS

Rishabh Bhardwaj

Based on the work [arxiv:2312.02148] with A. Pokraka, L. Ren and C. Rodriguez

Brown University

https://brown.edu


Introduction

• The field theory limit of the tree-level string KLT gave rise to the
much celebrated double copy relations.

• In string theory this relates open string amplitudes Aopen to the
closed string ones Aclosed.

• But often various ingredients of this correspondence are
technically challenging to compute.

• The intersection theory of twisted (co)homology groups
developed in the 1970s by Aomoto and Gelfand serves as a
highly efficient tool to study tree-level KLT! [Mizera ’16, ’19].
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Introduction
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(M,∇ω)
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p
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Poincaré

Intersection

P
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[•|•]

⟨•|•⟩

⟨•|•][•|•⟩

(a) Connections between twisted
cohomology groups and their duals

(b) Connection between intersection
theory and string theory

• In our work we aimed to generalise this construction at genus
one (one-loop string amplitudes)!
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Toy model: The Riemann Wirtinger integrals

• An appropriate generalisation of tree-level string integrals
(hypergeometric functions) at genus-one is the RW integrals,
defined as follows:

∫

γi

u(z1) F(z1 − zj, η|τ) dz1, u(z1) = e2πis1Az1
n∏

i=2
ϑs1i1 (z1 − zi), (1)

with n ≥ 3 punctures and an extra condition

s1B = s1Aτ +
n∑

j=2
s1jzj − η = const. , (2)

where s1B ∈ C is a generic complex number.
• The above constraint is necessary for the RW integrals to have
appropriate monodromies around the two cycles of the torus
[Mano ’08, Mano and Watanabe ’12 & Goto ’22].
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Twisted (co)homology: Definition

• We can define IBP relations w.r.t the connection ∇ = d+ ω∧ on
these integrals, where ω = d log u is the twist.

• This allows us to define the corresponding twisted cohomology
class w.r.t this connection in the usual way:

Hp(M,∇ω) =
ker

(
∇ω : Ωp(M,∇ω) → Ωp+1(M,∇ω)

)

im (∇ω : Ωp−1(M,∇ω) → Ωp(M,∇ω))
, (3)

• The twisted homology group is defined w.r.t the Poincaré dual
boundary operator ∂ω as:

Hp(M, Ľω) =
ker

(
∂ω : Cp(M, Ľω) → Cp−1(M, Ľω)

)

im
(
∂ω : Cp+1(M, Ľω) → Cp(M, Ľω)

) , (4)
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Twisted (co)homology: the basis

• More explicitly, the twisted cohomology basis is given as [Goto ’22]:

ϕa = F(z1 − za+1, η)dz1 for a = 1, 2, · · · ,n− 1 (5)

Defined over the local system Lω := Lω(s1A, s12, . . . , s1n) = Cu−1 .
• And the corresponding twisted homology basis is:

m

m1

m2
m3

ℓ1A

ℓ1B

z2 P
(2)
0

P
(2)
2

P
(2)
1

P
(2)
3

P
(3)
2

P
(2)
2

z2+τ

z2+1

s6

γ̌6B

γ̌6A

Defined over the dual local system
Ľω := L−ω(−s1A,−s12, . . . ,−s1n) = Cu
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Riemann bilinear relations (double-copy) at genus one

• The RW integrals can be written as period integrals on this basis
of twisted (co)homology :

Pia := [γi ⊗ uγi |ϕa⟩ =
∫

γi⊗uγi
ϕa (6)

together with its dual defined as Pbj := ⟨ϕb|γj] = [γj|ϕa⟩.
• The corresponding intersection index is given as:

Hij := [γi|γ̌j] , (7)

• Gluing these pieces together, we arrive at the Riemann bilinear
relations [Matsubara-Heo ’20, RB-Pokraka-Ren-Rodriguez ’23]:

⟨ϕ̄a|ϕb⟩ :=
∫

M
|u|2 ϕ̄a ∧ ϕb =

(
P · H−1 · P

)
ba (8)
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Numerical double-copy at genus one

• Various numerical checks have helped us support our analysis:

Figure 1: Numerical comparison of the (real part of the) complex
Riemann-Wirtinger integral ⟨ϕ3|ϕ3⟩ by numerical integration and by using
the double copy formula.
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Unfolding the 
generalized double 
copy structure
Alan (Shih-Kuan) Chen
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 – Generalized double copy [Chi, Elvang, Herderschee, Jones, Paranjape 2021]

 – The only consistency requirement is that the “inverse kernel amplitude” BASEFT    
    must satisfy the minimal rank condition

Generalized



 – The output turns out to be the same (up to a shifting of parameters)

Generalized KKBCJ Generalized KKBCJ

   

FT KKBCJ
string monodromy

FT KKBCJ
string monodromy
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 – Application: complete parametrization of inverse kernel amplitude

See [Schlotterer, Stieberger 2012] for 
a parametrization of Z amplitudes and 
the definition of M matrices



 – Application: generalized single-valued projection



 – Application: generalized single-valued projection
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Residue Operations and a Canonical Basis

for Cosmological Integrals
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Cosmological Correlators as Twisted Integrals
-> Object of interest : Wavefunction for cosmological fluctuations

seeds

Flat-space wavefunction > Wavefunction in power-law
(n)(Pflat) FRW cosmology (Pw)



Cosmological Correlators as Twisted Integrals
-> Object of interest : Wavefunction for cosmological fluctuations

seeds

Flat-spacehavefunction > Wavefunction in power-law
(Pflat) FRW cosmology (Pw)

UC of a theory of conformallya coupled scalars can be
(n)

written as a twisted integral over Pflat :

Mw(Xv, Ye)= dent(x +Xv ,Ye)! -
-m

Cosmological twist
universal integrand

whereThat (Xv , Ye) = t dyn eixeuG(Ye , vil



-> Arrangement of singular lines in the (4,42) - plane :
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-> Arrangement of singular lines in the (4,42) - plane :
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-> Twisted cohomology predicts the size of the rector space :

# of independent master integrals = # of bounded regions defined
by divisors of the integrand

(Aomoto'75,

DEG takes the E-form : di =s
Mastrolia et al . " 19)

N
. Arkani-Hamed et al . 23( &

SD
,
A . Pokraka ' 23

,
... )
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Complexity of DEG governed by a few universal rules
"KINEMATIC FLOW"

(N . Arkani-Hamed et al . 23

# Basis functions = 12 = 16 Fe=2
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· · ⑨

X
,
Y X231 X3

25 bounded regions - 25 dim""al rector space

Complexity of DEG governed by a few universal rules
"KINEMATIC FLOW"

(N . Arkani-Hamed et al . 23

# Basis functions = 1 = 16 (Fn =5)

QUESTION : What physics governs the reduction of
master integrals ?



-> Eliminate unphysical sector using residue operations
-> Steinmann-like relations Linear rel" among hyperplanes
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Eliminates trivial dual forms
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Physical sector of 16 forms on which DEG system closes



-> Eliminate unphysical sector using residue operations
-> Steinmann-like relations Linear rel" among hyperplanes

Rese,,... Rese Pl t B2+Be = By + Bo
flat

= O

(Benincasa et al . 20, ...)

- L

Eliminates trivial dual forms unphysical boundaries)(

-

Physical sector of 16 forms on which DEG system closes

Such rules seem to generalize to higher orders at tree-level !
# (physical integrals) = dim HV3 - # (unphysical boundaries)



dS/CFT from TT + 
(w/ Vasudev Shyam, Eva Silverstein, Ronak Soni, Gonzalo Torroba; arXiv:24xx.xxxxx)
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dS/CFT - the story so far

Need to understand QG in real world where          .•

No explicit examples of a holographic duality in dS, i.e. no dS/CFT.•

 

Previously built dS/CFT from the bottom up: analytic continuations of EAdS, •

higher-spin dS/CFT, cosmological bootstrap etc. .

Here we move away from AdS/CFT lamppost to derive novel boundary field •

theory which describes microscopic theory of global dS, i.e. dS/CFT !

O

dsdt Rdt AdSdt

understanding



Hamiltonian Constraint = TT deformation  !
dld

c Iwow 0
c

16T Fabian
d Ñon R2

0 Tab Tab
potion Gab

login
TabTab TT

o
RC

16TONTC
abTÉc Tia

162 R

him
go

c a
32 on

R

a
3

R CFT 0 c IwDw O

40
in

4 a satan R I

ab
y 2 8

Sga x If d 70 tab 2 abe

O TLabe abe 2

“non-unitary”

for

for

For D=3,
(d=2)

, shift:

TT operator

similarly
for Weyl anomaly equation!

TT
deformation



Hamiltonian Constraints Galore

Cauchy/Radial slices in Lorentzian AdS OR “Radial” slices in Euclidean AdS•

In general:•

Use dimensionless deformation parameter•

Two different field theories match at •

c
161 TabThan

d
T flow R 2 did

in a 4 1,858 in a 41 1,828

y
8
TELL

2 9 Yo 2 9 Yo

use       to switch CC at horizon 
where CC “vanishes”

circumference of 
codimension-1 slice  

dSAdS



The TT +     diamond

 

Microscopic theory of static patch, i.e. GH entropy captured by BTZ states!•

Same density of states for dS/CFT w/ “imaginary” spectrum, i.e. TT+     is •

all we need for dS/CFT!

BUT what is entropy in boundary theory when there is no boundary?•

C

ummmm

ummmm

ummmm

ummmm
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Shyam, Silverstein, Soni, 
AT, Torroba
(in progress) 

Batra, Bruno De Luca, Coleman, 
Mazenc, Shyam, Silverstein, 

Soni, Torroba, Yang

(arXiv: 2110.14670,
arXiv: 2403.01040) 

Caceres, Kundu, Patra, Shashi 
(arXiv: 2201.06579)

Hartnoll (arXiv: 2208.04348)
Soni, Wall (forthcoming) 

Shyam, Silverstein, Soni, 
AT, Torroba
(in progress) 



 

 

 

 

 

Thank you for listening!
Any questions feel free to find me 
at Amplitudes conference/school
or e-mail at735@cantab.ac.uk 

ALL FLOWS LEAD TO dS/CFT… 
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Hamiltonian Constraints Galore (cont.)

Cauchy slices in Lorentzian dS•

Radial slices in static patch of Lorentzian dS•

Cauchy slices in Lorentzian AdS OR radial slices in EAdS•

Radial slices in Lorentzian AdS (e.g. BTZ or Vacuum AdS)•
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Hamiltonian Constraints = TT
dld
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Cauchy Slice Holography Dictionary

 

Bulk at finite time T flow of boundary

Conformal time Deformation parameter in't

WDW wavefunction Euclidean partition function
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We extend all aspects of usual holographic dictionary to

provide a boundary description of bulk CQG physics w B C

WOW 2 ZCET



Holographic description of bulk from T -deformation 
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ZECFT IS
2 0

2
2
1 24 z ZECFT

E finite 2 0 Ztz
2 finite

Ads Poincaré finite radius ds Poincaré finite time

Hartman Kruthoff Shaghoulian Tajdini 2019

showed that 2 pt correlators obtained from Zta matched

bulk correlation functions at finite radius in EADS

We assume the existence of a Zeet in ds then derive the

T2 flow equation for functional derivatives of logztzw.it sources



Progress towards two-loop

QCD corrections to pp ! ttj

Colomba Brancaccio

In collaboration with: Simon Badger, Matteo Becchetti, Heribertus Bayu

Hartanto, Simone Zoia
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Cooking up the amplitude: our recipe for the computation

• Helicity amplitudes: they encode spin correlations in the

narrow width approximation

• Limit of large color number: leading color approximation

• The amplitude can be written in terms of master integrals:

A =
P

j Cij Ij

• Master integrals are now available:
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k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

| {z }
elliptic functions

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

Badger, Becchetti, Giraudo, Zoia, ’24

• Ongoing e↵ort: numerical reconstruction of the rational

coe�cients using finite field strategy
Peraro, FiniteFlow, ’19

Amplitudes 2024 Two-loop corrections to pp ! ttj Colomba Brancaccio

https://arxiv.org/abs/2404.12325
https://arxiv.org/abs/1905.08019


Amplitudes 2024 (IAS Princeton)

Non-planar integrated correlator in 
 SYM𝓝 = 4

            Shun-Qing Zhang (MPP Munich) 
  

          

arXiv: 2404.18900



Motivation

• 𝒞pert
SU(N) = 4c[ 3ζ(3)a

2 − 75ζ(5)a2

8 + 735 ζ(7)a3

16 −
6615 ζ(9)(1+ 2

7N2 )a4

32 + 𝒪(a5)]

At small  [Dorigoni, Green, Wen]gYM

 4-point function∙

⟨𝒪2𝒪2𝒪2𝒪2⟩ = free + I4(xi, Yi) TN (U, V; gYM)

dynamic part

 Integrate over U,V [Binder, Chester, Pufu, Wang].∙

𝒞SU(N) = ∫ dMU,V TN (U, V; gYM) non − planar

(c = N2 − 1
4 , a = λ

4π2 )

Pert. Integrands known: 
 L=10 (planar), L=4 (non-planar)

 Exact 



 : periods of f-graphs,  [Wen, SQZ] 𝒞pert
SU(N) 𝒫f (L)

 L=4 (planar): 3 topologies 

−1
4! (−4)4 × (𝒫f (4)

1
+ 𝒫f (4)

2
− 𝒫f (4)

3 ) = −6615ζ(9)
32 .

8!
8 × 252ζ9 8!

24 × 252ζ9

8!
16 × 168ζ9

1
x2

ij

[Bourjaily, Eden, Heslop, Korchemsky, Sokatchev, Tran …]



Non-planar sector at L = 4

 MZV’s cancel ∙

𝒫f (4)
12

= 8!
4 × ( 432

5 ζ(5,3)−36ζ(3)2 + 360ζ(5)ζ(3) + 189ζ(7)
2 − 131ζ(9)

2 − 58π8

2625 ) .

𝒫f (4)
4

= 8!
16 × ( 432

5 ζ(5,3)+252ζ(5)ζ(3) − 58π8

2625 ) ,

−1
4! (−4)4 × 1

N2 ×
32

∑
α=1

c(4)
1;α 𝒫f (4)

α
= − 2

7N2 × 6615ζ(9)
32 .

Non-planar data [Fleury, Pereira] and Gram det. ∙



Outlook

 2nd correlator (different measure), which also displays a simple pattern of 
’s  

 

 Generic weights,  [Brown, Heslop, Wen, Xie] utilising 10D symmetry 
[Caron-Huot, Coronado] 

 Wilson line [Pufu, Rodriguez, Wang; Billo, Frau, Lerda], determinant operators  
[Jiang, Wu, Zhang; Brown,Galvagno, Wen].

∙
ζ

𝒞2nd
SU(N) = 4c [−60ζ5 a + 3 (36ζ2

3 + 175ζ7) a2

2 − 45 (20ζ3ζ5 + 49ζ9) a3

2 + 𝒪(a4)] .

∙ ⟨𝓞p1
𝓞p2

𝓞p3
𝓞p4

⟩

∙ 𝓓



STRONG-FIELD SCATTERING OF BLACK HOLES: NR VS. PM
▸ Equal-mass scattering simulations: 

▸ Nonspinning - higher energies 

▸ Equal spins 

▸ Unequal spins
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p2r̄ +
`2

r̄2
= p21 + weob(r̄; �)
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EOB mass-shell condition:

wnPM (r̄, �, `, S) = worb (r̄, �) +
X

k=1,3

wk (r̄, �)
`S k

r̄ k+1
+

X

k=2,4

wk (r̄, �)
S k

r̄ k
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Piero Rettegno, Geraint Pratten, Lucy M. Thomas, 
Patricia Schmidt, Thibault Damour

Rettegno et al. Phys. Rev. D 108 (2023) 12, 124016



Purity and the breakdown of 
perturbative unitarity in cosmology

Ciaran McCulloch

Work with C. Duaso Pueyo, H. Goodhew, and E. Pajer



Background

Ɣ Inflation: the early universe underwent rapid, quasi-de Sitter 
expansion

Ɣ Adiabatic density perturbations: massless scalar field with 
perturbative interactions

Ɣ Can we sharply diagnose when perturbation theory breaks down?

What couplings + kinematics?

Baumann et al., 2021



A new indicator

Ɣ Scalar wavefunction:

Ɣ Density matrix:

Ɣ Reduced density matrix: trace out all Fourier modes but one

Ɣ The purity is bounded! 



What do we learn?

Ɣ Flat space: mostly familiar results, similar to partial wave unitarity
Ɣ De Sitter: local-type non-Gaussianity (standard signal)

Finite purity requires cutoff in ratio of momenta, not overall size
Ɣ De Sitter: a family of interactions

No cutoff this time, but order 1 Wilson coefficients are too large!



Spectral Analysis of the Feynman Integral:
Stratifying Wave Fronts and Landau Singularities

Felix Tellander (University of Oxford)
June 12, 2024



• 350 Feynman

• 337 Integrals

• 146 Graph

• 138 Polytope

• 134 Integral

• 114 Matrix

• 103 Landau

1



(Theoretical) Physics + Analysis + Algebra

Where and why is a Feynman integral (F.I.) singular?

Char. var. of F.I. Wave front of F.I.

Landau variety
Landau singularity
Euler discriminant

(Principal A-determinant)

Proj. to

2



String loops and gravitational positivity bounds

Junsei Tokuda (IBS, Korea) [arXiv: 2406.xxxxx S.Caron-Huot, JT]

• Positivity bound:

• If this were valid with gravity, one obtains interesting bounds!

[Pham+ (‘85), Adams+ (‘06)]

• Unitarity-based robust bound:

𝑐2 > 0.
ℳ 𝑠, 𝑡 ∼ poles + 𝜆 + 𝑐2 𝑠2 + 𝑡2 + 𝑢2 + ⋯.

e.g.) QED + Gravity (D=4)

𝑐2 ⊃
−11
90𝜋2

𝑒2

𝑀pl
2 𝑚𝑒

2

𝑐2 >
−𝒪(1)
𝑀pl

2 𝑚𝑒
2

• Quantum gravity really admits this 𝑚𝑒
−1-enhanced negativity??

(e.g. [Caron-Huot+ (’21)])

[Cheung-Remmen (’14)] + works by other authors

WGC-like bound!
𝑒
𝑚𝑒

≳
1
𝑀pl



String loops and gravitational positivity bounds

Junsei Tokuda (IBS, Korea) [arXiv: 2406.xxxxx S.Caron-Huot, JT]

• We consider the case where the grav. exchange is Reggeized:

ℳ 𝑠, 𝑡 ∝ 𝑓 𝑡 𝑠2+𝛼′𝑡+𝛼′′𝑡2+⋯

• Finite-energy sum rule: 𝑐2 ∼ positive term +
1
𝑀pl

2 −𝑓′/𝑓 + 𝛼′′/𝛼′ 𝑡=0.
Source of negativity

• We identify high-energy (stringy) loop processes which 
give 𝑚𝑒

−1 -enhanced contributions to 𝑓(𝑡) and 𝛼 𝑡 .

• We evaluate them precisely, and find that they exactly 
cancel the 𝑚𝑒

−1 -enhanced term predicted by EFT.

➢ Key: Only the scattering at large impact parameters 𝑏 ∼
𝑚𝑒

−1 ≫ 𝑀string
−1 matters. -> 𝒕-channel factorization!!!



Classical observables using Newman-Janis deformation in
electromagnetic scattering

Samim Akhtar

The Institute of Mathematical Sciences

Based on JHEP 05 (2024) 148 [arXiv:2401.15574] with A. Manna and A. Manu

Amplitudes 2024 Gong Show

Samim Akhtar (IMSc) Amplitudes 2024
Based on JHEP 05 (2024) 148 [arXiv:2401.15574] with A. Manna and A. Manu Amplitudes 2024 Gong Show
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Introduction and Motivation

The Newman-Janis shift is a complex coordinate transformation (z ! z + ia)
which generates rotating solutions from static ones, notably the Kerr solution
from Schwarzschild solution. This transformation has an EM counterpart where
the Coulomb solution maps to the so-called

p
Kerr solution, a rotating charged

object and is a solution to the Maxwell’s equations.

The origin of the shift is identified as arising from the exponentiation of spin
operators for the minimally coupled three-particle amplitudes of spinning
particles coupled to gravity, in the large-spin limit.
Arkani�Hamed,Huang,O0Connell”19

Ms,±
3

s!1,~!0�������! e⌥q·aM0,±
3 , (1)

where a = s/m parametrizes the spin.

The goal is to investigate the applicability of the NJ shift in deriving various
classical observables (both conservative and radiative) for Kerr Black Hole
scattering. As a simpler setup, we considered the analogous problem in

p
Kerr

scattering mediated by EM interaction.

Samim Akhtar (IMSc) Amplitudes 2024
Based on JHEP 05 (2024) 148 [arXiv:2401.15574] with A. Manna and A. Manu Amplitudes 2024 Gong Show
2 / 4

https://arxiv.org/abs/1906.10100


NJ Deformation

The linear impulse, �pµ1 for the scalar particle in the background of a
p
Kerr

particle can be obtained from a scalar-scalar scattering by complexifying the
impact parameter (b ! b+ ia2).

Arkani�Hamed,Huang,O0Connell”19

We employ the KMOC formalism and apply the shift to the scalar-scalar
scattering through a specific deformation of the polarization vectors of the
exchange photon.

A4,scalar�
p
Kerr[p1, p2 ! p01, p

0
2] =

1

q2
Aµ

3,scalar[p
0
2, p2, q] ePµ⌫ A⌫

3,scalar[p
0
1, p1,�q] , (2)

where the deformed photon projector ePµ⌫ is given by

ePµ⌫(q) := eq·a2✏µ+(q)✏
⌫
�(q) + e�q·a2✏⌫+(q)✏

µ
�(q)

= cosh (a2 · q)⌘µ⌫ + sinh (a2 · q)⇧µ⌫(q) . (3)

We used an ansatz for the antisymmetric part of the projector, ⇧µ⌫ that can be
used in the computation of all the physical observables.

Samim Akhtar (IMSc) Amplitudes 2024
Based on JHEP 05 (2024) 148 [arXiv:2401.15574] with A. Manna and A. Manu Amplitudes 2024 Gong Show
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https://arxiv.org/abs/1906.10100


Results and Conclusions

We used the NJ deformation technique in computing the following observables
for scalar-

p
Kerr scattering at LO in coupling, and to all order in spin:

The radiation kernel, Rµ
1 (k̄) for the scalar particle,

The spin kick, �aµ2 imparted on the
p
Kerr particle.

The orbital angular impulse, �Lµ⌫
i of the scalar and the

p
Kerr particle.

These match with the results obtained through solving classical EOMs
perturbatively.

We found that the result for the angular impulse of the
p
Kerr particle is

consistent with the total angular momentum conservation if we take the spin
tensor Sµ⌫ as the fundamental spin d.o.f instead of aµ which are related via the
duality relation, aµ = 1

2m2 ✏
µ⌫⇢�p⌫S⇢�.

We would like to compute the observables to higher orders in coupling (building
“loop integrands”) for the

p
Kerr as well as BH scattering using the on-shell

methods along with the NJ deformation.

Thanks! Come see my poster next week for more!

Samim Akhtar (IMSc) Amplitudes 2024
Based on JHEP 05 (2024) 148 [arXiv:2401.15574] with A. Manna and A. Manu Amplitudes 2024 Gong Show
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Reverse Unitarity by Quantum Perturbiner Method
Hojin Lee(Seoul National University)

with Kanghoon Lee(APCTP)

Efficient for computing loop integrands using computer.

Quantum Perturbiner Method is a systematic way of computing loop integrands at arbitrary loop level 

for N-point amplitudes using off-shell recursion relation.

Cross sections from optical theorem: Reverse Unitarity.

Able to derive l.h.s using Largest Time Equation and double field prescription

without drawing Feynman diagrams.



A Ridiculous Formula for the Number of
SU(N) Gluonic Color Factors

Presented by Michael Plesser
From 24XX.XXXX with J. Bourjaily and C. Vergu

Michael Plesser working with J. Bourjaily and C. Vergu Counting Color Factors (Amplitudes Gong Show ’24)



Color Factors in Gauge Theory

In gauge theory we can organize amplitudes into
color factors Ci and partial amplitudes Ai

= +

The Ci satisfy (group-specific) identities, EG

SU(2): Tr[123] + Tr[132] = 0 $ dabc = 0

SU(3): Tr[123] + Tr[132] 6= 0 $ dabc 6= 0

A natural question:

How many independent n-pt
color factors are there for a given group?

Michael Plesser working with J. Bourjaily and C. Vergu Counting Color Factors (Amplitudes Gong Show ’24)



Counting with Schur’s Lemma

The Tl;dr

The multiplicity of 1 in Ad⌦n gives the number of color
factors for n-external gluons, |Cn|, to all loop orders

SU(N) n-pts:
|Cn| = h1|Ad⌦ni

A bound is given by the Subfactorial or Derangement numbers

|Cn|  !n

This bound is saturated when n  N

|CnN | = !n =


n!

e

�

(With [x ] meaning ‘x rounded to the nearest integer’)
Michael Plesser working with J. Bourjaily and C. Vergu Counting Color Factors (Amplitudes Gong Show ’24)



Embracing the Derangement!

Derangements are permutations with no 1-cycles
Wrapping each cycle with ‘Tr’ gives the Deranged trace basis

EG n = 4:
⇥
4!
e

⇤
= [8.829...] =) |C4|  9

Tr[1234] Tr[1342] Tr[1423]
Tr[1243] Tr[1324] Tr[1432]

Tr[12]Tr[34] Tr[13]Tr[24] Tr[14]Tr[23]

These satisfy 6 SU(2) identities,

1 SU(3) identity, and

0 SU(N � 4) identities

Michael Plesser working with J. Bourjaily and C. Vergu Counting Color Factors (Amplitudes Gong Show ’24)



More to the Story!

Tree-level “irrep basis” is smaller than DDM

Cayley-Hamilton Identities
(Exponential growth for large n, not factorial!)

Other gauge groups
(E8 is “simpler” than SU(3)??? Dn does what???)

ST duality and graphical reduction
(Biedenharn-Elliot identity, hexagon relation, etc)

Motzkin and Riordan numbers for SU(2)
(Racah W’s and Wigner 6j’s)

Adding fundamentals and higher reps, its easy!

If any of this sounds cool, let’s talk
(or email mkp5771@psu.edu)

Thanks!

Michael Plesser working with J. Bourjaily and C. Vergu Counting Color Factors (Amplitudes Gong Show ’24)



EFT diagrammatic approach to post-Newtonian
theory beyond General Relativity

Nicola Bartolo, Pierpaolo Mastrolia, Matteo Pegorin, Angelo Ricciardone

I Accurate gravitational waveform are fundamental to detect and analyze gravitational wave events.

I While the accuracy of General Relativity waveforms is approaching an adequate level, currently

the accuracy of gravitational waveform for beyond GR theories is lacking behind.

I Improving their precision is of utmost importance to fully leverage the capabilities of

next-generation gravitational wave observatories and is a fundamental goal of these collaborations.

I The recent progress in gravity calculations made possible by EFT and scattering amplitudes
approaches may be key to close this gap.

[LISA Consortium Waveform WG (2023)]

matteo.pegorin.1@phd.unipd.it June 12, 2024 Amplitudes 2024 Conference, Princeton
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EFT diagrammatic approach to post-Newtonian
theory beyond General Relativity

Nicola Bartolo, Pierpaolo Mastrolia, Matteo Pegorin, Angelo Ricciardone

I Many beyond GR theories introduce higher

order operators or additional fields to the

Einstein-Hilbert action, for example

scalar-tensor theories and generalizations

thereof.

I These new interaction terms result in new

vertices and diagrams, which yield the

corrections to the observables due to the

modified theory of gravity
=∆ post-Newtonian corrections can
be evaluated within NRGR/EFT
diagrammatic approach!

[Brans, Dicke (1961); Damour,
Esposito-Farese (1992); Gleyzes,
Langlois, Piazza, Vernizzi (2015); ...]

[Goldberger, Rothstein (2004); Kuntz,
Piazza, Vernizzi (2019); Bernard, Dones,
Mougiakakos (2024); ...]

matteo.pegorin.1@phd.unipd.it June 12, 2024 Amplitudes 2024 Conference, Princeton

mailto:matteo.pegorin.1@phd.unipd.it


EFT diagrammatic approach to post-Newtonian
theory beyond General Relativity

Nicola Bartolo, Pierpaolo Mastrolia, Matteo Pegorin, Angelo Ricciardone

I Many beyond GR theories introduce higher

order operators or additional fields to the

Einstein-Hilbert action, for example

scalar-tensor theories and generalizations

thereof.

I These new interaction terms result in new

vertices and diagrams, which yield the

corrections to the observables due to the

modified theory of gravity
=∆ post-Newtonian corrections can
be evaluated within NRGR/EFT
diagrammatic approach!

[Brans, Dicke (1961); Damour,
Esposito-Farese (1992); Gleyzes,
Langlois, Piazza, Vernizzi (2015); ...]

[Goldberger, Rothstein (2004); Kuntz,
Piazza, Vernizzi (2019); Bernard, Dones,
Mougiakakos (2024); ...]

matteo.pegorin.1@phd.unipd.it June 12, 2024 Amplitudes 2024 Conference, Princeton

mailto:matteo.pegorin.1@phd.unipd.it


EFT diagrammatic approach to post-Newtonian
theory beyond General Relativity

Nicola Bartolo, Pierpaolo Mastrolia, Matteo Pegorin, Angelo Ricciardone

I Many beyond GR theories introduce higher

order operators or additional fields to the

Einstein-Hilbert action, for example

scalar-tensor theories and generalizations

thereof.

I These new interaction terms result in new

vertices and diagrams, which yield the

corrections to the observables due to the

modified theory of gravity
=∆ post-Newtonian corrections can
be evaluated within NRGR/EFT
diagrammatic approach!

[Brans, Dicke (1961); Damour,
Esposito-Farese (1992); Gleyzes,
Langlois, Piazza, Vernizzi (2015); ...]

[Goldberger, Rothstein (2004); Kuntz,
Piazza, Vernizzi (2019); Bernard, Dones,
Mougiakakos (2024); ...]

matteo.pegorin.1@phd.unipd.it June 12, 2024 Amplitudes 2024 Conference, Princeton

mailto:matteo.pegorin.1@phd.unipd.it


EFT diagrammatic approach to post-Newtonian
theory beyond General Relativity

Nicola Bartolo, Pierpaolo Mastrolia, Matteo Pegorin, Angelo Ricciardone

I Many beyond GR theories introduce higher

order operators or additional fields to the

Einstein-Hilbert action, for example

scalar-tensor theories and generalizations

thereof.

I These new interaction terms result in new

vertices and diagrams, which yield the

corrections to the observables due to the

modified theory of gravity
=∆ post-Newtonian corrections can
be evaluated within NRGR/EFT
diagrammatic approach!

[Brans, Dicke (1961); Damour,
Esposito-Farese (1992); Gleyzes,
Langlois, Piazza, Vernizzi (2015); ...]

[Goldberger, Rothstein (2004); Kuntz,
Piazza, Vernizzi (2019); Bernard, Dones,
Mougiakakos (2024); ...]

matteo.pegorin.1@phd.unipd.it June 12, 2024 Amplitudes 2024 Conference, Princeton

mailto:matteo.pegorin.1@phd.unipd.it


EFT diagrammatic approach to post-Newtonian
theory beyond General Relativity

Nicola Bartolo, Pierpaolo Mastrolia, Matteo Pegorin, Angelo Ricciardone

I Many beyond GR theories introduce higher

order operators or additional fields to the

Einstein-Hilbert action, for example

scalar-tensor theories and generalizations

thereof.

I These new interaction terms result in new

vertices and diagrams, which yield the

corrections to the observables due to the

modified theory of gravity
=∆ post-Newtonian corrections can
be evaluated within NRGR/EFT
diagrammatic approach!

[Brans, Dicke (1961); Damour,
Esposito-Farese (1992); Gleyzes,
Langlois, Piazza, Vernizzi (2015); ...]

[Goldberger, Rothstein (2004); Kuntz,
Piazza, Vernizzi (2019); Bernard, Dones,
Mougiakakos (2024); ...]

matteo.pegorin.1@phd.unipd.it June 12, 2024 Amplitudes 2024 Conference, Princeton

mailto:matteo.pegorin.1@phd.unipd.it


EFT diagrammatic approach to post-Newtonian
theory beyond General Relativity

Nicola Bartolo, Pierpaolo Mastrolia, Matteo Pegorin, Angelo Ricciardone

I Presently working to obtain post-Newtonian predictions in scalar-tensor theories.

I Developed an in-house code for automated evaluation.

I Results will be important for phenomenological forecasts.

I Challenges: many beyond GR theories present caveats that should be taken into account.

Thank you for your attention

matteo.pegorin.1@phd.unipd.it June 12, 2024 Amplitudes 2024 Conference, Princeton
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Anjie Gao 

2401.00931 with Ian Moult, Sanjay Raman, Gregory Ridgway, Iain Stewart 

+ ongoing work

Regge Amplitudes from 
Glauber SCET

Amplitudes 2024

June 12, 2024



−iℳ = Jκ ⋅ S ⋅ J̄κ′ = ∑
ij

Jα
κ(i)({ℓi⊥}) ⊗⊥ Sαβ

(i, j)({ℓi⊥}; {ℓ′ j⊥}) ⊗⊥ J̄β
κ′ ( j)({ℓ′ j⊥})

1 2 3 i

1 2 3 j

i j

Jκ(i)

J̄κ (j)

p1

p2 p3

p4

= ∑
ij

•  Large  appears in the (QCD) amplitudes in the Regge limit  

• Factorization of the Regge amplitudes from EFT (SCET)

log s
−t

s >> − t

“Glauber gluons” 
offshell mode mediates 
 forward scattering

 : color indicesβ = a′ 1…a′ j

κ′ = q, q̄, g, gg, …

• Rapidity RG evolution  
Use counterterms absorb rapidity divergences (RG consistency ) 

Define anomalous dimension as 

Iteration of ’s resums 

⇒ ZS = ZJ
−1

γ(i,j) log s
−t

1 2 3 i

1 2 3 j

Jκ(j)

ZJ(j,i)

Jκ(η) = Jκ(ν) ⋅ ZJ(η, ν) , S(η) = ZS(η, ν) ⋅ S(ν) ⋅ ZS(η, ν)

Γ ≡ − (ν∂νZJ) ⋅ ZJ
−1 = γ(i,j)

rap. regulator
rap. ren. scale

2λQ λQ 0λQ

λQ

λQ 0

p+

p-

soft

-collinearn

-collinearn̄
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n̄

large rapidity gaps 
 large logs⇒q
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where the green blobs denote !G’s, the blue lines denote KNF’s, and the orange line denotes KTC.
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4 Evolution Equation for the Octet Cut and Other Color Channels

• Review the general story from the previous paper, review truncated RGE
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}J(3) ⊗3 γ(3,3)

J(2) ⊗2 γ(2,3)

(The same convolution kernel appears in  transition in the Wilson line approach in  
                                                                                                          e.g. [Falcioni et al, 2111.10664]) 

1 → 3
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Figure 4: Diagrammatic representation of eq. (4.11). Note that the colour factor in

eq. (4.12) involves a trace of four generators in the adjoint representation, symmetrically

summed over six di↵erent orderings.

with
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⌘
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⌘

i
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4.1.3 Four loops

As shown in the square bracket of eq. (3.37), the NNLL reduced amplitude at four loops

includes (i) 3 ! 3 transitions, which connect three-Reggeon states in the target | i,3i and
in the projectile h j,3| involving two insertions of the Hamiltonian H̃3!3; (ii) 3 ! 1 and

1 ! 3 transitions, connecting | i,3i with h j,1| and | i,1i with h j,3|, respectively; and (iii)

1 ! 1 transitions from | i,1i to h j,1|, which are mediated by three-Reggeon states. Below,

we discuss the interpretation of each of these in turn in terms of diagrams, integrals and

colour factors.

The 3 ! 3 transition at four loops is generated by iterating the Hamiltonian H̃3!3 twice.

Applying the rescaling of eq. (3.36) and the subtraction defined in eq. (3.23) one has

hj3|H̃2

3!3|i3i =
⇡2

(↵sr�)
4

h
h j,3|H2

3!3| i,3i+ ↵g(t, µ
2)h j,3|

�
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t H3!3 +H3!3T
2

t

�
| i,3i

+ ↵2

g(t, µ
2) h j,3|

�
T

2

t

�2 | i,3i
i
. (4.15)

The first term of eq. (4.15) is the most complicated contribution: by writing the Hamilto-

nian H3!3 according to eq. (3.15) we find

h j,3|H2

3!3| i,3i = h j,3|B2

3!3| i,3i+ h j,3|B3!3A3!3+A3!3B3!3| i,3i+ h j,3|A2

3!3| i,3i,
(4.16)

where we distinguish between terms involving interactions between Reggeons, generated by

B3!3 of eq. (3.17), from insertions of the one-loop Regge trajectory ↵g on a single Reggeon,
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}

Extract the rapidity divergence in the collinear loop

⇒

manifestly have this form. However, here we have seen how it is reproduced from the collinear

sector, as is required from soft-collinear consistency. The complete calculation of the anomalous

dimension from the soft sector of the e↵ective theory is provided in App. B.

4.4 Rapidity RGE for Two Glauber Exchange

In this section we combine the one-loop collinear functions calculated in Sec. 4.2 and the color

decomposition procedure outlined in Sec. 4.3 to extract the o↵-forward BFKL equation at LL.

We begin by writing Eq. (4.21) as a convolution over the lower order J [0]A1A2

(2)
,
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Here, the notation !G and KNF follows from Ref. [81], and NF stands for non-forward (we have

removed a factor of 4⇡2 compared with Eq. (3.103) in Ref. [81]). Recall that J [0]

(2)
does not depend

on its argument. We put arguments k? and `? for the two terms in the equation above so that

they match the graphic below.

The ⌘-divergence in J
[1]A1A2

(2)
must be canceled by an appropriate counterterm Z

A1A2 B1B2

J(2,2) .

The LL RRGE can thus be found by di↵erentiating with respect to log ⌫,
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Here in the second line, we have pulled out some factors to be consistent with the definition ofR
?(j) as in Eq. (3.12). We then see that �(2,2) is
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which is symmetric under k? $ `?.
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Regge trajectory
Non-forward BFKL kernel
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• Color channel   first appear in 3 Glauber exchange  only need  

•  contains 4 copies of  (for =3) 

 includes transition matrices within the 4d color space of  

• Utilizing the orthogonal 6 gluon basis in [Sjodahl, Thorén 1507.03814], we compute 

• e.g. for ,  

• , ’s are orthogonal. Color space reduces to 3d, projected by . 
We have a triple pole solution 
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Positivity constraints

Amplituhedron
(N=4 super Yang-Mills)

Integrand for amplitude

Why integrated negative geometries?

[Arkani-Hamed, Trnka (2013)]
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Positivity constraints

Negativity constraints
(negative geometries)

Performing all but one 
of the loop integrations

Integrand for 
logarithm of amplitude

Amplituhedron
(N=4 super Yang-Mills)

Integrand for amplitude

Why integrated negative geometries?

IR finite!

[Arkani-Hamed, Trnka (2013)]

[Arkani-Hamed, Henn,
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Positivity constraints

Negativity constraints
(negative geometries)

Performing all but one 
of the loop integrations

Integrand for 
logarithm of amplitude

Amplituhedron
(N=4 super Yang-Mills)

Integrand for amplitude

Why ABJM?

Why integrated negative geometries?

IR finite!

Generalization to other theories

Fewer number of diagrams at each loop order

[Arkani-Hamed, Trnka (2013)]

[Arkani-Hamed, Henn,
 Trnka (2021)]

[He et al (2022, 2023)]
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Uniform 
transcendentality

What results have we obtained?

Integrated results up to three loops

Four-loop cusp 
anomalous dimension

Sign properties

Simplicity of 
leading singularities

Direct integration Differential equations
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Coon Amplitudes

Veneziano VS Coon

Veneziano amplitude [Veneziano ’68]

Crossing symmetric
Polynomial residues
Tame high-energy behaviour
Linear Regge trajectories

Coon amplitude [Coon ’69; Baker, Coon ’70]

Crossing symmetric
Polynomial residues
Tame high-energy behaviour
Logarithmic Regge trajectories

B. Wang (ZJU) Coon unitarity via partial waves or: how I learned to stop worrying and love the harmonic numbersJune 12, 2024



Coon Amplitudes

Partial-wave analysis

From the well-known un-subtracted dispersion relation we have

A(s, t) =
∞∑

N=0

residues
s−m2

N

+A∞(t).

Tame high-energy behaviour sets A∞(t) = 0, and this is known as dual
resonance. At each resonance, only a finite number of spins is exchanged

∼ residues =
n0∑

ℓ

f2
n,ℓ C

d−3
2

ℓ

(
1 +

2t

sn − 4m2

)

B. Wang (ZJU) Coon unitarity via partial waves or: how I learned to stop worrying and love the harmonic numbersJune 12, 2024



Harmonic Numbers as a Basis

Harmonic Numbers As a Basis

Final result

f2
N,ℓ = qN

N∑

n,k=0

(
n

ℓ

) √
π

K(ℓ,α)

(−1)ℓ(α) 1
2+n

(ℓ+ 2α)1+n︸ ︷︷ ︸
T −1
n,ℓ : Gegenbauer polynomials

(
k

n

)
(−m2)k−n

︸ ︷︷ ︸
external mass

(
−sN + 4m2

)n

︸ ︷︷ ︸
scattering angle

Zq
k(N)

︸ ︷︷ ︸
harmonic number

. (1)

The summation over n can be performed analytically but we don’t present
it here.

B. Wang (ZJU) Coon unitarity via partial waves or: how I learned to stop worrying and love the harmonic numbersJune 12, 2024



Unitarity Analysis

Manifest Positivity of Super String

Consider the limit q → 1 and m2 = 0, the q-deformed harmonic numbers
reduce to ordinary harmonic numbers and satisfy

1

1− z

(−1)n

n!
o n(1− z) =

∞∑

N=0

Z1
n(N)zN . (2)

This allow us to express the partial-wave coefficients of super string

f2
N,ℓ =

1

2πi

∮
z

2(−1)ℓ

zN+1(1− z)

ℓ+ α

N + 1
Γ(2α)

2F̃2

(
1,α+

1

2
; 1− ℓ, ℓ+ 2α+ 1; (N + 1) o (1− z)

)
. (3)
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Unitarity Analysis

Manifest Positivity of Super String
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Figure: More low-lying data upon d ≤ 6 and ℓ ≤ 2 [BW ’24].
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Unitarity Analysis

Thanks

B. Wang (ZJU) Coon unitarity via partial waves or: how I learned to stop worrying and love the harmonic numbersJune 12, 2024



Complexified 
Equivalence 

Principle


through

See also:

[2309.11886]

 JHK, J.-W. Kim, S. Lee [2102.07063] ,  JHK, S. Lee [2301.06203] ,
 JHK, J.-W. Kim, S. Lee [2405.17056] ,  JHK [2405.09518] ,
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Guevara, Ochirov, Vines [1812.06895];
Arkani-Hamed, Huang, O’Connell [1906.10100]





Very easy!!! 
No spin coherent 
state smearing etc.



Cool physics:  Spacetime and spin unified — “spinspacetime”
Formalism:      Massive twistor
Output:              Black holes obey minimal on-shell kinematics

Higher Multiplicity? Applications to PM potential
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JHK, J.-W. Kim, S. Lee [2405.17056]; JHK [2309.11886];

JHK [2309.11886]; JHK, S. Lee [2301.06203]; 
Aoude, Haddad, Helset [2001.09164];

Johansson, Ochirov [1906.12292]; 

Stay Tuned for Future Works!
“Curved Spinspacetime” (JHK [2407.*****])

“Spinning BHs and the Dirac String” (JHK [2407.*****])



A Two-Loop Conundrum
Two Loops When One Loop Vanishes

Anthony Morales (SLAC/Stanford)

L. Dixon, AM, arXiv:2406.XXXXX

Amplitudes 2024 Gong Show
12 June 2024

A. Morales (SLAC/Stanford) A Two-Loop Conundrum Amplitudes 2024 Gong Show 1 / 6



A One-Loop Introduction

Self-dual Yang-Mills on twistor space is anomalous, with the anomaly being proportional to
tradj(X4). This can be remedied by including fermions in a representation R such that
[arXiv:2302.00770]

tradj(X
4) = trR(X4).

For the gauge group SU(N), a non-trivial choice is

R = 8 � 8 � �

This forces the all-plus 1-loop amplitude to vanish, which in turn relates di↵erent permutations of
the partial amplitudes

One-loop relation from anomaly cancellation (L. Dixon, AM, arXiv:2406.XXXXX)

8A[1](1, . . . , n) =
nX

k=1

X

�2↵k �k

A
[1]
n (1,�)

where ↵k = (2, . . . , k) and �k = (k + 1, . . . , n). These are the same relations conjectured to hold
by Bjerrum-Bohr et al. [arXiv:1103.6190].
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A Nice Two-Loop Result

Q: 1-loop vanishing =) 2-loop simplicity?

A: K. Costello computed the n-point 2-loop amplitude in this theory, using OPEs of a chiral
algebra, and found it to be both finite and rational [arXiv:2302.00770].

4-pt chiral algebra result

A
2-loop,all-+
4,sdYM = ig6

1

(4⇡)4
[12][34]

h12ih34i

✓
12N � 4

s2 + 4st+ t2

st
� 24N�1

◆
tr(1234)

+ (24 + 24N�1)tr(12)tr(34) + cycles(234)

�
.

We set out to check this result.
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A Two-Loop MISMATCH in Dim Reg

We used previous QCD results for the primitive
amplitudes [arXiv:0001001,0201161,0202271] and
dressed them with color factors for the antisym
rep computed in a trace basis. The two methods
disagree

Mismatch

A
adj,all-+
4,G,✏ +A

R,all-+
4,F,✏ 6= A

2-loop,all-+
4,sdYM .

In fact, the left-hand side is neither finite nor
purely rational. However, A2-loop,all-+

4,sdYM is not
necessarily incorrect.

The 1-loop amplitude is actually O(✏)!!!

So Catani’s formula [arXiv:9802439] predicts
non-vanishing IR divergent terms
1
✏2

⇥O(✏) = O(1/✏)

A2-loop,all-+
4,sdYM actually gives the finite remainder

to Aadj,all-+
4,G,✏ + AR,all-+

4,F,✏ .

Conjecture

h
A

adj,all-+
n,G,✏ +A

R,all-+
n,F,✏

i

finite
= A

2-loop,all-+
n,sdYM for n � 4
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A MASSIVE Resolution

Chiral algebra method is purely 4D =) maybe mass regulator resolves disagreement

Problem with dim-reg: ✏-suppressed terms compete with 1/✏2 IR poles.

Doesn’t happen with mass regulator: mass-suppressed terms vanish more quickly relative to
the log-enhanced ones.

Example

The mass-regulated planar double-box integral is

I
P
4,m[�2

p+q�
2
q ](s, t) = I

1-loop
3,m [1](s) I

1-loop
4 [�4

p](s, t)

m,✏!0
�!

s�1

6(4⇡)4


�

1

2
ln2

✓
m2

�s

◆
� 2⇣2

�

When the divergent integrals are mass regulated, the mass dependence drops out of the full
amplitude, and we get agreement with Costello’s result:

Mass regulator gives agreement

A
adj,all-+
4,G,m +A

R,all-+
4,F,m = A

2-loop,all-+
4,sdYM .
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Fin

Please look out for our paper to appear. Thanks for listening!
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Motivation and introduction

Analytic waveform templates are going to be necessary for extreme mass
ratio inspirals, which are going to be detected by the LISA mission

As theoretical physicists, we need to work hard to be ready for 2035!

Idea: use particle field theory tools (! scattering amplitudes)
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The classical Bethe-Salpeter equation: conservative

We derive the classical Bethe-Salpeter equation describing binary
gravitational systems with a two-body irreducible kernel eKcl: [Adamo, RG]

We can solve the recursion in impact parameter space (⇠ partial wave basis)

iMcl
4 (q?) =

4
p
(pA · pB)2 �m2

Am
2
B

~2

Z
d2b e�iq̄?·b

⇣
e
eKcl(b) � 1

⌘
.

The conservative kernel is essentially the scattering radial action

eK>
cl ({s

µ
i , v

µ
i }; b(L)) =

i

~

I

C>

dr pr (r , {s
µ
i , v

µ
i }, L)

| {z }
I>r

+L⇡ ,

[Bern et al.; Damgaard,Plante,Vanhove; Kol,O’Connell,Telem; Adamo,RG]
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Impulse, spin kick and frequencies from the classical kernel

We propose that Classical scattering observables can be extracted by
recursively applying Dirac brackets to the radial action, [RG,Shi]

��µ =
X

j=1

1

j!

�
I>r ,

�
I>r , . . . ,

�
I>r| {z }

j times

,�µ
} . . .}} , �µ

2 {vµ
1 , v

µ
2 , s

µ
1 , s

µ
2 } .

Complete proof for spinless particles in Kerr, checked beyond the probe limit!
Another recent work independently confirm our proposal [Kim,Kim,Lee]

New covariant results for impulse and spin kick at 0SF-O(G 6s1s42 ) [RG,Shi]

�vµ
1 ({b

µ, sµi , v
µ
i })

���
O(G 6s1s42 )

, �sµ1 ({b
µ, sµi , v

µ
i })

���
O(G 6s1s42 )

.

With action-angle variables, we computed bound frequencies

Type of observable Position space Spin space
Scattering �vµ

1 (��, �✓) �sµ1
Bound K�r , K ✓r K�S r

New scatter-to-bound map at 0SF order! [RG,Shi; Kälin,Porto]
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The classical Bethe-Salpeter equation: radiation

Extension of the Bethe-Salpeter with radiation [Adamo, RG, Ilderton]

which gives the exponential form of the S-matrix

All scattering and bound observables for the two-body problem can derived
from a gauge-invariant representation with 2MPI kernels eKcl and eKcl

5,R!
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Summary table of the scatter-to-bound dictionary

For aligned-spin binaries where the motion remains on the equatorial plane
we find a conjectural dictionary [Kälin,Porto;Saketh,Vines,Steinho↵,
Buonanno;Cho,Kälin,Porto;Adamo,RG; Heissenberg;Adamo,RG,Ilderton]

Bound observable Scattering observable (p2
1

= �p̃2
1

= E 2
�(m1+m2)

2

2m1m2
) ,

��(p̃1, L, a, cX ) �(�i p̃1, L, a, cX ) + �(+i p̃1, L, a, cX )

�E<
rad(p̃1, L, a, cX ) �E>

rad(�i p̃1, L, a, cX ) +�E>
rad(+i p̃1, L, a, cX )

�J<rad(p̃1, L, a, cX ) �J>rad(�i p̃1, L, a, cX ) +�J>rad(+i p̃1, L, a, cX )

which is valid at least up to 3PM (G 3
N) order for the scattering angle

��/periastron advance �� and for the fluxes �Erad,�Jrad.

New waveform map (up to 1PN and tree-level)[Adamo,RG,Ilderton]

h<dyn(u; p̃1, L, a, cX ) = h>dyn(u; +i p̃1, L, a, cX )

in agreement with the prescription for the orbital elements [Damour,Deruelle]

Need to study tail e↵ects appearing at higher orders! [Cho,Kälin,Porto]
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From scattering to bound waveforms via resummation

The analytic continuation of the waveform computed for eccentric orbits
requires a resummation in the eccentricity to recover the bound waveform
periodicity in the time u [Adamo,RG,Ilderton]

n>t = e>t sinh(v)� v +O (1/c) , n<t = u� e<t sin(u) +O (1/c) .
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Non-analytic terms of string 
amplitudes from partial waves

Amplitudes Conference
12/06/2024

Hynek Paul

 Based on WIP [2406.xxxxx]
 w/ Yu-tin Huang & Michele Santagata
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Generalisation to L-loops:

2 let’s use the good old partial-wave decomposition:

2 iterated s-channel discontinuity simply computed by:

scattering angle

partial-wave 
coe5cients

Gegenbauer 
polynomials

at 1-loop:

2 key property: partial-waves trivialise the 2-particle phase space integration       ! 
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genus 1:

genus 2:

2 matches known terms

[Green,Russo,Vanhove’08],[Edison,Guillen,Johansson,Schlotterer,Teng’21],[Eberhardt,Mizera’22]

obtain explicit expressions for 
non-analytic terms at any genus

genus 0:

extract tree-level 
partial-wave coe5cients

2 new predictions for leading logarithmic terms in string amplitudes!
To be matched by future worldsheet calculations by (aspiring) string-amplitudeologists...











Giant Correlators at 
Quantum Level

Presented by Yu Wu

University of Science and Technology of China

Work with Yunfeng Jiang and Yang Zhang

arxiv: 2311.16791



Determinant Operator

•Determinant-like operators known as giant gravitons

•Dual to D-branes in the bulk



Motivation

•Structure constant as 

•Known as exact g-function, can be computed by TBA

•Checked up to two-loop, higher loop checks needed

Y. Jiang, S. Komatsu, E. Vescovi JHEP 07 (2020) 07, 037



General Ansatz

Lagrangian Insertion

Symmetry Constraint

Planarity



OPE Limit
 t-channel s-channel

Result:

 Totally 6 equations 
for 4  variables



OPE Coe6cients at Three-loop

Surprisingly,

•Connection between the worldsheet g-function approach and the 

hexagon form factor approach



‣Cosmological Wavefunctions coefficients as Twisted Period Integrals: 

‣ Linear relations to decompose into a basis of Master Integrals: 

‣ Canonical form of DEs satisfied by the MIs: 

‣ Symmetries of integrals appearing at the level of DEs: 

Loop Integrals in Expanding Universes
[in collaboration with: P. Benincasa, M. K . Mandal, P. Mastrolia, F. Vazão] Giacomo Brunello, PhD student

Thanks! 

[Arkani-Hamed, Baumann, Hillman, Joyce, Lee, Pimentel] 

[De, Pokraka] 

[Arkani-Hamed, Benincasa] 

x1 x2

ya

yb

J = ∫ dx x
α

∫Γ
ℬγ(y, P) dy

D1⋯Dn
⇔

Twist Differential form   φ

where ℬ
∂Γ

= 0
Vector space? 

Geometrical structure? 

Space of functions?

- Algebraic Geometry methods for IBP identities - Intersection Theory 
ny

∑
a=1

(∂ya
ℬ) na = h0ℬ

Sygyzy equations 

Groebner bases 

FiniteFlow

[Larsen, Zhang] 
[Gluza, Kajda, Kosower] 

J =
ν

∑
i=1

ci Ii

[Peraro] 

ci ∼ ⟨φ |ei⟩

⇔ ⟨φ |Γ] =
ν

∑
i=1

ci ⟨ei |Γ]

Decomposition in terms of Intersection numbers 

Relative cohomology 

Polynomial division

[Caron-Huot, Pokraka] 

[Fontana, Peraro] 

d I = ϵ d ̂A I d = 3 + 2ϵ I = ℙexp(ϵ∫γ
d ̂A)I

∂γ

‣Solution in terms of Iterated integrals 

d ̂A = ∑
i

𝕄i d log(wi)

⇒∫Γ
ℬγ

‣Which are the properties of 1-loop Cosmological Integrals?

[Pokraka,De] [G.B., Chestnov, Crisanti, Frellesvig, Mandal, Mastrolia] 

x1 x2

ya

yb

x1

y41

x2

y23

y12

y34
x4 x3

x1
y12 x2

x3

y31 y23

[Benincasa, Vazão] 

[Henn] 

[Mastrolia, Mizera] 

Degree 4 polynomial

‣BCs fixed via: Flat spacetime limit 

Regularity 

Method of regions

[Mastrolia, Mizera] 

[Pokraka,De] 



On Unitarity of Bespoke 
Amplitudes

He-Chen Weng, Brown University
Joint work with Rishabh Bhardwaj, Marcus Spradlin, and Anastasia Volovich

Amplitudes 2024 Gong Show



Construction of bespoke amplitude

• The bespoke amplitude [Cheung, Remmen ’23] is a deformation of the 
Veneziano amplitude.

• The deformation is generated by the roots of the spectral function 

• The spectrum of the model is customizable
• The amplitude exhibits dual resonance



Partial wave unitarity at large n limit

• Unitarity implies that the residues of the amplitude must be non-
negatively expanded on Gegenbauer polynomials (Legendre 
Polynomial for D=4).

• Utilizing the techniques developed in [Arkani-Hamed,  Eberhardt, Huang, Mizera ‘22] 

[Bhardwaj, De, Spradlin, Volovich ‘22], we derived the asymptotic form for the 
partial wave coefficients in the large n limit.



Conclusion

• For the asymptotically non-linear spectrum, the bespoke
amplitude is non-unitary.

• For the linear spectrum (linear shift of string spectrum), the mass 
gap must be non-positive.

• For the post-linear Regge spectrum, we can rule out region in the 
parameter space: !1>3/2 ⋃ #+!1>0.
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where sij := xi + xj + Xi + Xj + Pij , Pij := |p̨i + p̨j |,
the red dashed circle indicate that the singularity associ-
ated to the subgraph it identifies has been removed, and
the permutations indicated with perm. are for the term
appearing immediately before. Note that the introduc-
tion of the bubble introduces a spurious singularity in
the ultraviolet. It can be removed via the introduction
of further terms. It is straightforward to check that, in
the flat-space limit, just the first five terms in the right-
hand-side contribute, returning the flat-space infrared fi-
nite combination of Feynman graphs.

Let us close this section with a comment on (21). It
represents a proof of concept that a quantity which is
both infrared finite in an expanding universe stays in-
frared finite in its flat-space limit. Comparing with (20),
if one side it has the nice feature just mentioned that
(20) does not have, on the other side it is utterly more
complicated, and it would be desirable to have a simpler
object with an infrared-finite flat-space limit. If such a
computable exists, a similar analysis to the one discussed
in this paper but for unphysical kinematics, i.e. allowing
for some energies to be negative, would be a systematic
approach to definte it. However, it would require some
extra care because, for unphysical kinematics, the poly-
nomial appearing in the integrand are no longer all sums
of positive quantities and at least some loci given by the
vanishing of the polynomials in the denominators, in-
tersect the integration contour. We leave this to future
work.

CONCLUSION & OUTLOOK

Cosmological observables are plagued by infrared di-
vergences, especially when light states are involved. For
massless scalars in de Sitter space-time, there are strong
indications that these divergences resum. What is in-
stead the fate of such divergences in general FRW cos-
mologies and for more general light states, to our knowl-
edge, it is not fully understood. In particular, it is not
fully understood which feature the analytic structure of
an observable needs to have for the infrared divergences
to be guaranteed to resum (or, vice versa, for the theory
to be pathological) as well as how to define our observ-
ables from first principle in such a way that it is infrared
finite from the start.

In this paper, we continue the route traced in [54] for
having a deeper understand and control over the asymp-
totic behaviour of the perturbative contributions to phys-
ical observables. We exploit the combinatorics behind
the infrared behaviour of cosmological integrals to con-
sistently define, graph by graph, a computable which is
infrared finite via subtractions. Such subtraction can be
understood in terms of operations on graphs: given a
certain graph, an associated infrared finite quantity is
obtained by subtracting all the graphs obtained by col-
lapsing two adjacent sites. As we stressed in the introduc-
tion, we do not propose this subtraction procedure to be
a way of renormalising the infrared divergences, rather it
can signal the existence of a novel computable whose per-
turbative expansion is given by our thick graphs (or it is
anyhow strictly related). In the flat-space case, where it
has been known for long time that a certain combination
at one loop between the box diagram and the triangle
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Spinning binary dynamics in cubic EFTs of gravity
Based on 2405.13826 with Andreas Brandhuber, Graham R. Brown, Paolo Pichini and Gabriele Travaglini

First relevant higher-derivative corrections to GR:
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//Simplify

Obtained the impulse �pµ1 and spin-kick �aµ1 .
Coming soon: the tree-level waveform from the 5-point amplitude.

Pablo Vives Matasan (QMUL) Spinning Dynamics in EFTs of Gravity Amplitudes 2024, June 12 2024



An Area Law for Entanglement Entropy
in Particle Scattering

Based on 2405.08056 with Ian Low

Zhewei Yin

Northwestern University and Argonne National Laboratory

June 12, 2024
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E2
.
= 2I0�el

E2 is the linear entropy for the entanglement between 2 particles in
the final state of 2 ! 2 scattering

The result is of the leading order in the plane wave limit, i.e. for
initial state wave packets approaching momentum eigenstates

�el is the total elastic cross section; non-perturbative in coupling
strength for any theory with at least 2 degrees of freedom

I0 is theory independent; size given by the inverse of the transverse
area for the initial wave packets in the position space

Can be generalized to the nth Tsallis and Rényi entropies by replacing
the factor of 2 with n/(n� 1)
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the factor of 2 with n/(n� 1)

Zhewei Yin (Northwestern/Argonne) Entanglement vs. Cross Section June 12, 2024 1 / 1



E2
.
= 2I0�el

E2 is the linear entropy for the entanglement between 2 particles in
the final state of 2 ! 2 scattering

The result is of the leading order in the plane wave limit, i.e. for
initial state wave packets approaching momentum eigenstates

�el is the total elastic cross section; non-perturbative in coupling
strength for any theory with at least 2 degrees of freedom

I0 is theory independent; size given by the inverse of the transverse
area for the initial wave packets in the position space

Can be generalized to the nth Tsallis and Rényi entropies by replacing
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#LeadingSingularities from a Scaffolding Iperspective
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Background and Motivation Approximating the Feynman integral Results

E�cient sampling of large Feynman graphs in �4
theory

Paul-Hermann Balduf, U of Waterloo Math & Perimeter Institute

Amplitudes 2024, Princeton

based on JHEP 11 (2023) 160

and arXiv 2403.16217 (with Kimia Shaban)

More Slides, references, dataset etc. available from paulbalduf.com/research

Paul-Hermann Balduf, Waterloo & PI E�cient sampling of large Feynman graphs 1

https://link.springer.com/article/10.1007/JHEP11(2023)160
https://arxiv.org/abs/2403.16217
https://paulbalduf.com/research
https://paulbalduf.com/research


Background and Motivation Approximating the Feynman integral Results

Background

I Massless scalar �4
-theory if 4 dimensions

L =
1

2
@µ�@

µ��
�

4!

�
�2

�2
.

I We want to compute the beta function of this theory ) need vertex-type graphs

(arising from vacuum graphs upon removing one vertex).

I We restrict ourselves to subdivergence-free (=primitive) graphs (“Periods”)
[Broadhurst and Kreimer 1995; Schnetz 2010; many others]

Paul-Hermann Balduf, Waterloo & PI E�cient sampling of large Feynman graphs 2

https://paulbalduf.com/research


Background and Motivation Approximating the Feynman integral Results

Distribution of Feynman integrals

I Compute periods numerically [Borinsky 2023; Borinsky, Munch, and Tellander 2023],

exploit various symmetries [Schnetz 2010; Panzer 2022; Hu et al. 2022].

I 2 Problems:

I Standard deviation of distribution is large, similar to mean ) uniform sample

has large statistical uncertainty [B. 2023]. E.g. for 3 significant digits

(�samp  0.1%) we need sample size n ⇡ 10
6
.
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Distribution of periods, without symmetry factor, normalized to unit mean

I Number of graphs grows factorially, 750k graphs at 13 loops, 950M at 16 loops

[Cvitanović, Lautrup, and Pearson 1978; Borinsky 2017] ) impossible to compute

all of them, need random sample, Monte Carlo algorithm.

I Solution: Importance sampling of graphs.

Paul-Hermann Balduf, Waterloo & PI E�cient sampling of large Feynman graphs 3

https://paulbalduf.com/research


Background and Motivation Approximating the Feynman integral Results

Approximating the Feynman integral

I Need quantity that is strongly correlated with Feynman integral, and fast to

compute.

I Examined ⇡ 150 di↵erent graph-theoretical quantities empirically, for a data set of

⇡ 1.5M periods with L  18 loops [B. 2023, available from my website].

I Strongly correlated: Hepp bound H(G ) [Hepp 1966; Panzer 2022] (tropicalization of

period integral upon sector decomposition), Martin invariant M [k]
[Panzer and

Yeats 2023] (derivative of O(N) symmetry factor at N = �2).

Paul-Hermann Balduf, Waterloo & PI E�cient sampling of large Feynman graphs 4

https://borealisdata.ca/dataset.xhtml?persistentId=doi:10.5683/SP3/NLEDGH
https://paulbalduf.com/research


Background and Motivation Approximating the Feynman integral Results

Average resistance (Kirchho↵ index)

I Assign unit electrical resistance to every

edge. Resistance rvi ,vj between vertices vi
and vj . Kirchho↵ index = average resistance

between pairs of vertices.

I Extremely fast to compute due to matrix

linear algebra operations (⇠ 100µs per
graph), predicts period to ⇡ 5% accuracy.

Paul-Hermann Balduf, Waterloo & PI E�cient sampling of large Feynman graphs 5

https://paulbalduf.com/research


Background and Motivation Approximating the Feynman integral Results

Cut & Cycle counts

I Count number nj of cycles of length j 2 N (this is not the loop number).

I Count number cj of vertex-induced j-edge cuts.

I Period is (almost) multi-linear function of nj and ln(cj), include j  10.

I Average error < 1.5%, takes ⇠ 20ms per graph.

Paul-Hermann Balduf, Waterloo & PI E�cient sampling of large Feynman graphs 6

https://paulbalduf.com/research


Background and Motivation Approximating the Feynman integral Results

Example results: Primitive beta function for L = 14

I Reached 4 significant digits (120ppm standard deviation) after 24k CPU core h

(< 2 weeks walltime).

I Previous work with uniform random sampling took 400k CPU core h for 1063ppm.

I ) Weighted sampling is ⇡ 1000⇥ faster than uniform random sampling, or
reaches ⇡ 35⇥ the accuracy at the same runtime.

Paul-Hermann Balduf, Waterloo & PI E�cient sampling of large Feynman graphs 7

https://paulbalduf.com/research


Background and Motivation Approximating the Feynman integral Results

Conclusion: Weighted Monte-Carlo sampling works!

I Subdivergence-free Feynman integrals are correlated to various properties of the

graph. Can approximate their value to ⇠ 1% in less than 1 second.

I Using these approximations in weighted sampling reduces the time for numerically

computing the primitive beta function by a factor ⇠ 1000.

I Dataset of 2 million Feynman integrals available from paulbalduf.com/research.

Thank you!

Paul-Hermann Balduf, Waterloo & PI E�cient sampling of large Feynman graphs 8

https://paulbalduf.com/research
https://paulbalduf.com/research


Gravitational scattering with Wilson lines

Factorization and Wilson lines
Starting point: Factorization theorem (SCET, ...)

A(1, 2, 3, 4) = H(1, 2, 3, 4)⌦ S(1, 2, 3, 4)

LP in soft scale � of S is generated by Wilson line operators W (i) = P exp
n
i
R
�i
dxµAa

µta
o

NnLP of S is generated by Generalized Wilson line operators

fW (i) = P exp
⇢
i

Z

�i

dxµAa
µta + subleading

�

Exponential can be derived from quantized particles
Johannes Pirsch, University of Münster 1



Gravitational scattering with Wilson lines

Applications for gravity
Recipe: Take worldline particle in fixed representation of Lorentz group and couple with curved
background spacetime
Nice: fW automatically organizes into powers of the soft scale

hsoft
µ⌫ =

Z

soft

dDk

(2⇡)D
h̃µ⌫(k)e

�ikx where k ⇠ �

Compare to k = h̄k̄ for classical limit ! due to softness of fW we automatically cover almost
only potential graviton modes (methods of regions)
One can define W̃ class.

✓ fW , such that (automatically exponentiates iteration terms)

A
class. =

Z
D[hµ⌫ ]

4Y

i=1

W̃ class.(i)

Domenico Bonocore, Anna Kulesza, and Johannes Pirsch. “Classical and quantum gravitational scattering with Generalized Wilson Lines.” In: JHEP 03 (2022),
p. 147. doi: 10.1007/JHEP03(2022)147. arXiv: 2112.02009 [hep-th] and upcoming work

Johannes Pirsch, University of Münster 2

https://doi.org/10.1007/JHEP03(2022)147
https://arxiv.org/abs/2112.02009


Cluster Algebras Beyond 
Dual Conformal Symmetry

Rowan Wright

Supervised by James Drummond and Ömer Gürdoğan
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Grassmannian Cluster Algebras

• Grassmannian cluster algebras provide the symbol 
alphabet of amplitudes in planar N=4 super Yang-Mills. 

• Cluster adjacency constrains consecutive discontinuities.

• Kinematics in terms of Plücker coordinates -- a consequence 
of dual conformal symmetry.
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Beyond the Dual Conformal Case

• Plücker coordinates no longer sufficient to describe the 
kinematics for non-dual conformal observables. 

• By introducing the infinity bi-twistor, can still use four-
brackets to parametrize the kinematics. 

• e.g. for five-point massless scattering, 
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Partial Flag Varieties

• For five-point massless scattering, need a cluster algebra 
where the polynomials in Plückers have 6 and 7 together, or 
not at all – partial flag variety, e.g. F(2,4,5).

• Can be embedded in Gr(4,7).
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Application

• Symbol alphabet - 25 out of 26 letters of the planar two-
loop pentagon alphabet are recovered once completing 
F(2,4,5)’s A-coordinates under permutations on particle 
labels 

• Adjacencies – F(2,4,5) predicts certain symbol letters cannot 
appear adjacently. Obeyed by all known planar two-loop 
five-point data.

• Triples rule – F(2,4,5) predicts what sits between the 
symbol letters forbidden to appear adjacently, as for dual 
conformal case! 
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Ongoing work

• Bootstrap calculations – can these observations be used to 
bootstrap three-loop five-point observables, e.g. pentagonal 
Wilson loop with Lagrangian operator insertion at three 
loops? 

• Does a similar story hold for other observables e.g. form 
factors with a massive operator, or six-point massless 
scattering? Some evidence in favour! 

• What is the precise role played by permutations? 

Thank you for listening! 



Loops of loops Expansion in the Amplituhedron
Amplitudes 2024, Institute for Advanced Study

Taro V. Brown
Center for Quantum Mathematics and Physics, UC Davis

June 12, 2024

Based on [2312.1773] with U. Oktem, S. Parajape, J. Trnka



Amplitudes 2024, Institute for Advanced Study

Motivation
• Goal is to calculate the -point L-loop amplitude

• Approach a simpler problem:

1) Restrict to planar sYM at 4-points

2) Consider the logarithm

3) At L-loop

4) Each integration comes with

5) Define IR finite function

Loops of loops expansion in the Amplituhedron



Amplitudes 2024, Institute for Advanced Study

Amplituhedron

Loops of loops expansion in the Amplituhedron

• F can be calculated by doing an expansion in 
negative geometries, and leaving one marked 
point (loop unintegrated) 



Amplitudes 2024, Institute for Advanced Study

Punchline

Loops of loops expansion in the Amplituhedron

• Result is at all-loop order but is an expansion in 
”loops” (cycles) in negative geometries.

• Tree results, [Arkani-Hamed, Henn, Trnka]

• Using cuts we add 1-cycle results



Amplitudes 2024, Institute for Advanced Study

Loops of loops expansion in the Amplituhedron

Thank you for your attention!



THE HIERARCHICAL 
3-BODY PROBLEM AT 2PM

Anna Wolz
Amplitudes 2024

Based on:
24xx.xxxxx with Mikhail Solon
2208.02281 Callum Jones and Mikhail Solon



Amplitudes 2024 Anna Wolz (UCLA) – The Hierarchical 3-Body Problem at 2PM 2

Bound systems Unbound systems 

Conservative potential for hierarchical triples !(#)({&, (}) at 2PM

Goal



Method
■ Connection between 2-2 scattering amplitudes and binary dynamics

Amplitudes 2024 Anna Wolz (UCLA) – The Hierarchical 3-Body Problem at 2PM 3

Classical limit + EFT

Fourier transform ! → #↓
!

■ Same for 3-body dynamics (but more complicated)

Classical limit + EFT

Fourier transform:
hierarchical limit using 

method of regions

Amplitudes ⇒ 3-body potential in 
hierarchical limit at 2PM



The KLT kernel in twistor space

Sonja Klisch

School of Mathematics, University of Edinburgh

Amplitudes 2024 Gong Show, 12/06/2024

Based on a new paper with T. Adamo



The KLT kernel in twistor space Out now!

• We find the double copy structure between the RSVW formula and
the Cachazo-Skinner formula for Nd�1MHV scattering

AYM
n,d [�] =

Z
dµd |g̃|4 PT[�]

Y

i

a±i (Z )

MGR
n,d =

Z
dµd |h̃|8 det0(H) det0(H)

Y

i

h±i (Z )

• This relates the integrands through a helicity-graded momentum
kernel valued on maps Z : PT ! P

1

det0(H) det0(H) =
X

�̃,⇢̃2Sd
�,⇢2Sn�d�2

PT[�̃ �] Sn,d [�̃ �|⇢̃T⇢]
| {z }

kernel in
twistor space

PT[⇢̃T⇢]

Sonja Klisch, University of Edinburgh



The KLT kernel in twistor space Out now!

det0(H) det0(H) =
X

�̃,⇢̃2Sd
�,⇢2Sn�d�2

PT[�̃ �] Sn,d [�̃ �|⇢̃T⇢]
| {z }

kernel in
twistor space

PT[⇢̃T⇢]

• We prove that the inverse of the kernel is a twistor space integrand
for bi-adjoint scalar (BAS) theory. This yields a new representation
of the BAS amplitude

mn[�̃ �|⇢̃T⇢] =
Z

dµd S
�1
n,d [�̃ �|⇢̃T⇢]

Y

i

�i (Z )

Sonja Klisch, University of Edinburgh



The KLT kernel in twistor space Out now!

Ask me about:

• How can BAS care about degree and chirality?

• Implications for double copy on backgrounds: AdS and self-dual
radiative backgrounds?

• Connection to the field theory KLT and CHY double copy?

Sonja Klisch, University of Edinburgh



Two-Loop Four-Gluon Form Factor:
antipodal duality and function level information

Symbols encode iterated log-di↵erentials: F xd ln x ! F x ⌦ x
Antipodal self-duality: a1 ⌦ ...⌦ am ! (�1)

mg(am)⌦ ...⌦ g(a1)
F4 is now bootstrapped to function level (Dixon, SX, 2406.nnnnn)

Figure: Antipodal self-duality of F4. Relations to 3-gluon form factor and 6-gluon

amplitude. F3 and A6 are dual to each other.[1, 2]

Shuo Xin (SLAC) 4-gluon form factor June 12, 2024 1 / 5



From symbol to function

The 3-parameter “rational” kinematics, defined by

u2 ! v1v2, u1 ! 0, rationalizes all letters in the symbol alphabet, and

allows a simple G-function representation.

Figure: The rational kinematics interpolates between soft/collinear limits and fixes

the function level information.

Shuo Xin (SLAC) 4-gluon form factor June 12, 2024 2 / 5



Numerics

Figure: Numerical values of the remainder function on a slice of rational

kinematics.

Shuo Xin (SLAC) 4-gluon form factor June 12, 2024 3 / 5



ui ⌦ ⇣3 $ ⇣3 ⌦ g(ui) duality

Antipodal duality is checked beyond the symbol for ui ⌦ ⇣3 and

vi ⌦ ⇣3 terms. (ui = si ,i+1/q2, vi = si ,i+1,i+2/q2)

Figure: integrating along paths o↵ the rational surface to obtain discontinuities.

Shuo Xin (SLAC) 4-gluon form factor June 12, 2024 4 / 5
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Integrating Out Heavy Multipoles in EM and GR

Edoardo Alviani, Adam Falkowski



Integrating Out Heavy Multipoles in EM and GR
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Integrating Out Heavy Multipoles in EM and GR

Partially UV 
complete 
theory

EFT GREFTEuler Heisenberg 

Graviton + Multipole Photon + Multipole 

Mass 

Spin 

Multipoles 

m
S ≤ 2

gi

Mass  
Spin  
Multipoles 

m
S ≤ 1

gi

ℒ ⊃ C1
16 FμνFμνFρσFρσ + C2

16 FμνF̃μνFρσF̃ρσ ℒ ⊃ C3
6 CμναβCαβρσCρσμν+

Edoardo Alviani

m → + ∞
m → + ∞

+
C4,1

8 (CμναβCμναβ)
2

+
C4,2

8 (CμναβC̃μναβ)
2

Scale of 
validity 

m

Λ



Integrating Out Heavy Multipoles in EM and GR

Partially UV 
complete 
theory

EFT GREFTEuler Heisenberg 

Graviton + Multipole Photon + Multipole 

Mass 

Spin 

Multipoles 

m
S ≤ 2

gi

Mass  
Spin  
Multipoles 

m
S ≤ 1

gi

ℒ ⊃ C1
16 FμνFμνFρσFρσ + C2

16 FμνF̃μνFρσF̃ρσ ℒ ⊃ C3
6 CμναβCαβρσCρσμν+

Edoardo Alviani

m → + ∞
m → + ∞

+
C4,1

8 (CμναβCμναβ)
2

+
C4,2

8 (CμναβC̃μναβ)
2

UV complete 
theory

Scale of 
validity 

m

Λ

Photon + Massive particles 

Λ → + ∞

Graviton + Massive particles 

Λ → + ∞

m m

ΛΛ



Integrating Out Heavy Multipoles in EM and GR
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M (1−
h ,2+

h ,3X,4X̄) = ⟨1 |p3 |2]4−2S

M2
Pls(t − m2)(u − m2) [(⟨13⟩[24] + ⟨14⟩[23])2S + (−1)2S

2S

∑
n=2
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Matching is done through general unitarity

All C are found with up to two double cuts, by matching independent functional structures.

Edoardo Alviani



Matching is done through general unitarity

All C are found with up to two double cuts, by matching independent functional structures.

RESULTS

• Find Compton amplitudes for generic spins and non-minimal coupling.

• Obtain the Wilson coefficients corresponding to a new class of UV completions


• Find which class of multipoles is coherent with existing positivity constraints.

Cγ,S=1
4,1 = g3

0(87g0 + 440g1 + 840g2)
16π2 ⋅ 30m4

Ch,S=1
4,1 = (12 + 245g2)

16π2 ⋅ 2100m4

Edoardo Alviani



Corners and Islands in the S-matrix 
Bootstrap of the Open Superstring

Justin Berman

Based on arXiv: 2310.10729 w/ Henriette Elvang and Aidan Herderschee         
and arXiv: 2406.03543 with Henriette Elvang



Bounding low energy Wilson Coefficients

1. Partial Wave Decomposition 

2. Unitarity (Positivity) 

3. Froissart Bound 

4. Maximal Supersymmetry

Universal Bounds
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Bounding low energy Wilson Coefficients

1. Partial Wave Decomposition 

2. Unitarity (Positivity) 

3. Froissart Bound 

4. Maximal Supersymmetry

Universal Bounds

What more can we do?
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Bounding low energy Wilson Coefficients

1. Partial Wave Decomposition 

2. Unitarity (Positivity) 

3. Froissart Bound 

4. Maximal Supersymmetry

Universal Bounds
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0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

“Experimental” Perspective: Low Mass Spectrum Input

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

a1,0

a 2
,0

Low
est

-m
ass

 sc
ala

r o
nly

Veneziano



0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

a1,0

a 2
,0

Bounding low energy Wilson Coefficients

1. Partial Wave Decomposition 

2. Unitarity (Positivity) 

3. Froissart Bound 

4. Maximal Supersymmetry

Universal Bounds

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

`2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="H//X4bwI3RjZ+RAOpAGes7PrqK4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq1WXRjRuhgn1AE8NkOmmHTh7M3Ig1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3Hj8RXIFlfRsLi0vLK6uFteL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yO/dY9k4rH0S0ME+aGpBfxgFMCWvLMfSdMvRN87TnAHiDrkWR0V/HMklW2JsDzxM5JCeWoe+aX041pGrIIqCBKdWwrATcjEjgVbFR0UsUSQgekxzqaRiRkys0m14/wkVa6OIilrgjwRP09kZFQqWHo686QQF/NemPxP6+TQnDuZjxKUmARnS4KUoEhxuMocJdLRkEMNSFUcn0rpn0iCQUdWFGHYM++PE+albJdLVdvTku1izyOAjpAh+gY2egM1dAVqqMGougRPaNX9GY8GS/Gu/ExbV0w8pk99AfG5w8KJZT7</latexit>

µ3M
2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>
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“Experimental” Perspective: Low Mass Spectrum Input
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More SUSY Constraints → Smaller 
Islands

• single state input at lowest 
massive level  

• coupling and lowest Wilson 
coefficient match Veneziano

Conjecture: Particle theoretic input

Veneziano the unique unitary, 
maximally SUSY UV completion!

Veneziano



Constructibility of
AdS supergluon amplitudes

Qu Cao (曹趣), Song He (何颂), Yichao Tang (唐一朝)
Institute of Theoretical Physics, CAS, Beijing
See [2312.15484][2406.xxxxx] and poster

N = 2 sCFT4

AdS! × '" sYM

Figure from [0907.0151]



Before …

M(s)
3 M(s)

4 M(s)
5 M(s)

6
· · ·

M(v)
3 M(v)

4 M(v)
5

· · ·

1

2

3

4

5

1

2

3

4

5



Before …

M(s)
3 M(s)

4 M(s)
5 M(s)

6
· · ·

M(v)
3 M(v)

4 M(v)
5

· · ·

Unknown
Hard to compute

1

2

3

4

5

1

2

3

4

5



Now …

M(s)
3 M(s)

4 M(s)
5 M(s)

6
· · ·

M(v)
3 M(v)

4 M(v)
5

· · ·

1

2

3

4

5

1

2

3

4

5



Now …

M(s)
3 M(s)

4 M(s)
5 M(s)

6
· · ·

M(v)
3 M(v)

4 M(v)
5

· · ·
“Scaffolding”

No-gluon kinematics

1

2

3

4

5

1

2

3

4

5



David Prinz, MPI f. Mathematics, Bonn (Germany):

Renormalization of Gauge Theories and Gravity

Renormalization Theory:

• Connes–Kreimer framework

• Hopf algebra for subdivergences

• Algebraic Birkho↵ decomposition

for renormalized Feynman rules

Feynman Graph Complex:

• Perturbative BRST cohomology

• Di↵erential projects external

edges onto longitudinal d.o.f.

• Encodes cancellation identities

via homological algebra

Quantum Gauge Theories:

• Slavnov–Taylor identities as

obstructions for gauge anomalies

• Implemented via Hopf ideals and

Feynman graph cohomology

• Relate to BV-BRST formalism

w. PhD student Jonah Epstein

Quantum General Relativity:

• “Generalized gauge theory”

w.r.t. di↵eomorphism group

• Non-renormalizable by power

counting

• Construct higher-derivative

counterterms via gravitational

Slavnov–Taylor identities



Loops in Cosmology

Tom Westerdijk

Advisor: Guilherme Pimentel

June 7, 2024



Bubble 2



Triangle 3



Higher-Point Loop Integrands and

Ten-Dimensional Null Limits

Till Bargheer1, Albert Bekov1, Carlos Bercini1, Frank Coronado2

1
Deutsches Elektronen-Synchrotron DESY, Notkestr. 85, 22607 Hamburg,

Germany

2
Institut für Theoretische Physik, ETH Zurich, CH-8093 Zürich, Switzerland



half-BPS operators
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Generating function Gn

Loop-integrands of

G5,1, G6,1 and G5,2 !
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half-BPS operators
1P
k=2

1
k tr (y · �(x))

k

10D null
polygonal limit

X2
i,i+1 = x2i,i+1+y2i,i+1 ! 0

Generating function Gn

Loop-integrands of

G5,1, G6,1 and G5,2 !

Polygons (Mn)2

Integrands of all n-point polygons

up to 2 loops: Mn,1 and Mn,2 !
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Three-point energy 
correlator in  

N=4 and QCD
Xiaoyuan Zhang


Harvard University

Based on:

1

•  2203.04349 [PhysRevLett.129.021602]:  with Kai Yan [Shanghai Jiao Tong University]


•  2208.01051 [JHEP09(2022)006], 

2402.05174 [PhysRevD.XXX]:                  with Tong-Zhi Yang [Universität Zürich]



Energy correlators 
• Energy correlator is defined as the Wightman correlation function of the energy flow 

operators 

2Xiaoyuan Zhang

<latexit sha1_base64="VmIe4gR+PxLR0GpwVgDAfjlShL4="></latexit>

E(~n) =
Z 1

�1
d⌧ lim

r!1
r2niT0i(t = ⌧ + r, r~n)

N-point energy correlator  (N+2)-point correlation function ⇒

<latexit sha1_base64="IzdUc6jS09Law6kNMwJCZACwnEA="></latexit>Z
[d⌦~ni�(~ni · ~ni+1 � cos�i)]⇥

Z
d4xeiqx h⌦|Jµ(x)E(~n1) · · · E(~nN )Jµ(0)|⌦i

• Perturbative: defined as the energy-weighted differential cross section

[Hofman, Maldacena, 0803.1467]

<latexit sha1_base64="QKgw3ppc+y0pHp3jXKNA89SdjLo="></latexit>

EEC(�) =
X

i,j

Z
d�

EiEj

Q2
�(~ni · ~nj � cos�)

<latexit sha1_base64="scWR+/rteR2KS0Nsu+OuJ4qitfc="></latexit>

d�

dx12 · · · dx(n�1)n
=

X

m

X

1i1,···inm

Z
d�m ⇥

Y

1kn

Eik

Q

Y

1j<ln

�

✓
xjl �

1� cos ✓ijil
2

◆

[Basham, Brown, Ellis, Love, 1978]2-point correlator:

[Chen, Luo, Moult, Yang, XYZ, Zhu, 1912.11050]n-point correlator:



3-point correlator in N=4 SYM
• Calculation setup at LO:

3Xiaoyuan Zhang

• Need to rationalize two square roots:
<latexit sha1_base64="62ai7PQCYjjV5eJWV74aWEmx5Sk="></latexit>q
x2
1 + x2

2 + x2
3 � 2x1x2 � 2x1x3 � 2x2x3 =

q
e�coll
4 ,

q
x2
1 + x2

2 + x2
3 � 2x1x2 � 2x1x3 � 2x2x3 + 4x1x2x3 =

q
e�4

<latexit sha1_base64="YtrNhrE4omKMJNX3fD67bhzsYLU="></latexit>

1

�0

d3�

dx1dx2dx3
=

X

i,j,k

Z
dPS4 |MN=4|2

EiEjEk

Q3

⇥ �

✓
x3 �

1� cos ✓12
2

◆
�

✓
x2 �

1� cos ✓13
2

◆
�

✓
x1 �

1� cos ✓23
2

◆

<latexit sha1_base64="NMWp5mavHI+fJayR5W//yeMoBJU="></latexit>��hp1p2p3p4|tr[�2]|i
��2

tree-level  squared form factor 1 → 4

• The angles  are mapped onto the distances between three points on celestial spherexi

y3

y1

y2

s

ϕ1
ϕ2

<latexit sha1_base64="TVJFB5N+6yRgAN5z7iCbzDMcpIg="></latexit>

x1 =
|y2 � y3|2

(1 + |y2|2)(1 + |y3|2)
, x2 =

|y1 � y3|2

(1 + |y1|2)(1 + |y3|2)
, x3 =

|y1 � y2|2

(1 + |y1|2)(1 + |y2|2)
<latexit sha1_base64="V2ZaNqoquAe+OlA17Je9Sv7Lhh0="></latexit>

y1 =
p
s ei�1

|{z}
⌘⌧1

, y2 =
p
s ei(�1+�2)
| {z }

⌘⌧1⌧2

, y3 =
p
s

The  variable allows direct integration and expressing 
the result in terms of generalized polylogarithms (GPLs)

{s, τ1, τ2}



Embedding
• The kinematic variable can be embedded into a hexagon on a unit circle.  Defining

4Xiaoyuan Zhang

<latexit sha1_base64="LXWLAqj6ouDCPKzEus71V64etac="></latexit>

xk =
q2(pi · pj)

2(q · pi)(q · pj)
=

hpipjih⇠i⇠ji
hpi⇠jihpi⇠ji

, |⇠ji ⌘ q|j]

• We can embed: |pi⟩ ≡ |2i − 1⟩, |ξi⟩ ≡ |2i + 2⟩

1

|y| = 1

O
tan

θ

2

φ1

φ2 τ1τ2

−sτ1

1

τ1

−s

−sτ1τ2

⇒

Symmetry:  dihedral group


• Cyclic permutation ( ) : 


• Parity ( ) : 


• Flip ( ) : 

D6

σ Z(a + 2) = Z(a)
P Z(a + 3) = Z(a)

τ Z(8 − a) = Z(a)

<latexit sha1_base64="VGn2v1FYCU5SembZ83TGIL87sXE=">AAACMXicbVDLSgMxFM3Ud31VXboJFsHFtMwUXxtBdKM7BVuLnTJk0kwbmskMyR2hDP0lN/6JuHGhiFt/wvShaOuFhJNzzuXmniARXIPjvFi5mdm5+YXFpfzyyuraemFjs6bjVFFWpbGIVT0gmgkuWRU4CFZPFCNRINht0D0f6Lf3TGkeyxvoJawZkbbkIacEDOUXLu58fuJlrl3SHpDUd4d3xcajl41L+ht/Kz/Ovu3Z+PLE4zKEnl8oOmVnWHgauGNQROO68gtPXiumacQkUEG0brhOAs2MKOBUsH7eSzVLCO2SNmsYKEnEdDMbbtzHu4Zp4TBW5kjAQ/Z3R0YirXtRYJwRgY6e1Abkf1ojhfC4mXGZpMAkHQ0KU4EhxoP4cIsrRkH0DCBUcfNXTDtEEQom5LwJwZ1ceRrUKmX3sHxwvV88PRvHsYi20Q7aQy46QqfoAl2hKqLoAT2jV/RmPVov1rv1MbLmrHHPFvpT1ucXGY2nJw==</latexit>

Zi = {1,�s⌧1⌧2, ⌧1,�s, ⌧1⌧2,�s⌧1}, I = 1



Symbol alphabet

5Xiaoyuan Zhang

• Original symbol alphabet (16 independent letters)
<latexit sha1_base64="bhO65cqZKfOxyOFKZlqACGVLB30="></latexit>

{s� 1, s, s+ 1, ⌧1 � 1, ⌧1, ⌧2 � 1, ⌧2, s+ ⌧1, 1 + s⌧1, s+ ⌧2, 1 + s⌧2,

s+ ⌧1⌧2, 1 + s⌧1⌧2, ⌧1⌧2 � 1, ⌧1 � ⌧2, ⌧
2
1 ⌧2 � 1, ⌧1⌧

2
2 � 1}

• This can be written as a close set under  using three conformal invariant ratios:D6

<latexit sha1_base64="+3CMvz6aVWC6VXZdkHkZvUPEyws="></latexit>

u1 ⌘ �h51ih62ih43i
h35ih16ih24i = � s+ ⌧1

1 + s⌧1
,

u2 ⌘ �h31ih5Ii
h15ihI3i =

⌧1 � 1

1� ⌧1⌧2
,

u3 ⌘ �h13ih56i
h35ih61i =

(1� ⌧1)(s+ ⌧2)

(1� ⌧2)(1 + s⌧1)
,

<latexit sha1_base64="s0qaHI/a0mpxEpBAMBzQRA/H6eE="></latexit>

{u1 , 1 + u1 , u2 , 1 + u2 , u3 , 1 + u3 , u1 + u3 ,

1 + u1 + u3 , u2 + u3 + u2u3 , u1 + u2 + u3 + u2u3 ,

1 + u1 + u2 + u3 + u2u3 , 1 + u1 + u2 + 2u3 + u2u3 ,

u2 + u1u2 + u2
2 + u3 + 2u2u3 + u2

2u3 ,

1 + u2 + u1u2 + u2
2 + u3 + 2u2u3 + u2

2u3 ,

1 + u1 + u2 + u1u2 + u2
2 + u3 + 2u2u3 + u2

2u3 ,

1 + u1 + u2 + u1u2 + u2
2 + 2u3 + 2u2u3 + u2

2u3 }

• Polylogarithm arguments: 15 conformal invariant ratios that cover the - coordinate 
in [Golden, Paulos, Spradlin, Volovich, 1401.6446]; additional variable  and 

the images under 


• Eventually, we find 3 weight-1 basis and 11 weight-2 basis

χ
r1 ≡ − ⟨14⟩⟨3I⟩

⟨13⟩⟨4I⟩
D6



τ1τ2

−sτ1

1

τ1

−s

−sτ1τ2

Function space
• For weight-2 functions, we need to introduce a few variables from the embedding

6

<latexit sha1_base64="+yQZ+OlLlrO3QbJL1wy+OviD838="></latexit>

z1 ⌘ h56ih13i
h35ih16i =

(⌧1 � 1)(s+ ⌧2)

(1� ⌧2)(1 + s⌧1)
, z̄1 ⌘ P (z1) =

h23ih46i
h26ih34i =

(1 + s⌧2)(1� ⌧1)

(s+ ⌧1)(1� ⌧2)

<latexit sha1_base64="tz0oYjkgwWr7TKnvZKQDUROeDgc="></latexit>

w1 ⌘ h16ih25i
h56ih12i = � (1 + s)(1 + s⌧1)⌧2

(s+ ⌧2)(1 + s⌧1⌧2)
, w̄1 ⌘ P (w1) =

h34ih25i
h23ih45i = � (1 + s)(s+ ⌧1)⌧2

(1 + s⌧2)(s+ ⌧1⌧2)

<latexit sha1_base64="0jhDyKYX5XXOVF8XuGENDv2AFtU="></latexit>

v1 ⌘ h26ih35i
h56ih23i = � s(1� ⌧2)2

(s+ ⌧2)(1 + s⌧2)
 is obtained by cyclic permutations{z2, z3, ⋯}

<latexit sha1_base64="A8VG5UIrMatFFjiLGUSWoYzCp+w="></latexit>

g1 = Li2(�v2)

g2 = Li2(1 + w3) + Li2(1 + w̄3) + 2Li2(�v3)

� Li2(1 + w1)� Li2(1 + w̄1)� 2Li2(�v1)

g3 = Li2(�z2)� Li2(�z̄2) +
1

2
ln |z2|2 ln

1 + z2
1 + z̄2

g4 = Li2(1 + w1)� Li2(1 + w̄1) + Li2(1 + w2)

� Li2(1 + w̄2) + Li2(1 + w3)� Li2(1 + w̄3)

g5 = ⇡2

g6 = ln2
w̄1

w1

g7 = ln
w̄1

w1
ln |z2|2

g8 = ln (1 + v3) ln |z1|2 � ln (1 + v1) ln |z3|2

<latexit sha1_base64="lIOPJNzOAfPNwlgWB/U+vsDoLfU="></latexit>

g11 =
6X

i=1

Li2(�ri)� Li2(�r̄i) +
1

2
ln |ri|2 ln

1 + ri
1 + r̄i

g9 =
1

2
Li2

⇣
1� w̄1

w1

⌘
� 1

2
Li2

⇣
1� w1

w̄1

⌘

g10 = Li2(1� |z2|2) +
1

2
ln |z2|2 ln |1� z2|2

<latexit sha1_base64="9ivUHbfwyTyhNEoJ/Qt/b+0YgcA="></latexit>

ra =
ha a+ 3iha+ 2 Ii
ha a+ 2ihI a+ 3i , r̄a =

ha+ 5 a+ 2iha+ 3 Ii
ha+ 5 a+ 3ihI a+ 2i

Additional variable under D6

Xiaoyuan Zhang

With rational coefficients in front of them



Identical structure in QCD

7Xiaoyuan Zhang

hadronse+e− →

H H

H → gg + X

H H

H → bb̄ + X

<latexit sha1_base64="tUT+qmKjdIQy9HNIgzynuvgHDOI="></latexit>

�? ! qq̄q0q̄0, qq̄qq̄, qq̄gg
<latexit sha1_base64="Qy1O0jSLIPAeFFWTIjqCChu4hoA=">AAACPXicbVC7TsMwFHXKq5RXgJHFokJiqKoE8RorWDoWqS+pCZXjOq1VO0ltB1RF/TEW/oGNjYUBhFhZcZsMtOVIls8991zZ93gRo1JZ1quRW1ldW9/Ibxa2tnd298z9g6YMY4FJA4csFG0PScJoQBqKKkbakSCIe4y0vOHttN96IELSMKircURcjvoB9SlGSktds151BO0PFBIifIR9jZJTgiPHQwKO4Hw1unciQTmBaZ1Vc4707ppFq2zNAJeJnZEiyFDrmi9OL8QxJ4HCDEnZsa1IuQkSimJGJgUnliRCeIj6pKNpgDiRbjLbfgJPtNKDfij0CRScqX8nEsSlHHNPOzlSA7nYm4r/9Tqx8q/dhAZRrEiA04f8mEEVwmmUsEcFwYqNNUFYUP1XiAdIIKx04AUdgr248jJpnpXty/LF3XmxcpPFkQdH4BicAhtcgQqoghpoAAyewBv4AJ/Gs/FufBnfqTVnZDOHYA7Gzy980Kz9</latexit>

H ! gggg, qq̄gg, qq̄q
0
q̄
0
, qq̄qq̄

<latexit sha1_base64="slwGyXYzq8ly0ixLTZTJF4VJDO8=">AAACNnicbVDLSgMxFM34rPU16tJNsAguSpkRX8uim26ECvYBnbFk0nQamslMk4xShn6VG7/DXTcuFHHrJ5h2BrGtF0LOOfdcknu8iFGpLGtsLC2vrK6t5zbym1vbO7vm3n5dhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGl7/ZtJvPBIhacjv1TAiboB8TrsUI6WltnlbcQT1ewoJET5BOHA8JOAA+n7RKf6ywYMTCRoQmPKMzTjSu20WrJI1LbgI7AwUQFbVtvnqdEIcB4QrzJCULduKlJsgoShmZJR3YkkihPvIJy0NOQqIdJPp2iN4rJUO7IZCH67gVP07kaBAymHgaWeAVE/O9ybif71WrLpXbkJ5FCvCcfpQN2ZQhXCSIexQQbBiQw0QFlT/FeIeEggrnXReh2DPr7wI6qcl+6J0fndWKF9nceTAITgCJ8AGl6AMKqAKagCDZzAG7+DDeDHejE/jK7UuGdnMAZgp4/sHNJGqZw==</latexit>

H ! qq̄gg, qq̄q
0
q̄
0
, qq̄qq̄

• For QCD, we calculate both  annihilation and Higgs decayse+e−

• Identical alphabet and function space as in N=4 SYM, but different rational 
coefficients


• Same observation for 2-point correlator at both LO and NLO

• From N=4 to QCD: 


energy correlator could be the observables that allow us to borrow the tools 
developed in N=4 and easily generalize them to QCD



Evaluation of two–loop 
six–point Feynman 
integrals
Yingxuan Xu, Humboldt University of Berlin

Based on: 
ArXiv: 2403.19742, J. Henn, A. Matijašić, J. Miczajka, T. Peraro, Y. Xu, 
Y. Zhang



Motivation

LHC data accumulation drives interest in multi-jet production, requiring 
more precise theoretical predictions

Two–loop five–point integrals play an important role in phenomenology 
calculation

Higher-point sYM amplitudes show similarities with lower-point QCD 
amplitudes

Knowing the full alphabet would open the door to potential bootstrap 
application



2l6p UT basis 



2l6p UT basis 

The UT basis are obtained via CDE w.r.t 8 momentum twistor variables.



Alphabets



Integration result

 Euclidean region: solid black lines; �: integration path

 One-fold integration till weight-4
ℚ − Number

ϵ4 +
Log
ϵ3 +

Li2
ϵ2 +

one − fold
ϵ + one − fold integral
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Why we do Motivation Background

h n n a s
Toward the precision physics
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What we are calculating

D2D

D

D

D

D

D

D11

D10

k1k

k2

k4 k

ass ss Th n
Rocket Feynman ntegral in d = 4 − 2ε

umerators enominators 1 Propagators

" nfeasible For F R :
Too many non- ero sectors

" 0 cores × days for a full run of RA
" 0 cores × 3 days for AMFlow

to get 30 digits at one point till finite order

F(α1,α2 · · ·α1 ) = εγE

∫ dℓ1

π
d
2

dℓ2

π
d
2

dℓ

π
d
2

1
Dα1

1 Dα2
2 · · ·Dα1

1

n n



istinctive Topologies. Master ntegrals with in Top ector.
cales {s12, s2 , s 4, s4 , s1 },

√
rt, Letters.

Completed T basis ⇒ Canonical i erential uation:

= ε
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0× 0 matrix dÃ=
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⎛
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⎞
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Full Analytic Function Representation till Weight-
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Log
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ε4 +
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HOW CAN WE PREDICT ALGEBRAIC LETTERS OF SYMBOL ALPHABETS?

Antonela Matijašić (MPI for Physics) Amplitudes, IAS, June 12, 2024

?𝔸 = {𝔸even( ⃗v), Qi( ⃗v), Wodd}

𝔸even, Qi ∈ ℤ[v1, …, vn]

[Bjorken; Landau; Nakanishi ’59] 

recent progress: [Fevola, Mizera, Telen ’23,’24] 
[Helmer, Papathanasiou, Tellander ’24] 
[He, Jiang, Liu, Yang ’23; Jiang, Liu, Xu, Yang ’24]

Study of singularities of Feynman 
integrals: Landau analysis

[cf. talk by Giroux]

116 even letters + 40 square roots

⇒ 121 odd letters

[cf. talk by Xu]
Wodd =

P − Q

P + Q

(P − Q)(P + Q) = c∏
i

Wei
i , Wi ∈ 𝔸even

[Heller, von Manteuffel, 
Schabinger ’19] 

P( ⃗v)2 = Q( ⃗v) + c∏
i

Wei
i
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Brief Review of the Simplified Differential Equations (SDE) Approach

In the SDE approach for Master Integrals (Papadopoulos 2014), the ordinary external
momenta qi are parametrized by introducing a dimensionless variable x , as follows

q1 ! p123 � x p12, q2 ! p4, q3 ! �p1234, q4 ! x p1

where the new momenta pi , i = 1 . . . 5, now satisfy
P5

1 pi = 0, p2
i = 0, i = 1 . . . 5,

whereas pi ...j := pi + . . .+ pj . The set of independent invariants is given by
{S12, S23, S34, S45, S51, x}, with Sij := (pi + pj)

2.
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Brief Review of the Simplified Differential Equations (SDE) Approach
For pure bases with rational alphabet letters or algebraic alphabet letters with
rationalizable square roots, the differential equation for Master Integrals can be cast
into its canonical form, easily solvable in terms of Goncharov Polylogarithms (GPLs):

@xg = ✏

 
lmaxX

i=1

Mi

x � li

!
g (1)

However, for some topologies there are alphabet letters with square roots that cannot
be rationalized simultaneously, leading to the more general form:

@xg = ✏

 
lmaxX

a=1

d log La
dx

Ma

!
g (2)
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

5-Point 2-Loop 1-Mass Non-Planar Topologies

Figure: The five non-planar families with one external massive leg. The first row corresponds to
the so-called hexabox topologies, whereas the diagrams of the second row are known as
double-pentagons. We label them as follows: N1 (top left), N2 (top middle), N3 (top right),
N4 (bottom left), N5 (bottom right).
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Hexa-Box Topologies: Semi-analytic above Weight 2

Above weight 2, we resort to a semi-numerical one-dimensional integral representation
(Kardos, Papadopoulos, Smirnov, Syrrakos, Wever 2022). At weight 3,

@xg
(3)
I =

X

a

(@x log La)
X

J

caIJg
(2)
J (3)

g (3)
I = g (3)

I ,G + b(3)I +

Z x̄

0
dx
✓X

a

�
@x log La

�X

J

caIJg
(2)
J �

X

a

la
x

X

J

caIJg
(2)
J,0

◆
(4)

with b(3)I being the boundary terms at O(✏3) and g (3)
I ,G =

R x̄
0 dx

P
a
la
x

P
J c

a
IJg

(2)
J,0

���
G
,

with the subscript G, indicating that the integral is represented in terms of GPLs.
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Mathematica Implementation

g (n+1)
I = g (n+1)

I ,G + b(n+1)
I +

Z x̄

0
dx
✓X

a

�
@x log La

�X

J

caIJ g (n)
J �

X

a

la
x

X

J

caIJ g (n)
J,0

◆

PureBasisElementNumerical[ElementIndex , TranscendentalWeight,
PhaseSpacePoint] : numerical evaluation of pure basis elements at weight n + 1 by
integration of the analytic form of pure basis elements at weight n
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Mathematica Implementation

g (n+1)
I = g (n+1)

I ,G +b(n+1)
I +

Z x̄

0
dx
✓X

a

�
@x log La

�X

J

caIJ g (n)
J �

X

a

la
x

X

J

caIJ g (n)
J,0

◆

PureBasisElementAnalytic[ElementIndex , TranscendentalWeight] : analytic form
of pure basis elements, up to weight 2 for N2 and N3 hexa-box families
PureBasisElementAnalytic[ElementIndex , TranscendentalWeight, x ! 0] :
x ! 0 limit of analytic form of pure basis elements, e.g. g (2)

J,0 are obtained by expanding

g (2)
J around x = 0 and keeping terms up to order O(log(x)2)
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Mathematica Implementation

g (n+1)
I = g (n+1)

I ,G + b(n+1)
I +

Z x̄

0
dx
✓X

a

�
@x log La

�X

J

caIJ g (n)
J �

X

a

la
x

X

J

caIJ g (n)
J,0

◆

BoundaryTerm[ElementIndex , TranscendentalWeight] : analytic form of boundary
terms at O(✏(n+1))
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Mathematica Implementation

g (n+1)
I = g (n+1)

I ,G +b(n+1)
I +

Z x̄

0
dx
✓X

a

�
@x log La

� X

J

caIJ g (n)
J �

X

a

la
x

X

J

caIJ g (n)
J,0

◆

DLogAlphabetLetter[LetterIndex] : derivatives of logs of alphabet letters with
respect to parameter x
DLogAlphabetLetter[LetterIndex , x ! 0] : x ! 0 limit of @x log La, obtained by
expanding @x log La around x = 0 and keeping terms up to order O(x�1)
LogAlphabetLetter[LetterIndex] : logs of alphabet letters
LogAlphabetLetter[LetterIndex , x ! 0] : x ! 0 limit of log La, obtained by
expanding log La around x = 0 and keeping terms up to order O(log(x))
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Mathematica Implementation

g (n+1)
I = g (n+1)

I ,G +b(n+1)
I +

Z x̄

0
dx
✓X

a

�
@x log La

�X

J

caIJ g (n)
J �

X

a

la
x

X

J

caIJ g (n)
J,0

◆

DifferentialEquationRHS[ElementIndex , TranscendentalWeight]
DifferentialEquationRHS[ElementIndex , TranscendentalWeight, x ! 0]
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Mathematica Implementation

g (n+1)
I = g (n+1)

I ,G + b(n+1)
I +

Z x̄

0
dx
✓X

a

�
@x log La

�X

J

caIJ g (n)
J �

X

a

la
x

X

J

caIJ g (n)
J,0

◆

g (n+1)
I ,G =

Z x̄

0
dx
X

a

la
x

X

J

caIJg
(n)
J,0

�����
G

ClassicalToGoncharovPolyLogs[expr ] and GoncharovToClassicalPolyLogs[expr ] :
converter between Goncharov Polylogarithms and Classical Logs and PolyLogs, making
use of (Frellesvig et al. 2016)
Analytic integration performed using the function GIntegrate of the PolyLogTools
package (Duhr, Dulat 2019).
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Mathematica Implementation

Other auxiliary functions:
LettersToInvariants[expr ] and InvariantsToLetters[expr ]
NumericalEvaluationMathematica[expr , PhaseSpacePoint] and
NumericalEvaluationGiNaC[expr , PhaseSpacePoint]
AssignImaginaryParts[expr , PhaseSpacePoint] → Analytic Continuation
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Need for Analytic Continuation

Need to analytically continue the integrand of the numerical integration, i.e. the
differential equation at weight n and its x ! 0 limit
Types of singularities encountered:
� g (n2)

J and g (n2)
J,0 : logarithmic and polylogarithmic branch points/cuts

� @x log La : poles at points x = `i
� log La and LLa (the x ! 0 limits of log La) : logarithmic branch points/cuts
� square-root branch points/cuts
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Imaginary Parts for Sij Invariants from F Symanzik Polynomial

Since the F Symanzik polynomial maintains the sign of the i0 prescription of Feynman
propagators with all original invariants (sij), assuming sij (p1s) ! sij (p1s) + i ⌘, we
determine the corresponding infinitesimal imaginary parts for our invariants (Sij) by
recasting the F Symanzik polynomial for a given integral family in terms of our
invariants, extending those by Sij ! Sij + i �ij ⌘, and imposing a positivity constraint on
the coefficients of all the Feynman parameters.
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Analytic Continuation of @x log La

As mentioned earlier, @x log La have poles at points x = `i . To control the numerical
integration over the locations of these poles, we make this pole structure manifest

d log La
dx

!
f (x)Q

i (x � `i )
,

where f (x) 2 R, except for factors of
p
� = i

p
|�| for � < 0, and we assign

imaginary parts to all `i ’s using those we assigned to the Sij invariants

`i (Sij) ! `i (Sij + i �ij ⌘) ⌘ `i + i �i ⌘ .
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Analytic Continuation of g (n2)
J

Concerning g (n2)
J , their logarithmic and polylogarithmic branch points/cuts appear

through expressions of the form:
log(x), log(`a), log(1 � `a),
G (`a; x), G (0; x), G (`a, `b; x), G (0, `a; x), G (0, 0; x),

In some elements of the N2 hexa-box family we also find:

G

⇣
0, 1; ˜̀a(x)

⌘
and G

⇣
1; ˜̀a(x)

⌘
,

where ˜̀
a(x) are algebraic expressions of x . To control the numerical integration over

the locations of all branch points, we assign imaginary parts to all `i ’s similarly to
before, and also to the ˜̀

a(x)’s, such that

˜̀
a(`i ) ! ˜̀

a(`i + i �i ⌘) ⌘ ˜̀
a(`i ) + i �a ⌘ .
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Hexa-Box Integral Families Mathematica Implementation Analytic Continuation

Analytic Continuation of log La

As for the logs of the alphabet letters, we isolate their logarithmic branch points in the
following way:

log La ! log

 
La

Q
iD
(x � `iD )Q

jN
(x � `jN )

!
� log

0

@
Y

iD

(x � `iD )

1

A+ log

0

@
Y

jN

(x � `jN )

1

A

where
✓
La

Q
iD
(x�`iD )Q

jN
(x�`jN )

◆
2 R, except for factors of

p
� = i

p
|�| for � < 0, and has no

zeroes or poles in x 2 (0, x̄), and then we assign imaginary parts in the ordinary way to
all `i ’s.
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Summary and Outlook References

Summary and Outlook

Need for semi-analytic approach above transcendental weight 2 for some of the
non-planar 5-point topologies → analytic continuation of the integrands
Successful check for N2 integrals family on a specific physical phase-space point,
against the numerical results obtained from the literature (Abreu, Chicherin, Ita,
Page, Sotnikov, Tschernow, Zoia 2024), up to weight 3
Need to extend our Mathematica implementation to weight 4, as well as to the
other non-planar topologies
More work to be done on generalizing our analytic continuation methods
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Summary and Outlook References

Thank you for your attention!

This research is supported by the Hellenic Foundation for Research and Innovation (H.F.R.I.),
under the 2nd Call for H.F.R.I. Research Projects for the Support of Faculty Members and
Researchers (Project Acronym: HOCTools-II, Project Number: 2674).
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Scalar radiation in 

scalar-tensor theories
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• SEH = ∫ d4x
M2

Pl

2 −gR

•SSGB,DCS = ∫ d4x −g[MPl( α
Λ2 ϕ𝒢 + α̃

Λ2 ϕRR̃) + 1
2 (∂μϕ∂μϕ)]

S = SEH[R] + SSGB,DCS[ϕ, gμν] + Sm[Ψm, 𝒜(ϕ)gμν] ,

Example of scalar-tensor theories: Scalar-Gauss 
Bonnet and Dynamical Chern Simons Gravity



• SEH = ∫ d4x
M2

Pl

2 −gR

•SSGB,DCS = ∫ d4x −g[MPl( α
Λ2 ϕ𝒢 + α̃

Λ2 ϕRR̃) + 1
2 (∂μϕ∂μϕ)]

S = SEH[R] + SSGB,DCS[ϕ, gμν] + Sm[Ψm, 𝒜(ϕ)gμν] ,

Example of scalar-tensor theories: Scalar-Gauss 
Bonnet and Dynamical Chern Simons Gravity

RμνρσRμνρσ − 4RμνRμν + R2 RμνρσR̃μνρσ , R̃μ
νρσ = 1

2 ε αβ
ρσ Rμ

ναβ



Scalar radiation for spinning bodies
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�, h �

1S 3S

2S2 4S2

1S1 3S1

�

2

  = ℳ5(1S1
,2S2

,3S1
,4S2

, ϕ)

KMOC formalism*,

        
WLO(t, ̂n) = 1

4π ∫
∞

0
̂dωe−iωt⟨⟨ℏ2 ∏

i=1,2
∫ ̂d4w̄i ̂δ(2pi ⋅ w̄i)eibi⋅w̄i ̂δ(4)(w̄1 + w̄2 − k̄)

× ℳ(0)
5,cl.(p1 + ℏw̄1, p2 + ℏw̄2 → p1, p2, ℏk̄) |k̄=ω(1, ̂n) ⟩⟩+ h . c .

*D. A. Kosower, B. Maybee, D. O'Connell, “Amplitudes, Observables, and Classical Scattering”, JHEP 02 (2019) 137

A. Cristofoli, R. Gonzo, D. A. Kosower, D. O’Connell, “Waveforms from Amplitudes”, Phys.Rev.D 106 (2022) 5, 0567007

ℳ5 → ℳ5,cl.

The 5-point Amplitude 
at any spin order!



Some results for Scalar Gauss Bonnet Gravity:

Thank you for your attention!

Scalar part

O(a)-Graviton Exchange

O(a)-Contact

-3 -2 -1 0 1 2 3
u

-5

0

5

10
W(u)

Waveforms in time domain



• Universality, Enhanced Symmetry 
➢ CSS or DSS

• Critical Exponent

𝑆 =
1
2

න 𝑑𝐷𝑥 𝑅 − ∇𝜑 2

Gravitational Collapse in Large Dimensions

𝑀 ~ (𝑝 − 𝑝∗)𝛾

• 𝑝 > 𝑝∗ Supercritical
• 𝑝 < 𝑝∗  Subcritical
• 𝑝 = 𝑝∗  Critical



V(r)

r

𝐷 = 30

𝐷 = 4
Numerical
Flat Space
Intermediate

y(x)

Collapse

x

~
2

𝐷 − 2
log

1
𝑝 − 𝑝∗

𝑉 𝑟 ∝
1

𝑟𝐷−3

Separation Into Regions

Why Large Dimensions? E.g CSS Supercritical 

~
2

𝐷 − 2



Toward Chaos in 
String Scattering Amplitudes

Takuya Yoda 
Kyoto University, Japan

Amplitudes 2024@IAS, 12 Jun. 2024

Black hole is chaotic

Black hole-string 
correspondence

Then, is string 
also chaotic?

K. Hashimoto, Y. Matsuo, T. Yoda, Transient chaos analysis of string scattering, JHEP11(2022)147, 
K. Hashimoto, Y. Matsuo, T. Yoda, String is a double slit,  Prog. Theor. Exp. Phys. (2023) 043B04, 
and some works in progress
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classical chaotic scattering highly excited strings
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Not fractal at tree level

Comparison:
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It approaches fractal function 
(preliminary result)

stringy mass tower



Scattering Black Holes: Post-Minkwoski Gravity & Numerical Relativity 

1

Shaun Swain*, Geraint Pratten, Patricia Schmidt
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dūp
p21 + wnPM(ū, �)� j2ū2
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VnPM(ū, �, j) = j2ū2 � wnPM(ū, �)

• Quantum scattering amplitudes  classical dynamical information 

• NR provides non-perturbative information  validate post-Minkowski calculations 
• Suite of new NR simulations at higher energies  
• Best strategy for resummation of PM information into EOB framework?  
• How many loops required for accuracy demands of GW data analysis?

→
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• Consider a real massive scalar and
its 2.→ 2 interacting scatting amplitude :

¥% "

= d- Is
,
b- A

* ☒
2¢ 4g

s=(petpÑ
t-l.pe-p.si

• Can { ci} be anything ?
• Lane energy expansion yes- units ,

What are the allowed values ?

TRIED = co tczfs-2-E-u-4-cz.s.EE * • • •

nez

← 9 9 ←
Lt-4m43)

non -perturb•tickly defined y¥ez?



- Hoo! cz is positive .

- what about co?
It may

not be positive.. .

9-FIT§ •¥s#Foot
c-
•

- FIT§ II. Hot,
= I:¥%Im•7ñ•d 30

=
co * ¥1

,?¥%ImMñ•d
•

I Pelt-1T¥) - Imfecs) 70 unknown constant from lil→ •
e-- o¥0 p¥idwave positivity

%

F-
. →÷¥=

FORBIDDEN



- The idea :

Use Refels) as the subtraction constant
- The result :

* partial none unitoity circle

ntmfelsl

µ"#
÷¥# Refelsl



- The same idea for Higgs scattering

① custodial symmetric limit

SUCH
,

✗ Subir = •(4) ③ assume gym 4 ofBsm

a Lagrangian matching

thigh → lcx.cn )

i
③ Roy equations : 2plHtH/ 2mn41/ = On

dim-6 kinetic correction term



- The result for Nigg scatting

(ex, cul ~ 0(b) . fail
#

I strongly coupled 0.9↳

cgqgy

Zooming in to find weakly coupled
S-matrices

UV dominated EFT limit



- Dim
.

- 6 bounds on Cn

- 0.31 € G.Ñ be 0.35
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No On-shell Minimal Coupling in 5D



pAB := pµ�
µ
AB pAB⌦

AB = 0

(massive) = 1
2

⇣
�A

a�Ba � �̃Aȧ�̃B
ȧ
⌘

(massless) = ✏ab�A
a�B

b

Lorentz Group: Spin(4, 1) ⇠ USp(2, 2) ⇠= Sp(4,C) \U(2, 2)
Massive Li�le Group: Spin(4) ⇠= SU(2)⇥ SU(2)
Massless Li�le Group: Spin(3) ⇠= SU(2)



No structure can survive the high energy limit that is
minimally coupled

Minimal coupling in 4D has an invariant on-shell meaning.

Kerr BH is minimally coupled to gravity in 4D

D = 5

D = 4

s � 1



n-pt sca�ering:

⇤ =
�
�(1)

A
a1 · · ·�(n)

A
an
�
2 Gr(4, 2n)

X

i

pi = 0 =) ⇤ is Lagrangian

=

2min(s,h)X

k=0

E
1
2�2s�h+k �1̂23 + 12̂3 + 123̂

�k
(12)2s�k32h�k

n = 3: special 3-particle kinematics:
s

s

h



No minimal coupling for s > 2 to gravity in general D.

D = 4 minimal structures are special ?! no hair theorem
* 4D structures like M(+1/2,�1/2, 0) = [13]

[23] @ in D > 4.

KK compacti�cation of nonminimal 5D Myers-Perry is minimal
in 4D?



Fourier Calculus from Intersection Theory [Brunello, Crisanti, Giroux, Smith, Mastrolia, 2311.14432]

1. What is intersection theory?
A mathematical framework that allows us to build inner products between twisted period integrals:

<latexit sha1_base64="R9O13ejbk1wTgEG/jJ9h8LZSG6Y=">AAACNnicfVDLSsNAFJ34rPVVdekmWAQXUhLxtSy60Y1UsA9oSriZTNqhM0mYmRRKyF+58Ddc6sKNils/wWkbQVvxwMCZc+7l3nu8mFGpLOvJmJtfWFxaLqwUV9fWNzZLW9sNGSUCkzqOWCRaHkjCaEjqiipGWrEgwD1Gml7/cuQ3B0RIGoV3ahiTDoduSAOKQWnJLd1cu6kDLO6Bm9qZg/1Iye8/zzJHUu7QUJmJc+gMQMQ9+m+9WypbFWsMc5bYOSmjHDW39Oj4EU44CRVmIGXbtmLVSUEoihnJik4iSQy4D13S1jQETmQnHd+dmfta8c0gEvrpHcfqz44UuJRD7ulKDqonp72R+JfXTlRw3klpGCeKhHgyKEiYqSJzFKLpU0GwYkNNAAuqdzVxDwRgpaPWGdjTF8+SxlHFPq2c3B6Xqxd5GgW0i/bQAbLRGaqiK1RDdYTRPXpGr+jNeDBejHfjY1I6Z+Q9O+gXjM8vcBKvCQ==</latexit>

I↵1···↵m ⇠
Z

u'↵1···↵m

<latexit sha1_base64="QVpNi/tOEw6g8ZKdI+h6bNWElqs="></latexit>

'↵1···↵m =
dz1 ^ · · · ^ dzm
z↵1
1 · · · z↵m

m

<latexit sha1_base64="sUsK/GkFtaH7C4XWNmYOzql38fc="></latexit>

h'L|'Riu =
X

p2P
Resz=p( 'R)

2. How is it useful for Fourier integrals?
Through a parametric representation, Fourier integrals can be written as twisted period integrals. Allows us to decompose to MIs using this inner product: 

<latexit sha1_base64="xWdm9MOgAlfGwGRYnlfHO91owPU="></latexit>

I↵1···↵m ⇠
Z  Y

i

ddki

!
1

D↵1
1 · · ·D↵m

m
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J =
nX

i=1

ciIi

3. Some Applications
This allows us to use intersection theory to compute master integrals and differential equations, we applied this to three families of Fourier integrals arising 
in various corners of particle physics.

In =

∫
M

ddq
eiq·x

(q2 +m2
− iε)n

Iα =

∫
M

ddq
δ(u1·q)δ(u2·(q−k))e−iq·b

[q2 − iε]α

Iij =

∫
ddq1d

dq2
N

ij
I (q1, q2)ei(q1·x1+q2·x2)

q21(q
2
1τ+q22)

Gij =

∫
ddq1d

dq2
N

ij
I (q1, q2)ei(q1·x1+q2·x2)

(q1 + q2)2(q21τ+q22)

[Matsumoto, 1998]

[Balitsky, Chirilli, 2008] [Herderschee et al, 2023]

[Baikov, 1996]

Iα =

∫
M

ddq
δ(u1·q)δ(u2·(q−k))e−iq·b

[q2 − iε]α
Iα =

∫

M

dz

zα
3

u(z)
∣

∣

z1=z2=0

∂sK = Ωs ·K , Ωs =

(

0
−1

y2
−1

−
1
4s

d−6
2s

)

∂yK = Ωy ·K , Ωy =

(

−y
y2

−1
2sy

(y2
−1)2

y
2(y2

−1)
(5−d)y
y2

−1

)

I1 =

(

b2/w2
2

)

4−d

4

2π (y2−1)
d−2

4

K 4−d

2

( √
b2w2

√

y2−1

)

I2 =

(

b2/w2
2

)

6−d

4

4π (y2−1)
d−4

4

K 6−d

2

( √
b2w2

√

y2 − 1

)

Allows us to build DEQ systems and solve them!
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