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The proximal stimolvs for gur work was 2308.03833

(Chevng L Rewmen)  which provided o general cmstnchion

of U-point, tree-leve| (ie meromorphic) amplitudes
that descnbe O infinife fower of higher spins,

with tame OV hehavior,
sofishying dual resonance,
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with (almost) acbitrunly tustonizable specte.
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Mohvafion

Their work, in fura, lies alony o path todden by Mony
receat papers that explore vanous "sfn'nj—ll'kc"

amp [itvdes  ionsisient with standand beofstap wonstmints
Cheons, tillwon, Rewsen, Berman, Elvany, ...
beiser, Lindwasser, Bhardwaj, De, Jepsen, } ”
Figueros, Tourkfo}e, Volovich, M$, ...
bomany
¥ Caon-Huot) Komargokki, Sever, Ziiboedov | ...
Mony




Mohvafion

\A)O(‘lﬂfﬂﬂ back, the oimate dictal sHmulus for this work
is one of the eocliest und most fameus examples of

Owplitudeolegy:

—
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Bespoke Awglitvdes  uce builtk fom turo ingedrents

0) A seed amplitvde , which taw be

A (st) = = TP (yosonic open shring)
P(-2-5s-1)

Ao lﬁ. {:\ S [1[-s) P(- f) (O‘WI\ 9v|>em{n‘nﬁ)
i (I-s-+)

{Aa has poles at  S=-0, -0tl, -4z, -

lowest - Iying Stale has nt=-a; mod some prcfach)rs]



Bespoke Awlitvdes ue fuilt Fom furo ingediests

) A choiee of Spectrl curve Hhat geo\emhzes the
Knear spectrom of string fheory to

m: = Pln)/@n)
where P& Q ace (for new) acbitrary

polynomials [with deg? > deg & +o aveid

having an accumvlahion poil\{' av\d, WOrse, nou- locah'{ﬂ,



@k@ Awplitvdes

The bespoke amplitvde is then defined ag
e seed amglitvde

Abﬁoﬂ“e(slt\ - Z Aa( Va (9)) Vp[”)

o

where gud(,m, mre the wots of fhe spectm) cone
Plv)- M Rlv)=0



Bespoke Awplitvdes

Chearg ond Remwen chowed that these amplihdes
ofisky dual resomonee :

() The tesidie Ralt) of the amplitude on fhe
pole S =, = Pla)/ QnY s alumys &
polynomial in t, and




Bespoke Awplitvdes

Chearg ond Remwen showed that these amplihdes
ofisky dual resomonee :

[\ The residie Rn(E) of the awplifude on the
pole S = iy = Plw)/ Q) s alwmys a
polynomial in t, and

(2) the h\'ah enenyy behavior (s Sdfﬁ'cienHy fame
that (at feat for sufficiently neqahive t) fhe
dval resonant representahion f Rolé)

'S uonvergen] ro S-m




Whot Richabh L He-Clhen Did: e Bespoke Awplihales Drifary?

A wecessary, but far From suFficient, wondition for
onittnty in D spocetime dimeusions (s that each
wsidve  Ralt) wmast he o (Hinide) [aear tombinafion
of GRaenbover polynomials with non-negative weificients.

(1) By adaptig & dovble- ontpur infegeal regresentafion For
these, toetticieats tam the Veneziomo mse (Ackani- fomed,
Eberhordt, flung, Miza) awd vsing & similar, jnincale
wakour deformation aqument, it was possible

to tualuale their osymplotic (orge~n behavior,




Results

Followiag (R let us puramelenze the asymptotic spechvm as

7": i [ﬂfS)P t kq(n‘f{)r,-' + Kzlﬂ";,)”-z ] 000
Nn-00

degree  p, 0 positive integer
mass goo &
" post - Regae pamme{Crs" k;



Results

For asympfotically super-linear Regge frajecfories (f>l)
the wetficieat of the spin- ) Gegenbaver polynomial
G i e neth rsidve polynomial i

\!

B~ [lofs of shf¥). Ly g mese



Results

For asympfotically super-linear Regge frajecfories (f>l)
the woetficient of the spta- j  Gegenbaver polyomial
G in fhe neth residve polynomial i

\!

By ~ [l of sh). ()1 g o

= \nfinilely wany neqative coetficients
=p won-unifary Tor all p2l




Results

For erocHy linear, but with a shift §
B v (]_ — [-')“j ’ﬂgt F“"S*“)) 05 A—Zo
rll+25+q)
=p ¥ 570 the second fem will
Jowiante, leading fo intintely
Mﬂm[ Mlauh\re. wethncients
= Vnitanfy demands B c0




Results

For exocHy linear, but with a shift §
et s e

=p ¥ 370 the second fem will
dowinale, leadfn\s) 1o |'ﬂﬁﬂ;Rly
Mum[ Mzguh\rc wethncients 4 J -

= Vnitanfy demands B c0

oz-| 1A Hhe wonfext of Fiyl of Arkoni-Hawe | (heon,
Figueiredo, Remmen




Results

For fhe osqmph)h’w“\f linear spectum, a wbinafion of
analybc results ot lage 7, backed op by numencal

checrs o quin tonfidemee in dnvergene oF some
asymplohic Expansions, leads to He exclusion

of o cectain region in (3, R,) puaneler spuce.

=> seg He-Chen's gona show 1olk.,



Summary

Demanding the mest primitive requiemodt of
Onifanty — new-negative partial wave
coetticients — i the (ume-n  fixed-j limit
imgoses constraints thot mplemedts these fourd
at swall- 1, @)a\lowu’ng for eranple nling out
all asymgiotically new- lidear pespoke applifusdes.

(onsiclent with the "0- 90 aqunedt from
(uron-tuof, Komargodsk, Sewver, Zhiboedov.



Summanry

lemanding the mest primitive requiemoat of
Onifanty — new-negative partiol wave
coetticients — i the (ume-n  fixed-j limit
imgoses constraints thot mplemedts these fourd
at swall- 7 , @ awl  those busecl on mulh- parh'de

factorizakion, e.q. by Artani- tumed, Cheves,
Figueireds, Remmen to rie out dll a;ymphh‘mlly
lintar bespokes with glag(0)=2.



5 urfacwloﬂ for [olon:w{ Yok awe 'IheorZ

arxiv: 2406.044])

wl




7 Sep 2023

2

arXiv:2309.15913v1 [hep-th]

Infrodvchion fo Surtaceology

Our pager durlds on the Heee papers

All Loop Scattering as a Counting Problem

N. Arkani-Hamed,® H. Frost,” G. Salvatori,“ P-G. Plamondon? H. Thomas*

“School of Natural Sciences, Institute for Advanced Study, Princeton, NJ, 08540, USA
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© Mag-Plank-Institit fur Phys erner-Heisenberg-Institul, D-80805 chen, Germany
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E-mail: arkani@ias.edu, frost@maths.ox.ac.uk, giuliosGmpp.mpg.de,

Université Pari

pierre-guy.plamondonCuvsq.fr, thomas.hugh rCugam. ca

ABSTRACT: This is the first in a series of papers presenting a new understanding of scattering
amplitudes based on fundamentally combinatorial ideas in the kinematic space of the scat-
tering data. We study the simplest theory of colored scalar particles with cubic interactions,
at all loop orders and to all orders in the topological 't Hooft expansion. We find a novel
formula for loop-integrated amplitudes, with no trace of the conventional sum over Feynman
diagrams, but instead determined by a beautifully simple counting problem attached to any
order of the topological expansion. These results represent a significant step forward in the
decade-long quest to formulate the fundamental physics of the real world in a radically new
language, where the rules of spacetime and quantum mechanics, as reflected in the principles

of locality and unitari re seen to emerge from deeper mathematical structures.
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All Loop Scattering for All Multiplicity
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E-mail: arkani@ias.edu, frost@maths.ox.ac.uk, giulios@mpp.mpg.de,
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ABSTRACT: This is part of a series of papers describing the new curve integral formal-

ism for scattering amplitudes of the colored scalar tr¢* theory. We show that the curve
integral manifests a very surprising fact about these amplitudes: the dependence on
the number of particles, n, and the loop order, L, is effectively decoupled. We derive
the curve integrals at tree-level for all n. We then show that, for higher loop-order,
it suffices to study the curve integrals for L-loop tadpole-like amplitudes, which have
just one particle per color trace-factor. By combining these tadpole-like formulas with
the the tree-level result, we find formulas for the all n amplitudes at L loops. We illus-
trate this result by giving explicit curve integrals for all the amplitudes in the theory,
including the non-planar amplitudes, through to two loops, for all n.

v:2402.06719v1 [hep-th] 9 Feb 2024

Tropical Amplitudes For Colored Lagrangians

Nima Arkani-Hamed,” Carolina Figueiredo." Hadleigh Frost,“ Giulio Salvatori?

“School of Natural Sciences, Institute for Advanced Study, Princeton,
¥ Jadwin Hall, Princeton University, Princeton, NJ 08540, USA
©Mathematical Institute, Andrew Wiles Building, Woodstock Rd, Oxford, UK

A Mag-Plank- Institiit fur Physik, Werner-Heisenberg-Institut, D-80805 Miinchen, Germany

NJ, 08540, USA

E-mail: arkani@ias.edu, cfigueiredo@princeton.edu,
frost@maths.ox.ac.uk, giulios@mpp.mpg.de

ABSTRACT: Recently a new formulation for scattering amplitudes in Tr(®?) theory has
been given based on simple combinatorial ideas in the space of kinematic data. This allows
all-loop integrated amplitudes to be expressed as “curve integrals” defined using tropical
building blocks — the “headlight functions”. This paper shows how the formulation extends
to the amplitudes of more general Lagrangians. We will present a number of different ways
of introducing tropical “numerator functions” that allow us to describe general Lagrangian
interactions. The simplest family of these “tropical numerators” computes the amplitudes
of interesting Lagrangians with infinitely many interactions. We also describe methods
for tropically formulating the amplitudes for general Lagrangians. One uses a variant of
“Wick contraction” to glue together numerator factors for general interaction vertices. An-
other uses a natural characterization of polygons on surfaces to give a novel combinatorial
description of all possible diagrams associated with arbitrary valence interactions.

thot olal 178 pages and povide o rew geswetric/nbitatmtal

formal
Gee Fi

-] o o

smfor amplitvdes in any  calored theory.
3\ieire&o‘$ holke for o rtview owd Aoth Subseqoent work:.



Infrodvction fo Surtaceology

In quantum realms where particles entwine,
Two tales of scattering through curves we trace,
With colored scalars, paths and loops align,

In simple forms, complexities embrace.

From counting curves, first paper's truths unfold,
All loop orders, through pure math revealed,
No Feynman diagrams in sight, yet bold,

A new perspective, elegant, unsealed.

The second paper deepens this grand view,
Decoupling n and L with stunning grace,
For all multiplicities, insights true,

In tadpole forms and matrices we place.

Two works as one, they sing of curves' pure might,

In physics' dance, they shed the brightest light.



Infrodochion fo Surtaceology

Curves count Particlcs,
Hidden truths in |ooPs revealed,
Physics redefined.




Infrodvchion fo Surtaceology

Fegnman diagaws in a olored theory are natvnlly
orgonized by futguph fopolegy (genos 0, fuber oF

boundaries b, and number of extenal pacticle insertions
oA each boundary f +n 4 -4n ) Eranple:

L=3 leo()s

E=n-3 +3l+29 L
pmpaau\'vrs




Infrodvction fo Surtaceology

Fondamentally, every Field theoy is bused on cubic
infemctions ; higher voleat verfites can be burlt

O a cobic skeleton by intducing surtable numentors,

A goa\ oF the uctuteology pwgom is fo Solve the
underlying problem of poametedaing the space of

all tbic graphs (ie "Feynmun diagmms") , for any vaer\
Wobanph topolegy, one and for all.



Infrodvchion fo Surtaceology

Spectfially, the Hea is fo wnie the sum pwer all
Fepavan diagans of o given tatgmph topelogy

(“")’ 9,b, N3, 0s a s\'aﬂ\e (Ve fl\i-(’jmj.

Storfig st with Tel] Hheow, which oaly fos fhe
scolar popoqubor skeleton and mbhing else.



Infrodvchion fo Surtaceology

The iden is to Schwinger parmeiesze each mpagator

eziw.z = [\t eqpl-grentin)

% each feytmon divgam has the form
fo‘” dét exp[-somefh:hg)

t inkegral  over Ri
the. positive orthant

E=n-3+3l+29



Infrodvction fo Surtaceology

e iden is to Schwinger pammeiesze each mpagator

(’zimz = ‘/:Ndf' ex‘:(-@a'rm‘)otx

30 each feynvon divgam has the form
each Feynman oh'agmm = ffa dét exp [-Somefhing)

and hen 0o a gian‘\r thange o1 vanables o glwe
together all of these orthants so the inkyal cmbines fo

Zall fynmon diagams = J :0’6{ exp (- something reasouab(e)



Infrodvchion fo Surfaceology

[ ot surprising that Hhis 1 possible; it i very
surprising thet this is achlly ochiewable in pactice.
n Tt it s sheceingly single, and all of the
newssary ingredients can be rend off by drawing

Cunes on your takgmph, e




Infrodochion fo Surtaceology

The cune Miegnl 5 sum over gll cones
|

A = /' ol P4/ /3{75: exp[- 5 4, (6 o)
C

piece wise lineor functions Hot '‘fum on’ j
certain corves 1A oppmopriate ves in 1R

h monentum assigied 10 each cwrve



Infrodochion fo Surtaceology

The cone infegnl 15
- oL 2
A= [ oL Lt ep(-Z o0 F)
. — c
L-loop integration ia Schuwinger
D space Hme Pamm’{{f‘ divide ‘)1
ol MENSIONS spact for overcounting loofs
E=p-3+2L+2 (MCG = MappiAy
propagafors tloss. aop)



Infrodvction fo Surtaceology

The cone infegnl 15
A= [dL [d o sy )

MCE

Eery Mgrediew‘ can be read o+ fom the fatgaph.

Thee is o rvle for how to insert oppnpriate
hop\‘ca\ amenator Fachrs ) geir More fMQrCSHI\ﬂ sealar
inkaackons (Arkani- Homed, Figueiredo, Fost, Suhuabors)
ol there i a tunt fomalism for gluows

(Arlawi - Hawed, Cho, Dowy) Figoeiredo, fe)



What Shounak, Andrzejand Marcos Did:  Colored Yukowa Theory?

Dectlop @ cowe infegedl formalism for a simple femionic
theory:  wlored Yukawa H\cor)f.

They werked ot aumerous examplifudes ot tee lecel,
one leop, and fwo loops— beth at the (n*egmlwl angl

inkgeicd level. W ocderto prep you for Stewonek's

qong Show I st k(a\\\igk‘r some. oy featores,



K@‘{ Yeatues of Fermionic Cuve |n¥§5m\5

we now hove fo dt's\'iv\g\risk color +raes — pult int the
fatqmph stwelvie, from Dine fmes — which reguire
extra “deombion’ on fop of the fa"&rapln,



KZ‘{ Yeatues oF Fermionic Cunve |n*§jm\$

We now howe to distinguish color traces — pult info the
fatqragh stwchvee,  from  Dine fmies — which  reguie
et “decomtion’ on fop of fhe fakguph.

Dimc tmus wn be exfernal or intemal, for example

(
‘-D

— p extemal intemal
‘ . 2 A
@ o« Vip) l{ft"“"\ Tr(g)
R 3
[ s chewahally)

...... e —
Scalar fermion  charge flow



Key Yeatues of Feamionic Cunve Infegrls

Thee @5 a simple Combinatodal ~vie fo defemine which

2.'s agppear inside each Dinc free (infemal or
extemal) awol in which ender inside the hace.

Sin we want these fo be labeled by cones, ot by
Cdges in o feymon diagam, i+ fums out to be
nafual to assign each tune fo be temionic or posonic |
ond; watvally, dlso each punctvee.

fwo kinds

11
11
'''''' 1 :
# e e f tv
PE N N i S Ot puncivres
1
11 | cmcsssssssme=
\‘ \~_'l 'I
S 4
“em=®



K@‘{ Yeatuies of Fermionic Cuve |n¥§jm\5

In Martes's talk look out for
' gXamples ot fewmion/ beson cuwe/Punclme assn'ﬂmcnfs

. o Sum pver 2- of the latter

 forwdlas for “fpical powmeator’ Fochors for exdemal
tad inlemal fraws, the laHer with a -1

. the numentor wntains a bunch of thefa furchons
ot kil contributions disallowed for crfain
ombinations oF wlor k' Dimc fres.

 post-loop (weqration Sactors involving mxm
detenninuats where ol =% pf femionic cunes.




Man\! Dpen Buestions

. (t)aarkg (i.e. fundamental fermions instead of ad\,'om{-\?

05 thet o ombitatorial way fo oubine the ks
tems watvrally? (65 vs RNS)

+ “stringy" Yukawa theory, ie. tum en ' /75 -shifts”

" avper Rieman 9ur¥ac25/ “super u-eq,uah'ons“



(onclusions

In the world of quantum strings,

Bespoke amplitudes do many things.

With equations precise,
Their beauty will suffice,

But their unitarity sometimes stings.

In the world of Yukawa's delight,

Colored fermions come into sight.
Through curves they express,
Scattering's finesse,

Their formulas pack quite a bite.



