
Soft Collinear Effective Theory 
& Collider Physics

Iain Stewart 
MIT

Center for Theoretical Physics

Center for Theoretical Physics

Center for Theoretical Physics

Amplitudes 
IAS 

June 11, 2024



time

J1

2

3

−

+

J

J

p

p

Introduction More Introduction Fixed Order Resummation Monte Carlo Summary

Particle Physics: Physics at Shortest Distances

u
d

u

m 110510101015 10�5 10�10 10�15

LHC

Frank Tackmann (MIT) Better Theory Predictions for the LHC 2010-11-22 1 / 34

Soft Collinear Effective Theory (SCET)

EFT for hard interactions which produce 
  energetic (collinear) and soft particles. 

Jet Physics
Jet Substructure

Higgs production, DY, …

Quarkonia Production

B-Decays and CP violation

Infrared Structure of Gauge Theory 

High Energy Limit / Regge phenomena

Gauge theory at Subleading Power

Factorization for Collider Processes

TMDs / Nuclear Physics

(Heavy Ion collisions)

Higher order Resummation

“EFT for Collider Physics”

2

builds on extensive past literature 
(CSS factorization, exclusive fact, …)

2

Bauer, Fleming, Luke, Pirjol, IS `00, `01

Subtractions for Fixed Order QCD



Outline

• Introduction to SCET & Factorization

Collider Physics Applications:

Wilson Lines, Large Logs and Renormalization Group

• Forward Scattering & Factorization Violation

•

SCET Formalism:

• High Precision Resummation  e+e−

• Amplitudes in the Regge Limit

• Power Corrections

3

• High Precision Resummation pp
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time

Non-perturbative Factorization:
parton distributions

d� = fafb � �̂ � F

perturbative cross section

hadronization:

(QFT operators)

fragmentation fns.,
soft hadronization, …

J2

H2

universal hadronic dynamics

universal hadronic functions
via
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time

Non-perturbative Factorization:
parton distributions

d� = fafb � �̂ � F

perturbative cross section

hadronization:
fragmentation fns.,
soft hadronization, …

J2

H2

universal hadronic dynamics

universal hadronic functions
via

. . .

H2

(QFT operators)
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µp � �QCD

µJ � mJ

µS

µJ , µB

µH

µp

E

µS � psoft

µB

Perturbative Factorization:

µH � Q

µB µH µJ µS

hard jet pert. soft beam 

�̂fact = IaIb � H �
�

iJi � S
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for multi-scale problems with N jets

SCET
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µJ , µB

µH

µp

E

Perturbative Factorization:

Perturbative Universality

•  determined by hard process, independent of jet radius, etc.  H

•  Ji , Ia,b splitting and virtual effects for parton i,  
encode jet dynamics, independent of H

• S soft radiation, all partons contribute, eikonal Feynman rules

Scale dependence          RGE sums up logarithms

µJ µS

hard jet pert. soft beam 

�̂fact = IaIb � H �
�

iJi � S

�

µB µH

for multi-scale problems with fixed # jets

µS

universal 
collinear 
dynamics

universal soft dynamics

SCET

log
�µH

µS

�
,…
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Perturbative QCD Results:

�̂ = �0

�
1 + �s + �2

s + . . .
�

ln �̂(y) =
�

k

L(�sL)k +
�

k

(�sL)k +
�

k

�s(�sL)k +
�

k

�2
s(�sL)k + . . .

= LO + NLO + NNLO + . . .

= LL + NLL + NNLL + N3LL + . . .

fixed order:

resummation of large (double) logs L = log(...)
log

��QCD

Q

�

log
�pT

Q

�
,
, …

SCET anomalous dimensions:
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Fields for various Modes:

�S , Aµ
S

dominant contributions from isolated 
regions of momentum space

�na , Aµ
na

�nb , A
µ
nb

�n3 , A
µ
n3

�n2 , A
µ
n2

�n1 , A
µ
n1

Soft Collinear Effective Theory 

9

n-collinear soft
(n · p, n̄ · p, p?) ⇠ Q(�2, 1,�) (n · p, n̄ · p, p?) ⇠ Q�k

k ≥ 1

λ ≪ 1power 

counting



Key Simplifying Principle is to Exploit the Hierarchy 
   of Scales 

µS

µJ , µB

µH

µp

E

SCET

QCD

µp

µB

µJ

µS

J1

2

3

−

+

J

J

p

p

µH

Wilson coefficients
+ operators at

L =
�

i

CiOi

d� =
�

(phase space)
����
�

i

Ci�Oi�
����
2

=
�

j

Hj � (longer distance dynamics)j
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Amplitudes!



Hard-collinear factorization

Hard scale operators from building block fields:

O = (Bna�)(Bnb�)(Bn1�)(�̄n2)(�n3)

“quark jet”

“gluon jet”

�n = (W †
n⇠n)

Bµ
n? =

1

g
[W †

niD
µ
?Wn] BAµ

n? =
1

g

1

n̄ · @n
n̄⌫G

B⌫µ
n WBA

nor
11



offshell ∼ Q2

attachments of -collinear gluons to n1 ni≠1na

nb

n1

n2

n3

n1

n1 n1

n1

W †
n1

= P exp
⇣
ig

Z 1

0
ds n̄1 ·An1(n̄1s)

⌘
Wilson line

n1 ⋅ n̄1 = 2

χn1
= W†

n1
ξn1

building block

Often convenient to use helicity basis for building blocks to 

  make it easier to match to amplitude calculations

B±
n? J±

nn̄ see 1508.02397
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µJ , µB
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E

SCET

QCD
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µS

µJ , µB

µH

µp

E

SCET

QCD

µp

µB

µJ

µS

J1

2

3

−

+

J

J

p

p

jet functions  
beam functions

d� = Ba,b � Hj �
�

i

Ji � (longer distance dynamics)

Ji
Ba,b
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Soft-collinear factorization
Soft radiation knows only about bulk properties 

of radiation in the jets (color & direction)

(SnaSnbSn1Sn2Sn3)
Soft function S = 
Matrix Elements of  Soft Wilson Lines 

µS

15

Soft Wilson lines:
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Leading Power Glauber Lagrangian:

(2 rapidity sectors)(3 rapidity sectors)
fwd. scattering n-n̄

Lipatov 
vertex

46
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FIG. 16. One Soft Gluon Matching for the Lipatov Operator in SCET appearing in quark-quark scattering.

a) Full theory graphs. b) EFT Lipatov Operator graph with one soft gluon, shown by two equivalent

diagrams which exploit a localized or factorized notation.
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FIG. 17. One Soft Gluon Matching for the Lipatov Operator in SCET appearing in gluon-quark scattering.

a) Full theory graphs. b) EFT Lipatov Operator graph with one soft gluon.

the one-gluon Feynman rule from the soft component of this Glauber operator, which is OAB
s in

Eq. (32), directly generates the full Lipatov vertex without use of the equations of motion.

The same matching calculation can be carried out when one or both of the collinear quark lines

in Fig. 16 are replaced by collinear gluons. The corresponding graphs for the matching calculation

with the top line replaced by an n-collinear gluon are shown in Fig. 17. The result is

Fig. 17a = i
h
ifA2A1Ag↵�
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ih
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igfABC
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nµ
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nµ~q 02
?

n · q

i

= Fig. 17b ,

where the SCET graph is given by the Feynman rule for Ogq

nsn̄. Here the graph with the 4-gluon

vertex does not contribute at this order in the power expansion (it is suppressed by O(�)) and

hence can be neglected. Once again the same universal soft operator OAB
s is responsible for the

fwd. scattering n-s
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ss
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ss

…
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FIG. 6. One gluon with incoming momentum k emitted from the Oqq
nSn̄ Glauber operator. The first two

Feynman rules come from Wilson lines in the n-collinear and n̄-collinear part of the operator. The last

Feynman rule comes from the soft component of the operator, and corresponds with the Lipatov vertex.

n

n

n

n

s

s

A

B

q

q' k

k

1

2

C1μ1, ,

C2μ2, ,
= i

h
ūn
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FIG. 7. Two Soft Gluon Feynman rule for the Oqq
nsn̄ operator. The terms in {· · · } times (8⇡↵s) are the

universal two soft gluon contribution from OAB
s .
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FIG. 4. Tree level matching for the nnn̄n̄ Glauber operators. In a) we show the four full QCD graphs

with t-channel singularites. The matching results are given by reading down each column. In b) we show

the corresponding Glauber operators for the four operators in SCET with two equivalent notations. The

notation with the dotted line in c) emphasizes the factorized nature of the n and n̄ sectors in the SCET

Glauber operators, which have a 1/P2
? between them denoted by the dashed line.

Thus for these tree level 2–2 scattering graphs the Mandelstam invariant t = q2
?
= �~q 2

?
< 0.

For this matching calculation there are four relevant QCD tree graphs, shown in Fig. 4a. They

will result in four di↵erent Glauber operators, whose Feynman diagrams for this matching are

represented by Fig. 4c. The matching must be carried out using S-matrix elements for a physical

scattering process, so we take ?-polarization for the external gluon fields. Expanding in � the

results for the top row of diagrams at leading order is
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ūn

n̄/

2
TBun

ih
�8⇡↵s(µ)�BC

~q 2
?

ih
v̄n̄

n/

2
TCvn̄

i
, (28)

i
h
ifBA3A2gµ2µ3

?
n̄ · p2

ih
�8⇡↵s(µ)�BC

~q 2
?

ih
v̄n̄

n/

2
TCvn̄

i
,

i
h
ūn
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In writting these results we have written out the collinear quark spinors but left o↵ the collinear

gluon polarization vectors "µ2A2
n (p2) etc, for simplicity.

We begin our analysis by discussing the SCETII operators whose tree level matrix elements

reproduce the results in Eq. (28). The four SCETII operators whose matrix elements reproduce

Eq. (28) factorize into collinear and soft operators separated by 1/P2
?

factors, so we adopt the
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constructed from top-down

matching:  QCD  SCET→

s ≫ | t |
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Leading Power Glauber Lagrangian:

In Hard Scattering

Describes the leading scattering process.  Old and well studied limit.•

• Its effects often cancel due to unitarity (summing over inclusive 
enough final states) or by exponentiating into an unobservable phase.

Glauber Lagrangian can spoil factorization by coupling sectors in a non-
factorizable manner.  (Describes ONLY non-trivial fact. violation.)

•

In Forward Scattering

SCET provides top-down EFT description, new tools•

s � |t|

• Lagrangian can be used to systematically study non-factorizable 
  Collider physics phenomena.  (eg. super leading logs, “underlying event”)

L
(0)
G =

X

n,n̄

X

i,j=q,g

O
iB
n

1

P2
?
O

BC
s

1

P2
?
O

jC
n̄ +

X

n

X

i,j=q,g

O
iB
n

1

P2
?
O

jnB
s

17

Rothstein, IS (2016)
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FIG. 29. Spectator-specator interactions for the hard scattering correlator in Eq. (312). The Glauber

interaction labeled G indicates the sum of all ladder diagrams including the graph with 0 Glaubers as

indicated.

As we will see below once the hard scattering is taken into account the Glaubers no longer

eikonalize. However, despite this fact, an overall phase will still be generated if we sum over

Glauber exchange rungs (ignoring soft and collinear radiation).

We will also show under what circumstances the phase cancels. Of course this cancellation

is a necessary TODO:

Check

(TODO) but not su�cient condition for a proof of factorization. Since there are

quantum corrections which break factorization that are not pure phases. A demonstration of how

complete proofs of factorization can be carried out using our Glauber theory will be given elsewhere.

TODO:

FIX THIS

OUTLINE

(TODO) In Sec. VIIB we consider the same all order resummation of Glauber exchanges for

a hard scattering vertex, demonstrating that they again give a phase. In Sec. VIIA we consider

Glauber gluons in diagrams involving spectators that do not directly participate in the hard scat-

tering.

A. Spectator-Spectator

We begin by considering the diagrams in Fig. 29 which we refer to as Spectator-Spectator (SS)

interactions. These occur between spectator particles which do not participate in the hard annihi-

lation. Since the hard scattering case with M
DIS
� has only a single hadron, these SS contributions

only exist for the hard annihilation case with M
DY
� , where the two participating spectators are

created by �n and �n̄ respectively. In these graphs the hard interaction is indicated by the ⌦, and

our routing for incoming and outgoing external momentum is shown in Fig. 29b. For simplicity

we take the limit where the mass of the incoming hadrons is ignored, so that P 2 = P̄ 2 = 0. This

is accomplished by taking Pµ = n̄ · P nµ/2 and P̄ = n · P̄ n̄µ/2 respectively. The tree level result

for Fig. 29b is then given by

Fig. 29b = S
�
i n̄ · (p1�P )

(P � p1)2
i n · (P̄ � p2)

(P̄ � p2)2
(313)

= S
�


1

~p 2
1?

1

~p 2
2?

� 
n̄ · p1 n̄ · (P�p1)

n̄ · P

n · p2 n · (P̄�p2)

n · P̄

�

⌘ S� E(p1?, p2?),
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FIG. 9: Theory scan for errors in pure QCD with massless quarks. The panels are a) fixed-order, b) resummation with no
nonperturbative function, c) resummation with a nonperturbative function using the MS scheme for Ω̄1 without renormalon
subtraction, d) resummation with a nonperturbative function using the R-gap scheme for Ω1 with renormalon subtraction.

caption of Tab. II. Furthermore, we always consider five
active flavors in the running and do not implement bot-
tom threshold corrections, since our lowest scale in the
profile functions (the soft scale µS) is never smaller than
6 GeV in the tail where we perform our fit.

In Fig. 9 we display the normalized thrust distribution
in the tail thrust range 0.15 < τ < 0.30 at the differ-
ent orders taking αs(mZ) = 0.114 and Ω1(R∆, µ∆) =
0.35 GeV as reference values, and neglectingmb and QED
corrections. We display the case Q = mZ where the
experimental measurements from LEP-I have the small-
est statistical uncertainties. The qualitative behavior of
the results agrees with other c.m. energies. The colored
bands represent the theoretical errors of the predictions
at the respective orders, which have been determined by
the scan method described in Sec. VI.

In Fig. 9a we show the O(αs) (light/yellow), O(α2
s)

(medium/purple) and O(α3
s) (dark/red) fixed-order

thrust distributions without summation of large loga-
rithms. The common renormalization scale is chosen
to be the hard scale µH . In the fixed-order results the
higher order corrections are quite large and our error es-
timation obviously underestimates the theoretical uncer-
tainty of the fixed-order predictions. This panel including
the error bands is very similar to the analogous figures
in Refs. [4] and [6]. This emphasizes the importance of
summing large logarithms.

In Fig. 9b the fully resummed thrust distributions at
NLL′ (yellow), NNLL (green), NNLL′ (purple), N3LL
(blue) and N3LL′ (red) order are shown, but without
implementing the soft nonperturbative function Smod

τ or
the renormalon subtractions related to the R-gap scheme.
The yellow NLL′ error band is mostly covered by the
green NNLL order band, and similarly the purple NNLL′

22
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order Ω̄1 (MS) Ω1 (R-gap)

NLL′ 0.264 ± 0.213 0.293 ± 0.203

NNLL 0.256 ± 0.197 0.276 ± 0.155

NNLL′ 0.283 ± 0.097 0.316 ± 0.072

N3LL 0.274 ± 0.098 0.313 ± 0.071

N3LL′ (full) 0.252 ± 0.069 0.323± 0.045

N3LL′
(QCD+mb) 0.238 ± 0.070 0.310 ± 0.049

N3LL′
(pure QCD) 0.254 ± 0.070 0.332 ± 0.045

TABLE V: Theory errors from the parameter scan and cen-
tral values for Ω1 defined at the reference scales R∆ = µ∆ =
2 GeV in units of GeV at various orders. The N3LL′ value
above the horizontal line is our final scan result, while the
N3LL′ values below the horizontal line show the effect of leav-
ing out the QED corrections, and leaving out both the b-mass
and QED respectively. The central values are the average of
the maximal and minimal values reached from the scan.
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FIG. 13: Thrust distribution at N3LL′ order and Q = mZ

including QED and mb corrections using the best fit values
for αs(mZ) and Ω1 in the R-gap scheme given in Eq. (66). The
pink band represents the perturbative error determined from
the scan method described in Sec. VI. Data from DELPHI,
ALEPH, OPAL, L3, and SLD are also shown.

method. The fit result is shown in comparison with data
from DELPHI, ALEPH, OPAL, L3, and SLD, and agrees
very well. (Note that the theory values displayed are
actually binned according to the ALEPH data set and
then joined by a smooth interpolation.)

Band Method

It is useful to compare our scan method to determine the
perturbative errors with the error band method [26] that
was employed in the analyses of Refs. [20, 22, 25]. In the
error band method first each theory parameter is varied
separately in the respective ranges specified in Tab. III
while the rest are kept fixed at their default values. The
resulting envelope of all these separate variations with
the fit parameters αs(mZ) and Ω1 held at their best fit

Band Band Our scan
method 1 method 2 method

N3LL′ with ΩRgap
1 0.0004 0.0008 0.0009

N3LL′ with Ω̄MS
1 0.0016 0.0019 0.0021

N3LL′ without Smod
τ 0.0018 0.0021 0.0034

O(α3
s) fixed-order 0.0018 0.0026 0.0046

TABLE VI: Theoretical uncertainties for αs(mZ) obtained at
N3LL′ order from two versions of the error band method, and
from our theory scan method. The uncertainties in the R-gap
scheme (first line) include renormalon subtractions, while the
ones in the MS scheme (second line) do not and are therefore
larger. The same uncertainties are obtained in the analysis
without nonperturbative function (third line). Larger uncer-
tainties are obtained from a pure O(α3

s) fixed-order analysis
(lowest line). Our theory scan method is more conservative
than the error band method.

values determines the error bands for the thrust distri-
bution at the different Q values. Then, the perturbative
error is determined by varying αs(mZ) keeping all the-
ory parameters to their default values and the value of
the moment Ω1 to its best fit value. The resulting per-
turbative errors of αs(mZ) for our full N3LL′ analysis in
the R-gap scheme are given in the first line of Tab. VI.
In the second line the corresponding errors for αs(mZ)
in the MS scheme for Ω̄1 are displayed. The left column
gives the error when the band method is applied such
that the αs(mZ) variation leads to curves strictly inside
the error bands for all Q values. For this method it turns
out that the band for the highest Q value is the most
restrictive and sets the size of the error. The resulting
error for the N3LL′ analysis in the R-gap scheme is more
than a factor of two smaller than the error obtained from
our theory scan method, which is shown in the right col-
umn. Since the high Q data has a much lower statistical
weight than the data from Q = mZ , we do not consider
this method to be sufficiently conservative and conclude
that it should not be used. The middle column gives the
perturbative error when the band method is applied such
that the αs(mZ) variation minimizes a χ2 function which
puts equal weight to all Q and thrust values. This sec-
ond band method is more conservative, and for the N3LL′

analyses in the R-gap and the MS schemes the resulting
errors are only 10% smaller than in the scan method that
we have adopted. The advantage of the scan method we
use is that the fit takes into account theory uncertainties
including correlations.

Effects of QED and the bottom mass

Given the high-precision we can achieve at N3LL′ or-
der in the R-gap scheme for Ω1, it is a useful exercise
to examine also the numerical impact of the corrections
arising from the nonzero bottom quark mass and the
QED corrections. In Fig. 14 the distributions of the best
fit points in the αs-2Ω1 plane at N3LL′ in the R-gap
scheme is displayed for pure massless QCD (light green
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FIG. 18: Thrust distributions in the far-tail region at N3LL′

order with QED and mb corrections included at Q = mZ to-
gether with data from ALEPH. The red solid line is the cross
section in the R-gap scheme using αs(mZ) and Ω1 obtained
from fits using our full code, see Eq. (68). The light red band
is the perturbative uncertainty obtained from the theory scan
method. The red dashed line shows the distribution with the
same αs but without power corrections. The light solid blue
line shows the result of a full N3LL′ fit with the BS profile
that does not properly treat the multijet thresholds. The
short dashed green line shows predictions at N3LL′ with the
BS profile, without power corrections, and with the value of
αs(mZ) obtained from the fit in Ref. [20]. All theory results
are binned in the same manner as the experimental data, and
then connected by lines.

of our theoretical result in Eq. (4) that are important in
this far-tail region are i) the nonperturbative correction
from Ω1, and ii) the merging of µS(τ), µJ(τ), and µH

toward µS = µJ = µH at τ = 0.5 in the profile func-
tions, which properly treats the cancellations occurring
at multijet thresholds. To illustrate the importance of
Ω1 we show the long-dashed red line in Fig. 18 which has
the same value of αs(mZ), but turns off the nonpertur-
bative corrections. To illustrate the importance of the
treatment of multijet thresholds in our profile function,
we take the BS profile which does not account for the
thresholds (the BS profile is defined and discussed below
in Sec. IX), and use the smaller αs(mZ) and larger Ω1

that are obtained from the global fit in this case. The
result is shown by the solid light blue line in Fig. 18,
which begins to deviate from the data for τ > 0.36 and
gives a cross section that does not fall to zero at τ = 0.5.
The fact that αs(mZ) is smaller by 0.0034 for the light
blue line, relative to the solid red line, indicates that the
proper theoretical description of the cross section in the
far-tail region has an important impact on the fit done
in the tail region. The final curve shown in Fig. 18 is the
short-dashed green line, which is the result at the level
of precision of the analysis by Becher and Schwartz in
Ref. [20]. It uses the BS profile, has no power correc-
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FIG. 19: Thrust cross section for the result of the N3LL′ fit,
with QED and mb corrections included at Q = mZ . The
red solid line is the cross section in the R-gap scheme using
αs(mZ) and Ω1 obtained from fits using our full code, see
Eq. (68). The red dashed line shows the distribution with the
same αs but without power corrections. The short-dashed
green line shows predictions at N3LL′ with the BS profile,
without power corrections, and with the value of αs(mZ) ob-
tained from the fit in Ref. [20]. Data from ALEPH, DELPHI,
L3, SLD, and OPAL are also shown.

tions, and has the value of αs obtained from the fit in
Ref. [20]. It also misses the Q = mZ data in this re-
gion. The results of other O(α3

s) thrust analyses, such as
Davison and Webber [23] and Dissertori et al. [22, 25],
significantly undershoot the data in this far-tail region.15

To the best of our knowledge, the theoretical cross sec-
tion presented here is the first to obtain predictions in
this far-tail region that agree with the data. Note that
our analysis does include some O(αk

sΛQCD/Q) power cor-
rections through the use of Eq. (24). It does not account
for the full set of O(αsΛQCD/Q) power corrections as
indicated in Eq. (4) (see also Tab. IIb), but the agree-
ment with the experimental data seems to indicate that
missing power corrections may be smaller than expected.

Unbinned predictions for the thrust cross section at
Q = mZ in the peak region are shown in Fig. 19. The
green dashed curve shows the result at the level of pre-
cision in Becher and Schwartz, that is N3LL′, with the
BS profile, without power corrections, and with the value
of αs(mZ) = 0.1172 obtained from their fit. This purely
perturbative result peaks to the left of the data. With
the smaller value of αs(mZ) obtained from our fit, the
result with no power corrections peaks even slightly fur-
ther to the left, as shown by the long-dashed red curve.
In contrast, the red solid curve shows the prediction from

15 See the top panel of Fig. 9 in Ref. [23], the top left panel of Fig. 4
in Ref. [22], and the left panel of Fig. 2 in Ref. [25].

QED & b-mass effects small

�↵s(mZ) = �0.0005
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C. E↵ects of QED and the b-mass

The experimental correction procedures applied to the
AMY, JADE, SLC, DELPHI and OPAL data sets were
typically designed to eliminate initial state photon radi-
ation, while those of the TASSO, L3 and ALEPH collab-
orations eliminated initial and final state photon radia-
tion. It is straightforward to test for the e↵ect of these
di↵erences in the fits by using our theory code with QED
e↵ects turned on or o↵ depending on the data set. Using
our N3LL order code in the Rgap scheme we obtain the
central values ↵s(mZ) = 0.1143 and ⌦1 = 0.376 GeV.
Comparing to our default results given in Tabs. I and II,
which are based on the theory code were QED e↵ects are
included for all data sets, we see that the central value
for ↵s is larger by 0.0003 and the one for ⌦1 is smaller
by 0.001 GeV. This shift is substantially smaller than
our perturbative uncertainty. Hence our choice to use
the theory code with QED e↵ects included everywhere
as the default for our analysis does not cause an observ-
able bias regarding experiments which remove final state
photons.

By comparing the N3LL (pure massless QCD) and
N3LL (QCD+mb) entries in Tabs. I and II we see that in-
cluding finite b-mass corrections causes a very mild shift
of ' +0.0004 to ↵s(mZ), and a somewhat larger shift
of ' �0.033GeV to ⌦1. In both cases these shifts are
within the 1-� theory uncertainties. In the N3LL (pure
massless QCD) analysis the b-quark is treated as a mass-
less flavor, hence this analysis di↵ers from that done by
JADE [23] where primary b quarks were removed using
MC generators.

D. Final Results

As our final result for ↵s(mZ) and ⌦1, obtained at
N3LL order in the Rgap scheme for ⌦1(R�, µ�), includ-
ing bottom quark mass and QED corrections we obtain

↵s(mZ) = 0.1140 ± (0.0004)exp (34)

± (0.0013)hadr ± (0.0007)pert,

⌦1(R�, µ�) = 0.377 ± (0.013)exp

± (0.042)↵s(mZ) ± (0.039)pert GeV,

where R� = µ� = 2 GeV and we quote individual 1-�
uncertainties for each parameter. Here �2/dof = 1.33.
Eq. (34) is the main result of this work.

In Fig. 8 we show the first moment of the thrust dis-
tribution as a function of the center of mass energy Q,
including QED andmb corrections. We use here the best-
fit values given in Eq. (34). The band displays the theo-
retical uncertainty and has been determined with a scan
on the parameters included in our theory, as explained in
App. A. The fit result is shown in comparison with data
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FIG. 8: First moment of the thrust distribution as a func-
tion of the center of mass energy Q, using the best-fit values
for ↵s(mZ) and ⌦1 in the Rgap scheme as given in Eq. (34).
The blue band represents the perturbative uncertainty deter-
mined by our theory scan. Data is from ALEPH, OPAL, L3,
DELPHI, JADE, AMY and TASSO.
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FIG. 9: Comparison of ↵s(mZ) and ⌦1 determinations from
thrust first moment data (red upper right ellipses) and thrust
tail data (blue lower left ellipses). The plot corresponds to
fits with N3LL accuracy and in the Rgap scheme. The tail
fits are performed with our improved code which uses a new
nonsingular two-loop function, and the now known two-loop
soft function. Dashed lines correspond to theory uncertain-
ties, solid lines correspond to ��2 = 1 combined theoretical
and experimental error ellipses, and wide-dashed lines corre-
spond to ��2 = 2.3 combined error ellipses (corresponding
to 1-� uncertainty in two dimensions).

from ALEPH, OPAL, L3, DELPHI, JADE, AMY and
TASSO. Good agreement is observed for all Q values.
It is interesting to compare the result of this analysis
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Small αs(mZ)?
PDG 2023: ↵s(mZ) = 0.1180± 0.0009

thrust 2010: ↵s(mZ) = 0.1135± 0.0011

? Power corrections for 2-jets  versus 3-jets (Ω1) ( ≠ Ω1)

Luisoni, Monni, Salam (2021)
Caola, Ravasio, Limatola, Melnikov, Nason, Ozcelik (`21-22)
Nason, Zanderighi (2023)

 

 

αs = 0.1142 ± 0.0006pert ± 0.0009exp ± 0.0004had = 0.1142 ± 0.0012tot

Ω1 = 0.313 ± 0.033pert ± 0.030exp ± 0.018had = 0.313 ± 0.048tot

⟨ ⟩/dof = 0.86

From choosing the fit range [6/Q,0.15] we get 
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New default setup

In the 2010 analysis, the result (ignoring QED effects and considering a massless bottom quark) for the fit range 
[6/Q,0.33] gave

Ellipses contain both experimental and theoretical errors

Abbate, Fickinger, Hoang, Mateu, Stewart ‘10 

 Benitez-Rathgeb, Hoang, Mateu, IS, Vita  (2024)  

fits in restricted

dijet region

give small αs

models for 3-jet

show change to Ω1

thrust 2023 reanalysis: Bell, Lee, Makris, Talbert, Yan (2023), also small αs



Schindler, Sun, I.S. (2023)

Exciting class of observables for collider physics 

(both theoretically and experimentally)

Zhiquan Sun (MIT)SCET 2024, Salamanca

Image: 1801.02627

• Energy correlators: strong connection to QFT


• Different from standard collider observable


• Simple factorization in kinematic limits


• Can predict nonperturbative  
behavior away from  
kinematic endpoints


• Phenomenology: extract , , …αs mt

3
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Korchemsky, Sterman (1999)

Hoang, I.S.(2007); Hoang Kluth(2008); 

Energy Energy Correlators  
and power corrections here e+e−

Zhiquan Sun (MIT)SCET 2024, Salamanca

• Event shape observables in  collisions exhibit a universal 
leading nonperturbative correction


• Nonperturbative matrix element 


•  is analytically calculable


• Hadron mass corrections

e+e−

Ω1

ce

Universality of NP correction

6

C. Lee, G. F. Sterman, hep-ph/0603066, 0611061

G. P. Salam, D. Wicke, hep-ph/0102343 
V. Mateu, I. Stewart, J. Thaler, 1209.3781

EECEvent shape

see talk by Ian Moult



Better convergence•
Agrees with data!•

NOT a fit 
Confirms  universalityΩ1•

      ,  from 

thrust fit


αs⌦̄1 scheme:R needs

resummation

NLO (analytic): Dixon, Luo, Shtabovenko, 

                        Yang, Zhu (2018)

NNLO (CoLoRFul): Del Duca, Duhr, Kardos, 

  Somogyi, Trócsányi (2017); 

  Tulipánt, Kardos, Somogyi (2018)

EEC With Power Corrections

Perturbative Energy Energy Correlators 

Schindler, Sun, I.S. (2023)
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Figure 1: Fixed-order predictions for EEC at LO, NLO and NNLO accuracy. The bottom panel
shows the ratio of the data and the perturbative predictions at each order to the NNLO result.
The bands represent the e↵ects of varying the renormalization scale by a factor of two around the
default scale of µ = Q. OPAL data is also shown.

indicates that up to NLO the customary prescription for scale variation is not a reliable estimate of
the size of the higher order corrections and casts some doubts also on the reliability of the NNLO
band to estimate the perturbative uncertainty of the calculation. This phenomenon, however, is
not unique to EEC and in fact very similar comments apply also to other three-jet event shapes
in e

+
e
� annihilation [1–3]. Nevertheless, one could argue that a more realistic estimate of the

perturbative uncertainty could be obtained by considering a wider range for scale variation, see
Ref. [31] for a careful discussion. This observation could explain, at least partially, the di↵erence
between the NNLO predictions and experimental data.

The fixed-order predictions clearly diverge for both small and large values of �. As discussed
above, this is the result of large logarithmic contributions of infrared origin. Concentrating on the
back-to-back region (✓ij ! ⇡, i.e., � ! 0), these contributions take the form ↵

n

S ln
2n�1

y, where

y = sin2
�

2
. (2.12)

As y decreases the logarithms become large and invalidate the use of the fixed-order perturbative
expansion. In order to obtain a description of EEC in the small angle limit, these logarithmic
contributions must be resummed to all orders. The appropriate resummation formalism has been
developed in refs. [32–36] and the coe�cients which control this resummation are known completely
at NNLL accuracy [5]2. At a center-of-mass energy of Q and renormalization scale µ the resummed

2
Note that the NNLL A

(3)
coe�cient in ref. [5] is incomplete. The full coe�cient has been derived in ref. [37].
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0.3
<latexit sha1_base64="aTV9gyw8+zsH2+KeoCctdyYz9kg=">AAACI3icbVDLSgMxFE3qq46vVpdugkVwNcyIVJdFNy4r2ge0Q8lkMm1okhmSjFhKP8GtfoFf407cuPBfzLSzsNUDgcM593JPTphypo3nfcHS2vrG5lZ529nZ3ds/qFQP2zrJFKEtkvBEdUOsKWeStgwznHZTRbEIOe2E45vc7zxSpVkiH8wkpYHAQ8liRrCx0r3n+oNKzXO9OdBf4hekBgo0B1Xo9KOEZIJKQzjWuud7qQmmWBlGOJ05/UzTFJMxHtKepRILqoPpPOsMnVolQnGi7JMGzdXfG1MstJ6I0E4KbEZ61cvFf72nxYElLdL5kWUtFCsJTXwVTJlMM0MlWQSMM45MgvLCUMQUJYZPLMFEMftHREZYYWJsrY5tz1/t6i9pn7t+3a3fXdQa10WPZXAMTsAZ8MElaIBb0AQtQMAQPIMX8Arf4Dv8gJ+L0RIsdo7AEuD3D2G3o+I=</latexit>

0.1
<latexit sha1_base64="5ixem1fWrjnuE0G+O43JmO/84nQ=">AAACI3icbVC7TsMwFLXLq4RXCyNLRIXEFCUIFdgqWBiLoA+pjSrHcVqrthPZDqKK+gms8AV8DRtiYeBfcNoMtOVIlo7OuVf3+AQJo0q77jcsra1vbG6Vt62d3b39g0r1sK3iVGLSwjGLZTdAijAqSEtTzUg3kQTxgJFOML7N/c4TkYrG4lFPEuJzNBQ0ohhpIz24zvWgUnMddwZ7lXgFqYECzUEVWv0wxiknQmOGlOp5bqL9DElNMSNTq58qkiA8RkPSM1QgTpSfzbJO7VOjhHYUS/OEtmfq340McaUmPDCTHOmRWvZy8V/veX5gQQtVfmRRC/hSQh1d+RkVSaqJwPOAUcpsHdt5YXZIJcGaTQxBWFLzRxuPkERYm1ot05633NUqaZ87Xt2p31/UGjdFj2VwDE7AGfDAJWiAO9AELYDBELyAV/AG3+EH/IRf89ESLHaOwALgzy9vn6Pq</latexit>

0.9

<latexit sha1_base64="Ih8At/2tLqvnMO9ZPrViqjY0ESk=">AAACI3icbVC7TsMwFLXLq4RXCyNLRIXEFCUICmMFC2MR9CG1UeU4TmvVdiLbQVRRP4EVvoCvYUMsDPwLTpuBthzJ0tE59+oenyBhVGnX/YaltfWNza3ytrWzu7d/UKketlWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxre533kiUtFYPOpJQnyOhoJGFCNtpAfXuRxUaq7jzmCvEq8gNVCgOahCqx/GOOVEaMyQUj3PTbSfIakpZmRq9VNFEoTHaEh6hgrEifKzWdapfWqU0I5iaZ7Q9kz9u5EhrtSEB2aSIz1Sy14u/us9zw8saKHKjyxqAV9KqKNrP6MiSTUReB4wSpmtYzsvzA6pJFiziSEIS2r+aOMRkghrU6tl2vOWu1ol7XPHqzv1+4ta46bosQyOwQk4Ax64Ag1wB5qgBTAYghfwCt7gO/yAn/BrPlqCxc4RWAD8+QVoq6Pm</latexit>

0.5

<latexit sha1_base64="aTV9gyw8+zsH2+KeoCctdyYz9kg=">AAACI3icbVDLSgMxFE3qq46vVpdugkVwNcyIVJdFNy4r2ge0Q8lkMm1okhmSjFhKP8GtfoFf407cuPBfzLSzsNUDgcM593JPTphypo3nfcHS2vrG5lZ529nZ3ds/qFQP2zrJFKEtkvBEdUOsKWeStgwznHZTRbEIOe2E45vc7zxSpVkiH8wkpYHAQ8liRrCx0r3n+oNKzXO9OdBf4hekBgo0B1Xo9KOEZIJKQzjWuud7qQmmWBlGOJ05/UzTFJMxHtKepRILqoPpPOsMnVolQnGi7JMGzdXfG1MstJ6I0E4KbEZ61cvFf72nxYElLdL5kWUtFCsJTXwVTJlMM0MlWQSMM45MgvLCUMQUJYZPLMFEMftHREZYYWJsrY5tz1/t6i9pn7t+3a3fXdQa10WPZXAMTsAZ8MElaIBb0AQtQMAQPIMX8Arf4Dv8gJ+L0RIsdo7AEuD3D2G3o+I=</latexit>

0.1
<latexit sha1_base64="5ixem1fWrjnuE0G+O43JmO/84nQ=">AAACI3icbVC7TsMwFLXLq4RXCyNLRIXEFCUIFdgqWBiLoA+pjSrHcVqrthPZDqKK+gms8AV8DRtiYeBfcNoMtOVIlo7OuVf3+AQJo0q77jcsra1vbG6Vt62d3b39g0r1sK3iVGLSwjGLZTdAijAqSEtTzUg3kQTxgJFOML7N/c4TkYrG4lFPEuJzNBQ0ohhpIz24zvWgUnMddwZ7lXgFqYECzUEVWv0wxiknQmOGlOp5bqL9DElNMSNTq58qkiA8RkPSM1QgTpSfzbJO7VOjhHYUS/OEtmfq340McaUmPDCTHOmRWvZy8V/veX5gQQtVfmRRC/hSQh1d+RkVSaqJwPOAUcpsHdt5YXZIJcGaTQxBWFLzRxuPkERYm1ot05633NUqaZ87Xt2p31/UGjdFj2VwDE7AGfDAJWiAO9AELYDBELyAV/AG3+EH/IRf89ESLHaOwALgzy9vn6Pq</latexit>

0.9
<latexit sha1_base64="Ih8At/2tLqvnMO9ZPrViqjY0ESk=">AAACI3icbVC7TsMwFLXLq4RXCyNLRIXEFCUICmMFC2MR9CG1UeU4TmvVdiLbQVRRP4EVvoCvYUMsDPwLTpuBthzJ0tE59+oenyBhVGnX/YaltfWNza3ytrWzu7d/UKketlWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxre533kiUtFYPOpJQnyOhoJGFCNtpAfXuRxUaq7jzmCvEq8gNVCgOahCqx/GOOVEaMyQUj3PTbSfIakpZmRq9VNFEoTHaEh6hgrEifKzWdapfWqU0I5iaZ7Q9kz9u5EhrtSEB2aSIz1Sy14u/us9zw8saKHKjyxqAV9KqKNrP6MiSTUReB4wSpmtYzsvzA6pJFiziSEIS2r+aOMRkghrU6tl2vOWu1ol7XPHqzv1+4ta46bosQyOwQk4Ax64Ag1wB5qgBTAYghfwCt7gO/yAn/BrPlqCxc4RWAD8+QVoq6Pm</latexit>

0.5
<latexit sha1_base64="aTV9gyw8+zsH2+KeoCctdyYz9kg=">AAACI3icbVDLSgMxFE3qq46vVpdugkVwNcyIVJdFNy4r2ge0Q8lkMm1okhmSjFhKP8GtfoFf407cuPBfzLSzsNUDgcM593JPTphypo3nfcHS2vrG5lZ529nZ3ds/qFQP2zrJFKEtkvBEdUOsKWeStgwznHZTRbEIOe2E45vc7zxSpVkiH8wkpYHAQ8liRrCx0r3n+oNKzXO9OdBf4hekBgo0B1Xo9KOEZIJKQzjWuud7qQmmWBlGOJ05/UzTFJMxHtKepRILqoPpPOsMnVolQnGi7JMGzdXfG1MstJ6I0E4KbEZ61cvFf72nxYElLdL5kWUtFCsJTXwVTJlMM0MlWQSMM45MgvLCUMQUJYZPLMFEMftHREZYYWJsrY5tz1/t6i9pn7t+3a3fXdQa10WPZXAMTsAZ8MElaIBb0AQtQMAQPIMX8Arf4Dv8gJ+L0RIsdo7AEuD3D2G3o+I=</latexit>

0.1

<latexit sha1_base64="+k5vcYTn9uU2ra7J/iWfPQhK4do=">AAACOHicbVBNS8NAEN34WetXVfDiJVgEvZREpHoUvXjwUMFqwZYw2Wzs0t1N2J2IJfbPeNVf4D/x5k28+gvctD3Y6oOBx3szzMwLU8ENet67MzM7N7+wWFoqL6+srq1XNjZvTJJpypo0EYluhWCY4Io1kaNgrVQzkKFgt2HvvPBvH5g2PFHX2E9ZR8K94jGngFYKKttt7DKE4HK/rWWuIeKgzOAgqFS9mjeE+5f4Y1IlYzSCDafcjhKaSaaQCjDmzvdS7OSgkVPBBuV2ZlgKtAf37M5SBZKZTj58YODuWSVy40TbUugO1d8TOUhj+jK0nRKwa6a9QvzXexwtmNAiUyyZ1EI5dSHGJ52cqzRDpujowDgTLiZukaIbcc0oir4lQDW3P7q0Cxoo2qzLNj1/Oqu/5Oaw5tdr9auj6unZOMcS2SG7ZJ/45JickgvSIE1CyRN5Ji/k1XlzPpxP52vUOuOMZ7bIBJzvH9EVrMU=</latexit>

✓L(radians)

1

�

d�[N ]

d✓L
=

1

�

d�̂[N ]

d✓L
+

4N

2N
⌦1

Q sin3✓L

xL = (1� cos ✓L)/2

✓L = max(✓ij)
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Power Corrections
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      ,  from 
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αs⌦̄1



<latexit sha1_base64="AQiCGc8xyniiNYTX1M1VP7Rou3A=">AAACRXicbVDLSgNBEJyN7/iMHr0MBiGihF2R6DHoxUPwhYlCEsLspJMMzuwuM72SsOQD/Bqv+gV+gx/hTbzq5HEw0YKBmqpuurv8SAqDrvvupGZm5+YXFpfSyyura+sbmc2KCWPNocxDGep7nxmQIoAyCpRwH2lgypdw5z+cDfy7R9BGhMEt9iKoK9YOREtwhlZqbGRrCF1Mbg7oRanU3x/9SpeWXSpos9xNw92zVW7eHYL+Jd6YZMkYV42Mk641Qx4rCJBLZkzVcyOsJ0yj4BL66VpsIGL8gbWhamnAFJh6MrymT3et0qStUNsXIB2qvzsSpozpKd9WKoYdM+0NxH+97mjAhNY0gyGTmq+mNsTWST0RQRQjBHy0YCuWFEM6iJQ2hQaOsmcJ41rYGynvMM042uDTNj1vOqu/pHKY9wr5wvVRtng6znGRbJMdkiMeOSZFck6uSJlw8kSeyQt5dd6cD+fT+RqVppxxzxaZgPP9A3posOI=</latexit>

R, NLL + LO+ ⌦(R0)
<latexit sha1_base64="4fAmQscge4yHNEi9tQL3y/MwjCA=">AAACOXicbVDLSgMxFM34rOOr1YULN8EiCEqZEakui25cFK1iH9CWkknTNjTzILkjLcN8jVv9Ar/EpTtx6w+YaWdhWw8ETs65l3vvcQLBFVjWh7G0vLK6tp7ZMDe3tnd2s7m9mvJDSVmV+sKXDYcoJrjHqsBBsEYgGXEdwerO8Cbx689MKu57TzAOWNslfY/3OCWgpU72oAVsBNHjGb4rl+PT6a98H3eyeatgTYAXiZ2SPEpR6eQMs9X1aegyD6ggSjVtK4B2RCRwKlhstkLFAkKHpM+amnrEZaodTS6I8bFWurjnS/08wBP1b0dEXKXGrqMrXQIDNe8l4r/eaDpgRuuqZMis5rhzG0Lvqh1xLwiBeXS6YC8UGHycxIi7XDIKYqwJoZLrGzEdEEko6LBNnZ49n9UiqZ0X7GKh+HCRL12nOWbQITpCJ8hGl6iEblEFVRFFMXpBr+jNeDc+jS/je1q6ZKQ9+2gGxs8v7N2syA==</latexit>

R, NLL + LO

<latexit sha1_base64="K/pFMydGL7F8p4V12ux0BVUPWUk=">AAACNnicbVDLSsNAFJ34rPHVqjs3g0VwVRKR6rIoiDsr2Ae0oUwmN+3QyYOZibSG/otb/QJ/xY07cesnOGmzsK0HBg7n3Ms9c9yYM6ks68NYWV1b39gsbJnbO7t7+8XSQVNGiaDQoBGPRNslEjgLoaGY4tCOBZDA5dByhzeZ33oCIVkUPqpxDE5A+iHzGSVKS73iUVfBSO+lt2wEHr4XHohJr1i2KtYUeJnYOSmjHPVeyTC7XkSTAEJFOZGyY1uxclIiFKMcJmY3kRATOiR96GgakgCkk07jT/CpVjzsR0K/UOGp+ncjJYGU48DVkwFRA7noZeK/3mh2YE7zZHZkXnODhYTKv3JSFsaJgpDOAvoJxyrCWYfYYwKo4mNNCBVM/xHTARGEKt20qduzF7taJs3zil2tVB8uyrXrvMcCOkYn6AzZ6BLV0B2qowai6Bm9oFf0Zrwbn8aX8T0bXTHynUM0B+PnF5mOrDA=</latexit>

Fixed Order
<latexit sha1_base64="sKlp3ERJITORsQoKyvLzp15uicc=">AAACNXicbZDLSsNAFIZnvNZ4a+3SzWARXJVEpLosunFZoTdoQ5lMJu3QySTMTKQh9Fnc6hP4LC7ciVtfwUmbhW394cDPd87hHH4v5kxp2/6AW9s7u3v7pQPr8Oj45LRcOeuqKJGEdkjEI9n3sKKcCdrRTHPajyXFocdpz5s+5P3eM5WKRaKt05i6IR4LFjCCtUGjcnWo6czsZW2JhWI5nI/KNbtuL4Q2jVOYGijUGlWgNfQjkoRUaMKxUgPHjrWbYakZ4XRuDRNFY0ymeEwHxgocUuVmi+/n6NIQHwWRNCU0WtC/GxkOlUpDz0yGWE/Uei+H//ZmywMrzFf5kVXmhWsf6uDOzZiIE00FWT4YJBzpCOURIp9JSjRPjcFEmswIIhMsMdEmaMuk56xntWm613WnUW883dSa90WOJXAOLsAVcMAtaIJH0AIdQEAKXsAreIPv8BN+we/l6BYsdqpgRfDnF6VPrEU=</latexit>

Transition

<latexit sha1_base64="kR7h37Pche/FNZfW93a8r1358jg=">AAACN3icbVDLSgMxFM3UV62vVnHlJlgEV2VGpLosCtJlBfuAdiiZzG0bmskMSUZahn6MW/0CP8WVO3HrH5hpZ2FbDwQO59zLPTlexJnStv1h5TY2t7Z38ruFvf2Dw6Ni6bilwlhSaNKQh7LjEQWcCWhqpjl0Igkk8Di0vfF96refQSoWiic9jcANyFCwAaNEG6lfPO1pmJi95EEC4DrxZSjUrF8s2xV7DrxOnIyUUYZGv2QVen5I4wCEppwo1XXsSLsJkZpRDrNCL1YQETomQ+gaKkgAyk3m+Wf4wig+HoTSPKHxXP27kZBAqWngmcmA6JFa9VLxX2+yOLCk+So9sqx5wUpCPbh1EyaiWIOgi4CDmGMd4rRE7DMJVPOpIYRKZv6I6YhIQrWpumDac1a7Wietq4pTrVQfr8u1u6zHPDpD5+gSOegG1VAdNVATUZSgF/SK3qx369P6sr4Xozkr2zlBS7B+fgF1mayf</latexit> F
r
e
e
H
a
d
r
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n
s

<latexit sha1_base64="lbprY8afGVz7hgOuv/z4CXlrknA=">AAACLnicbVDLSgMxFM34rPXV6tJNsAiCtcyIVDdC0Y3LFuwD+yKT3rahycyQZMQy9D/c6hf4NYILcetnmGlnYVsPBA7n3Ms9OW7AmdK2/WmtrK6tb2ymttLbO7t7+5nsQU35oaRQpT73ZcMlCjjzoKqZ5tAIJBDhcqi7o7vYrz+BVMz3HvQ4gLYgA4/1GSXaSB3onEHnPN/KV25E97GbydkFewq8TJyE5FCCcjdrpVs9n4YCPE05Uarp2IFuR0RqRjlM0q1QQUDoiAygaahHBKh2NI09wSdG6eG+L83zNJ6qfzciIpQaC9dMCqKHatGLxX+959mBOa2n4iPzmisWEur+dTtiXhBq8OgsYD/kWPs47g73mASq+dgQQiUzf8R0SCSh2jScNu05i10tk9pFwSkWipXLXOk26TGFjtAxOkUOukIldI/KqIookugFvaI36936sL6s79noipXsHKI5WD+/iwuoBw==</latexit>

e+e�, Q = mZ

<latexit sha1_base64="mor7Afbnn2VBou8qjkxw6GCg+SQ="></latexit>

2N
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d�[N ]

d✓L

<latexit sha1_base64="+k5vcYTn9uU2ra7J/iWfPQhK4do=">AAACOHicbVBNS8NAEN34WetXVfDiJVgEvZREpHoUvXjwUMFqwZYw2Wzs0t1N2J2IJfbPeNVf4D/x5k28+gvctD3Y6oOBx3szzMwLU8ENet67MzM7N7+wWFoqL6+srq1XNjZvTJJpypo0EYluhWCY4Io1kaNgrVQzkKFgt2HvvPBvH5g2PFHX2E9ZR8K94jGngFYKKttt7DKE4HK/rWWuIeKgzOAgqFS9mjeE+5f4Y1IlYzSCDafcjhKaSaaQCjDmzvdS7OSgkVPBBuV2ZlgKtAf37M5SBZKZTj58YODuWSVy40TbUugO1d8TOUhj+jK0nRKwa6a9QvzXexwtmNAiUyyZ1EI5dSHGJ52cqzRDpujowDgTLiZukaIbcc0oir4lQDW3P7q0Cxoo2qzLNj1/Oqu/5Oaw5tdr9auj6unZOMcS2SG7ZJ/45JickgvSIE1CyRN5Ji/k1XlzPpxP52vUOuOMZ7bIBJzvH9EVrMU=</latexit>

✓L(radians)

<latexit sha1_base64="1sexMWvIc3YB9DJMks2F51cAzDI=">AAACNnicbZDLSsNAFIYn9VbjrVV3boJFcFUSkeqy6MZlFXuBNpTJ5LQdOpOEmYm0hr6LW30CX8WNO3HrIzhJs7CtBwZ+vnMO55/fixiVyrY/jMLa+sbmVnHb3Nnd2z8olQ9bMowFgSYJWSg6HpbAaABNRRWDTiQAc49B2xvfpv32EwhJw+BRTSNwOR4GdEAJVhr1S8c9BRO9lzyAjDnP6KxfqthVOytrVTi5qKC8Gv2yYfb8kMQcAkUYlrLr2JFyEywUJQxmZi+WEGEyxkPoahlgDtJNMvsz60wT3xqEQr9AWRn9u5FgLuWUe3pSGxzJ5V4K/+1N5gcWmC/TI4vM40sO1eDaTWgQxQoCMjc4iJmlQivN0PKpAKLYVAtMBNV/tMgIC0yUTtrU6TnLWa2K1kXVqVVr95eV+k2eYxGdoFN0jhx0heroDjVQExH0jF7QK3oz3o1P48v4no8WjHznCC2U8fMLiUKsuA==</latexit>

Resummation

<latexit sha1_base64="2lHwROS04BmYh1gtB/ExRuSCFDQ=">AAACNnicbVDLTsJAFJ36RHyBunPTSExckdYYdEl04xITeSSUkOlwgQkzbTNza8Cm/+JWv8BfcePOuPUTHKALAU8yyck59+aeOX4kuEbH+bDW1jc2t7ZzO/ndvf2Dw0LxqKHDWDGos1CEquVTDYIHUEeOAlqRAip9AU1/dDf1m0+gNA+DR5xE0JF0EPA+ZxSN1C2ceAhjTDyQ0TCpTXDIaZp2CyWn7MxgrxI3IyWSodYtWnmvF7JYQoBMUK3brhNhJ6EKOROQ5r1YQ0TZiA6gbWhAJehOMouf2udG6dn9UJkXoD1T/24kVGo9kb6ZlBSHetmbiv964/mBBa2np0cWNV8uJcT+TSfhQRQjBGwesB8LG0N72qHd4woYiokhlClu/mizIVWUoWk6b9pzl7taJY3LslspVx6uStXbrMccOSVn5IK45JpUyT2pkTph5Jm8kFfyZr1bn9aX9T0fXbOynWOyAOvnF4INrLQ=</latexit>

Pythia
<latexit sha1_base64="/AOr5OUA8+L5bdaKqpkiVPmg3UE=">AAACNnicbVDLTsJAFJ36RHyBunPTSExckdYYdEl0wxITeSRAyHS4wISZtpm5VbDhX9zqF/grbtwZt36CU+hCwJNMcnLOvblnjhcKrtFxPqy19Y3Nre3MTnZ3b//gMJc/qusgUgxqLBCBanpUg+A+1JCjgGaogEpPQMMb3SV+4xGU5oH/gJMQOpIOfN7njKKRurmTNsIY4zbIcBhXQD3xwXTazRWcojODvUrclBRIimo3b2XbvYBFEnxkgmrdcp0QOzFVyJmAabYdaQgpG9EBtAz1qQTdiWfxp/a5UXp2P1Dm+WjP1L8bMZVaT6RnJiXFoV72EvFfbzw/sKD1dHJkUfPkUkLs33Ri7ocRgs/mAfuRsDGwkw7tHlfAUEwMoUxx80ebDamiDE3TWdOeu9zVKqlfFt1SsXR/VSjfpj1myCk5IxfEJdekTCqkSmqEkWfyQl7Jm/VufVpf1vd8dM1Kd47JAqyfX3H2rKs=</latexit>

Herwig
<latexit sha1_base64="QrH+5UfaiVm3f/rDnb55c7xgqR8=">AAACM3icbVDLTsJAFJ3iC+sLdOmmkZjghrRqUHaoGxcmYiKPBBoynQ4wYfrIzK1CGj7FrX6BH2PcGbf+g1PoQsCTTHJyzr25Z44TcibBND+0zMrq2vpGdlPf2t7Z3cvl9xsyiAShdRLwQLQcLClnPq0DA05boaDYczhtOsObxG8+USFZ4D/COKS2h/s+6zGCQUndXL4DdATxfe3qrmhVKmcnk26uYJbMKYxlYqWkgFLUunlN77gBiTzqA+FYyrZlhmDHWAAjnE70TiRpiMkQ92lbUR97VNrxNPvEOFaKa/QCoZ4PxlT9uxFjT8qx56hJD8NALnqJ+K83mh2Y01yZHJnXHG8hIfQu7Zj5YQTUJ7OAvYgbEBhJgYbLBCXAx4pgIpj6o0EGWGACqmZdtWctdrVMGqclq1wqP5wXqtdpj1l0iI5QEVnoAlXRLaqhOiLoGb2gV/SmvWuf2pf2PRvNaOnOAZqD9vMLjj2pfA==</latexit>

OPAL(1993)

<latexit sha1_base64="pZSTePzA4MQubW0VujRygOC1kjk=">AAACJ3icbVDLSgMxFE3qq9ZXq0s3wSK4scyIVJdFNy4r2Ae0Y8lkMm1okhmSjFiGfoRb/QK/xp3o0j8x087Cth4IHM65l3ty/JgzbRznGxbW1jc2t4rbpZ3dvf2DcuWwraNEEdoiEY9U18eaciZpyzDDaTdWFAuf044/vs38zhNVmkXywUxi6gk8lCxkBBsrdVznMT13p4Ny1ak5M6BV4uakCnI0BxVY6gcRSQSVhnCsdc91YuOlWBlGOJ2W+ommMSZjPKQ9SyUWVHvpLO8UnVolQGGk7JMGzdS/GykWWk+EbycFNiO97GXiv97z/MCCFujsyKLmi6WEJrz2UibjxFBJ5gHDhCMToaw0FDBFieETSzBRzP4RkRFWmBhbbcm25y53tUraFzW3XqvfX1YbN3mPRXAMTsAZcMEVaIA70AQtQMAYvIBX8Abf4Qf8hF/z0QLMd47AAuDPL6FepZA=</latexit>

10�1
<latexit sha1_base64="FX2ABLq80O1T8s7vH0h5UqafHDU=">AAACJnicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5cV7APasWQymTY2yQxJRixD/8GtfoFf407EnZ9ipu3Cth4IHM65l3tygoQzbVz3GxbW1jc2t4rbzs7u3v5BqXzY0nGqCG2SmMeqE2BNOZO0aZjhtJMoikXAaTsY3eR++4kqzWJ5b8YJ9QUeSBYxgo2VWp77kLmTfqniVt0p0Crx5qQC5mj0y9DphTFJBZWGcKx113MT42dYGUY4nTi9VNMEkxEe0K6lEguq/Wwad4JOrRKiKFb2SYOm6t+NDAutxyKwkwKboV72cvFf73l2YEELdX5kUQvEUkITXfkZk0lqqCSzgFHKkYlR3hkKmaLE8LElmChm/4jIECtMjG3Wse15y12tktZ51atVa3cXlfr1vMciOAYn4Ax44BLUwS1ogCYg4BG8gFfwBt/hB/yEX7PRApzvHIEFwJ9fKqylWA==</latexit>

100

<latexit sha1_base64="5IIMluGpiyVIpVFdDVvDe9pCjW4=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtRujSs2tuwugv8QrSA0UaI2q0BmGMUkFlYZwrPXAcxPjZ1gZRjidO8NU0wSTKR7TgaUSC6r9bJF0js6tEqIoVvZJgxbq740MC61nIrCTApuJXvdy8V/vaXlgRQt1fmRVC8RaQhPd+BmTSWqoJMuAUcqRiVFeFwqZosTwmSWYKGb/iMgEK0yMLdWx7XnrXf0l3cu616g32le15m3RYxmcgjNwATxwDZrgHrRABxBAwTN4Aa/wDb7DD/i5HC3BYucErAB+/wB8KaN1</latexit>

6

<latexit sha1_base64="oldeFIRjF2AJu9VuuuRh9IOr6LA=">AAACHXicbVDLTgIxFL2DLxxf4NZNIzFxRWaMQZdENy4xkUcCE9LpdKCh7UzajpEQvsCtfoFf484tf2MHZiHgSZqcnHNv7ukJU8608byFU9rZ3ds/KB+6R8cnp2cVt9rRSaYIbZOEJ6oXYk05k7RtmOG0lyqKRchpN5w85n73lSrNEvlipikNBB5JFjOCjZWeb4eVmlf3lkDbxC9IDQq0hlXHHUQJyQSVhnCsdd/3UhPMsDKMcDp3B5mmKSYTPKJ9SyUWVAezZdI5urJKhOJE2ScNWqp/N2ZYaD0VoZ0U2Iz1ppeL/3pvqwNrWqTzI+taKDYSmvg+mDGZZoZKsgoYZxyZBOV1oYgpSgyfWoKJYvaPiIyxwsTYUl3bnr/Z1Tbp3NT9Rr1Raz4ULZbhAi7hGny4gyY8QQvaQIDCO3zAp/PlfDs/q8GSU2ycwxqcxS+tW6IQ</latexit>

4

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="XRYa/KXh1FTBQjpIxiDyfL/TzDI=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZUqsuiG5ct2Ae0Q8lkMm1okhmSjFhKv8CtfoFf407ciT9jpp2FbT0QOJxzL/fkBAln2rjuNyxsbG5t7xR3nb39g8OjUvm4reNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvs/8zhNVmsXy0UwS6gs8lCxiBBsrNa8GpYpbdedA68TLSQXkaAzK0OmHMUkFlYZwrHXPcxPjT7EyjHA6c/qppgkmYzykPUslFlT703nSGTq3SoiiWNknDZqrfzemWGg9EYGdFNiM9KqXif96z4sDS1qosyPLWiBWEpro1p8ymaSGSrIIGKUcmRhldaGQKUoMn1iCiWL2j4iMsMLE2FId25632tU6aV9WvVq11ryu1O/yHovgFJyBC+CBG1AHD6ABWoAACl7AK3iD7/ADfsKvxWgB5jsnYAnw5xd28qNy</latexit>

3

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="oldeFIRjF2AJu9VuuuRh9IOr6LA=">AAACHXicbVDLTgIxFL2DLxxf4NZNIzFxRWaMQZdENy4xkUcCE9LpdKCh7UzajpEQvsCtfoFf484tf2MHZiHgSZqcnHNv7ukJU8608byFU9rZ3ds/KB+6R8cnp2cVt9rRSaYIbZOEJ6oXYk05k7RtmOG0lyqKRchpN5w85n73lSrNEvlipikNBB5JFjOCjZWeb4eVmlf3lkDbxC9IDQq0hlXHHUQJyQSVhnCsdd/3UhPMsDKMcDp3B5mmKSYTPKJ9SyUWVAezZdI5urJKhOJE2ScNWqp/N2ZYaD0VoZ0U2Iz1ppeL/3pvqwNrWqTzI+taKDYSmvg+mDGZZoZKsgoYZxyZBOV1oYgpSgyfWoKJYvaPiIyxwsTYUl3bnr/Z1Tbp3NT9Rr1Raz4ULZbhAi7hGny4gyY8QQvaQIDCO3zAp/PlfDs/q8GSU2ycwxqcxS+tW6IQ</latexit>

4

<latexit sha1_base64="5IIMluGpiyVIpVFdDVvDe9pCjW4=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtRujSs2tuwugv8QrSA0UaI2q0BmGMUkFlYZwrPXAcxPjZ1gZRjidO8NU0wSTKR7TgaUSC6r9bJF0js6tEqIoVvZJgxbq740MC61nIrCTApuJXvdy8V/vaXlgRQt1fmRVC8RaQhPd+BmTSWqoJMuAUcqRiVFeFwqZosTwmSWYKGb/iMgEK0yMLdWx7XnrXf0l3cu616g32le15m3RYxmcgjNwATxwDZrgHrRABxBAwTN4Aa/wDb7DD/i5HC3BYucErAB+/wB8KaN1</latexit>
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<latexit sha1_base64="46apvGdOrpmE0tNtDjm/A5UOBB0=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtb1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBzeKNw</latexit>

1

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="oldeFIRjF2AJu9VuuuRh9IOr6LA=">AAACHXicbVDLTgIxFL2DLxxf4NZNIzFxRWaMQZdENy4xkUcCE9LpdKCh7UzajpEQvsCtfoFf484tf2MHZiHgSZqcnHNv7ukJU8608byFU9rZ3ds/KB+6R8cnp2cVt9rRSaYIbZOEJ6oXYk05k7RtmOG0lyqKRchpN5w85n73lSrNEvlipikNBB5JFjOCjZWeb4eVmlf3lkDbxC9IDQq0hlXHHUQJyQSVhnCsdd/3UhPMsDKMcDp3B5mmKSYTPKJ9SyUWVAezZdI5urJKhOJE2ScNWqp/N2ZYaD0VoZ0U2Iz1ppeL/3pvqwNrWqTzI+taKDYSmvg+mDGZZoZKsgoYZxyZBOV1oYgpSgyfWoKJYvaPiIyxwsTYUl3bnr/Z1Tbp3NT9Rr1Raz4ULZbhAi7hGny4gyY8QQvaQIDCO3zAp/PlfDs/q8GSU2ycwxqcxS+tW6IQ</latexit>

4

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0
<latexit sha1_base64="XRYa/KXh1FTBQjpIxiDyfL/TzDI=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZUqsuiG5ct2Ae0Q8lkMm1okhmSjFhKv8CtfoFf407ciT9jpp2FbT0QOJxzL/fkBAln2rjuNyxsbG5t7xR3nb39g8OjUvm4reNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvs/8zhNVmsXy0UwS6gs8lCxiBBsrNa8GpYpbdedA68TLSQXkaAzK0OmHMUkFlYZwrHXPcxPjT7EyjHA6c/qppgkmYzykPUslFlT703nSGTq3SoiiWNknDZqrfzemWGg9EYGdFNiM9KqXif96z4sDS1qosyPLWiBWEpro1p8ymaSGSrIIGKUcmRhldaGQKUoMn1iCiWL2j4iMsMLE2FId25632tU6aV9WvVq11ryu1O/yHovgFJyBC+CBG1AHD6ABWoAACl7AK3iD7/ADfsKvxWgB5jsnYAnw5xd28qNy</latexit>

3

<latexit sha1_base64="46apvGdOrpmE0tNtDjm/A5UOBB0=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtb1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBzeKNw</latexit>

1

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0

Projected N-point 

Energy Correlators

Dixon, Moult, Zhu (2019)

Lee, Pathak, I.S., Sun (2024)

e+e−

Resummation θL ≪ 1
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EEC in back-to-back limit

(3-loop result:  Li, Zhu 2016;  Vladimirov 2016)

Ebert, Mistlberger, Vita (2020)
Luo, Yang, Zhu, Zhu (2020)

4

pure rapidity renormalization scale. In this renormaliza-
tion scheme, the soft function is dropped since it is 1 to
all orders, while the collinear and anti-collinear jet func-
tions are identical up to � ! 1/�, and the rapidity scale
dependence cancels exactly at each order in perturbation
theory in the product of the jet functions.

The hard and jet functions in eq. (14) obey the follow-
ing renormalization group equations [51],

µ
d

dµ
lnHqq̄(Q,µ) = �

q

H
(Q,µ) ,

µ
d

dµ
lnJq

⇣
bT , µ,

QbT

�

⌘
= �Jq

(µ, �µ/Q) , (15)

with the anomalous dimensions

�
q

H
(Q,µ) = 4�q

cusp[↵s(µ)] ln
Q

µ
+ 4�q

H
[↵s(µ)] , (16)

�Jq
(µ, �µ/Q) = 2�q

cusp[↵s(µ)] ln
�µ

Q
� 2�q

H
[↵s(µ)] ,

where �q

cusp is the cusp anomalous dimension in the fun-
damental representation [19–21], the quark anomalous
dimension �

q

H
[↵s(µ)] is related to the quark collinear

anomalous dimension [109], and we di↵erentiated the
anomalous dimensions from their non-cusp part by the
number of arguments as commonly done in SCET liter-
ature. The EEC jet function also obeys a rapidity RGE,
governed by the rapidity anomalous dimension

�
d

d�
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⇣
bT , µ,

QbT

�

⌘
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1

2
�
q

r
(bT , µ) , (17)

We solve these RGEs to obtain the resummed cross
section for the EEC explicitly in terms of the anomalous
dimensions and boundary functions
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1� z

�
Hqq̄(Q,µH) (18)

⇥Jq

⇣
bT , µJ ,

QbT

�n

⌘
Jq̄

⇣
bT , µJ , QbT�n̄

⌘⇣
�n

�n̄

⌘ 1
2�

q

r
(bT ,µJ )

⇥ exp


4

Z
µH

µJ

dµ0

µ0 �
q

cusp[↵s(µ
0)] ln

µ
0

Q
� �

q

H
[↵s(µ

0)]

�
.

The logarithmic accuracy of the resummed cross sec-
tion is defined in terms of the perturbative order at which
the ingredients entering eq. (18) are computed, as shown
in Table I. Explicitly, N4LL resummation requires the
cusp anomalous dimension and the QCD beta function
to 5 loops [110, 111], the collinear dimension at 4 loops
[109], the jet function boundaries at 3 loops [50], the
hard function at 3 loops [99, 100], and the 4-loop rapid-
ity anomalous dimension, which we obtained in this Let-
ter. In combination with an approximation of the five
loop cusp anomalous dimension [110], we have now all
anomalous dimensions for N4LL resummation at our dis-
posal and can apply them towards realistic observables.

Accuracy H, J �cusp(↵s) �
q

H
(↵s) �

q

r (↵s) �(↵s)

LL Tree level 1-loop – – 1-loop

NLL Tree level 2-loop 1-loop 1-loop 2-loop

NLL0 1-loop 2-loop 1-loop 1-loop 2-loop

NNLL 1-loop 3-loop 2-loop 2-loop 3-loop

NNLL0 2-loop 3-loop 2-loop 2-loop 3-loop

N3LL 2-loop 4-loop 3-loop 3-loop 4-loop

N3LL0 3-loop 4-loop 3-loop 3-loop 4-loop

N4LL 3-loop 5-loop 4-loop 4-loop 5-loop

N4LL0 4-loop 5-loop 4-loop 4-loop 5-loop

TABLE I Resummation accuracy in terms of the
perturbative order of boundary terms, anomalous

dimensions and beta function.

Numerical Results

We have implemented the resummed cross section of
eq. (18) in a private python code and performed the re-
summation of this observable up to N4LL. Note that this
constitutes the first ever resummation for an event shape
at this level of accuracy. On top of all the necessary ingre-
dients for N4LL resummation, we also include the 4-loop
hard function, which we have extracted from the 4-loop
form factor calculation of ref. [101]. Figure 2 shows our
results as a function of the scattering angle � through
di↵erent logarithmic orders. We observe that increasing
the logarithmic order leads to an improved description of
the EEC. We indicate uncertainty estimates due to the
truncation of the logarithmic accuracy by colored bands
and observe that successively higher order bands are con-
tained within the estimates based on previous orders. We
conclude that the our computation of the EEC in the
limit of z ! 1 at N4LL yields a highly precise deter-
mination of the perturbative contribution to scattering
observable in this limit.
Our uncertainty estimates are based on the variation of

renormalization scales. As expected, the explicit depen-
dence on the renormalization scales µ and � exactly can-
cels in the resummed cross section in eq. (18). The result
depends on the boundary scales {µH , µJ , �n,n̄} marking
the starting points of the RG evolution. The choice of
these boundary scales is in principle arbitrary and, at
any given logarithmic accuracy, the resummed cross sec-
tions obtained with di↵erent choices of boundary scales
would give results that di↵er by terms that are beyond
this logarithmic accuracy. We select the scales:

{µ
⇤
H

= Q,µ
⇤
J
= b0/bT , �

⇤
n
= QbT /b0 = 1/�⇤

n̄
}. (19)

When choosing these values for the boundary scales,
all explicit logarithms in the boundary functions vanish
identically. Eq. (18) evaluated with this canonical choice
constitutes our central value of the resummed prediction.
We estimate perturbative uncertainties on the resummed

Key new ingredients:

• CS kernel to 4-loops

�q
⇣ [↵s] = ↵s �

q(1)
⇣ + ↵2

s �
q(2)
⇣ + ↵3

s �
q(3)
⇣ + ↵4

s �
q(4)
⇣ + . . .

Duhr, Mistlberger, Vita (2022)
Moult, Zhu, Zhu (2022)

• OPE for TMD PDFs and FFs to 3-loops

fpert
i/h (x, bT , µ, ⇣) =

X

j

Z
dy

y
Cij(x/y, bT , µ, ⇣)fj/h(y, µ)

(all channels)

5
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FIG. 2 Resummed result for the EEC in the back-to-
back region up to N4LL accuracy. Uncertainty bands
reflect the residual perturbative uncertainty and are ob-
tained with a 15-point scale variation of the resummation

scales. See text for details.

cross section by evaluating eq. (18) with di↵erent bound-
ary scales. Here, we vary the scales individually by a
factor of 1

2 or 2 around their canonical value and remove
the configurations with simultaneous variations of factors
greater than 2 or smaller than 1

2 . Next, we take the en-
velope of the results as our estimate of the perturbative
uncertainty. This results in a 15-point scale variation
procedure very analogous to the usual 7-point scale vari-
ation employed to estimate perturbative uncertainties in
fixed order calculations. To treat the large bT behavior
in the Fourier transform we use the b

⇤ prescription [2, 3]
employed in ref. [50].

Note that the cusp anomalous dimension is known at
5 loops only in approximate form [110] with an 80% rel-

ative uncertainty, �(5)
cusp = 0.21±0.17, but it is in general

expected that its numerical impact to be very small. In
figure 3 we show the e↵ect of varying the 5 loops cusp
anomalous dimension coe�cient around the values of the
uncertainty, {�(5)

Cusp,+ = 0.38,�(5)
Cusp = 0.21,�(5)

Cusp,� =
0.04}. We see that it generates a sub-per-mille variation,
confirming that it is indeed the case that its numerical
impact is small and that the approximation of ref. [110] is
more than enough for current phenomenological studies.

We leave a full phenomenological study of the EEC in-
cluding fixed order predictions [47, 70, 71], state of the
art resummation in the z ! 0 limit [44, 49] as well as esti-
mation of parametric and non-perturbative uncertainties
to future work.

CONCLUSION

Throughout this Letter we have discussed the com-
putation of the four-loop corrections to the quark and

166 168 170 172 174 176 178

�[�]
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R
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4
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�
(5
)

C
u
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N4LL �(5)
Cusp

N4LL �(5)
Cusp,�

N4LL �(5)
Cusp,+

FIG. 3 Comparison of the central value for the EEC
distribution between the resummed result computed with
di↵erent values of the 5-loop cusp anomalous dimension.

gluon rapidity anomalous dimensions, which control the
all-order structure of large logarithms for several quan-
tities of phenomenological interest, including transverse
momentum distributions at proton colliders and event
shape observables at e+e� colliders. Our computation is
built on our recent determination of the four-loop soft
anomalous dimension and the conjectured duality be-
tween the soft and rapidity anomalous dimensions. Our
result is fully analytic, up to four constant that are only
known numerically. Remarkably, our results exhibit gen-
eralized Casimir scaling, a property which was observed
to hold also for the cusp anomalous dimension through
four loops. We also applied our results for the rapidity
anomalous dimension to obtain for the first time phe-
nomenological results for the EEC in the back-to-back
region at N4LL, providing the most precise resummed
calculation for this observable to date and the first ex-
ample of the resummation of a TMD observable to fourth
logarithmic order. This shows that our result will play an
important role in the future precisely determine several
quantities of phenomenological interest.
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Higgs qT spectrum
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Non-perturbative

qT
d�

dqT
=
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i=1

�i
s

2i�1�

j=0

lnj qT

mH
+ O(q2

T )

Resummation

Fixed Order
qT

d�

dqT
= �sh1 + �2

sh2 + �3
sh3 + . . .

LO NLO NNLO

Transition Region

nonsingular
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Higgs recoils against Jets
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Jet

gluon fusion

qT � mH

qT � mH
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W (xa, xb,mH ,�b) =
���CV

�
mt,mH , µ

����
2
S(�b, µ, �)B��

g/N1
(xa, Q,�b, µ, �)B��

g/N2
(xb, Q,�b, µ, �)

B��
g/N (x,Q,�b, µ, �) =

�

k

�
d�

�
I��

gk

�x

�
,�b, µ, �

�
fk/N (�, µ) +O

�
�2

QCD
�b 2

�

CV

S

f

f

I

I

µ
�

µ = invariant mass scale
� = “rapidity” RGE scale

Small qT  factorization
d2�

dqT dY
= W (0)(qT , Y ) +W non.sing.(qT , Y )

W (0)(qT , Y ) =

Z
d2~b

(2⇡)2
ei
~b·~qT W

�
xa, xb,mH ,~b

�

Collins, Soper, Sterman
SCET

μ ≃ ΛQCD

μ ≃ 1/b

μ ≃ Q

p+

p−
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dqT dY
= W (0)(qT , Y ) +W non.sing.(qT , Y )

Small qT  factorization

μ ≃ ΛQCD

μ ≃ 1/b

μ ≃ Q



Motivation

• Measure �ducial & di�erential Higgs cross sections at the LHC

I Most basic thing to do after discovering the Higgs
I Most model-independent way we have to search for BSM in the Higgs sector

• Total �ducial cross section measures deviations from SM gluon-fusion rate:

t

g

g

H
+

g

g

H
=

⇣
↵s

12⇡v
Ct +

v

⇤2
CHG

⌘
H G

a

µ⌫
G

a,µ⌫

�/��

Goals of this talk

Consider gg ! H ! �� with ATLAS �ducial cuts:

p
�1

T
� 0.35mH , p

�2

T
� 0.25mH , |⌘

�
|  2.37 , |⌘

�
| /2 [1.37, 1.52]

Goal
• Compute �ducial spectrum in qT ⌘ p

H

T = p
��

T
at N3LL0�N3LO

• Compute total �ducial cross section at N3LO, and improved by resummation

�/��

Exploring Two Axes at Colliders: From Precision to Novel Observables

The Higgs pT Spectrum and Total Cross Section
with Fiducial Cuts at N3LL0�N3LO

based on
[����.�����]

in collaboration with
G. Billis, B. Dehnadi, M. Ebert, F. Tackmann

Billis, Dehnadi, Ebert, 

Michel, Tackmann


(2021)

Fiducial cross section measures deviation from SM gluon-fusion: 

�fid =

Z
dqT dY A(qT , Y ;⇥)W (qT , Y ) A=acceptance

Acceptance causes a need for resummation to obtain Fiducial cross section

Resummation e�ects in the total cross section

Key point
Fiducial power corrections induce resummation e�ects in the total cross section

Two ways to understand this:
�. Acceptance acts as a weight in the qT integral
�. We’re cutting on the resummation-sensitive photon pT
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I Leaves behind logarithms of pL

mH

=
p
cut

T � mH/2

mH

= 0.15

��/��

cutting on photon pT 

induces large logs
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Leading-power factorization & resummation to N3LL0

At leading power in qT ⌧ mH , the hadronic dynamics factorize as:

W
(0)

(qT , Y ) = H(m
2

H , µ)

Z
d
2~ka d

2~kb d
2~ks �

�
qT � |~ka + ~kb + ~ks|

�

⇥ B
µ⌫

g (xa,
~ka, µ, ⌫)Bg µ⌫(xb,

~kb, µ, ⌫)S(~ks, µ, ⌫)

To reach N3LL0 forW (0), implemented in SCETlib:
• Three-loop soft and hard function . . . includes in particular the three-loop virtual form factor

[Li, Zhu, ’��] [Baikov et al. ’��; Lee et al. ’��; Gehrmann et al. ’��]

• Three-loop unpolarized and two-loop polarized beam functions
[Ebert, Mistlberger, Vita ’��; Luo, Yang, Zhu, Zhu ’��]
[Luo, Yang, Zhu, Zhu ’��; Gutierrez-Reyes, Leal-Gomez, Scimemi, Vladimirov ’��]

• Four-loop cusp, three-loop noncusp anomalous dimensions
[Brüser, Grozin, Henn, Stahlhofen ’��; Henn, Korchemsky, Mistlberger ’��; v. Manteu�el, Panzer,
Schabinger ’��] [Li, Zhu, ’��; Moch, Vermaseren, Vogt ’��; Idilbi, Ma, Yuan ’��; Vladimirov ’��]

• N3LL solutions to virtuality/rapidity RGEs in bT space
• Hybrid pro�le scales for �xed-order matching

[Lustermans, JM, Tackmann, Waalewijn ’��]
��/��

Resummation Inputs

Fixed Order Inputs

Setup

So we dealt with this . . .

d�
sing

dqT

=

Z
dY A(qT , Y ;⇥)W

(0)
(qT , Y ) =

d�
(0)

dqT

+
d�

fpc

dqT

To match to FO and be able to integrate to the total cross section, we still need:

d�
nons

FO

dqT

=

Z
dY A(qT , Y ;⇥)

h
W

(2)

FO
(qT , Y ) + · · ·

i
=


d�FO1

dqT

�
d�

sing

FO

dqT

�

qT >0

Fixed-order inputs:
• NLO contribution toW (qT , Y ) at qT > 0 is easy
• At NNLO, renormalize & implement bare analytic results forW (qT , Y )

[Dulat, Lionetti, Mistlberger, Pelloni, Specchia ’��]

• At N3LO, use existing binned NNLO1 results from NNLOjet
[Chen, Cruz-Martinez, Gehrmann, Glover, Jaquier ’��-��; as used in Chen et al. ’��; Bizo� et al. ’��]

• Use N3LO total inclusive cross section as additional �t constraint on under�ow
[Mistlberger ’��]

��/��Implemented in C++ Library “SCETlib”
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Perturbative ingredients: Factorized TMD cross section at N3LL0

d�fact

dQ dY dqT

=
X

q

Hqq̄(Q,µ) qT

Z 1

0

dbT bT J0(qT bT )

⇥ f
TMD
q (xa, bT , µ, ⇣) f

TMD
q̄ (xb, bT , µ, ⇣) + (q $ q̄)

Implemented in SCETlib C�� numerical library [Ebert, JKLM, Tackmann]:

• Four-loop cusp, three-loop noncusp anomalous dimensions) N3LL
[Brüser, Grozin, Henn, Stahlhofen ’��; Henn, Korchemsky, Mistlberger ’��; v. Manteu�el, Panzer,
Schabinger ’��] [Moch, Vermaseren, Vogt ’��; Idilbi, Ma, Yuan ’��]

• Three-loop Collins-Soper kernel) N3LL [Li, Zhu, ’��; Vladimirov ’��]
• Three-loop matching of TMD PDFs onto collinear PDFs

[Li, Zhu, ’��; Luo, Yang, Zhu, Zhu ’��; Ebert, Mistlberger, Vita ’��]

I Prediction includes complete three-loop RG boundary conditions) N3LL0

I Integral of spectrum is N3LO-accurate

Not quite needed yet (but ultimately needed for N4LL):
• Four-loop CS kernel, from conformal relation between UV & rapidity anom. dims

[Vladimirov, ����.�����! Duhr, Mistlberger, Vita, ����.�����; Moult, Zhu, Zhu, ����.�����]
��/��



The �ducial qT spectrum at N3LL0�N3LO
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• Total uncertainty is�tot = �qT � �' � �match � �FO � �nons

[See also Ebert, JM, Stewart, Tackmann, ����.����� for details]

• Observe excellent perturbative convergence & uncertainty coverage
• Crucial to consider every variation to probe all parts of the prediction
• Three-loop beam function has noticeable e�fect on central value and band

• DivideH ! �� branching ratio B�� out of data [LHC Higgs Cross Section WG, ����.�����]
• Data are corrected for other production channels, photon isolation e�ciency

[ATLAS, ����.�����] ��/��

The �ducial qT spectrum at N3LL0�N3LO

• Total uncertainty is�tot = �qT � �' � �match � �FO � �nons

[See also Ebert, JM, Stewart, Tackmann, ����.����� for details]

• Observe excellent perturbative convergence & uncertainty coverage
• Crucial to consider every variation to probe all parts of the prediction
• Three-loop beam function has noticeable e�fect on central value and band

• DivideH ! �� branching ratio B�� out of data [LHC Higgs Cross Section WG, ����.�����]
• Data are corrected for other production channels, photon isolation e�ciency

[ATLAS, ����.�����] ��/��

Higgs Results

The total �ducial cross section at N3LO and N3LL0�N3LO

I Large N3LO correction to �ducial cross section (worse than inclusive)
I Caused by �ducial power corrections, not captured by rescaling

I Resummation restores convergence
I Needs both qT and timelike resummation (di�erent e�ects, neither is su�cient)

Interesting: Infrared sensitivity observed e.g. in�⌘�� spectrum at N3LO
[Chen, Gehrmann, Glover, Huss, Mistlberger, ����.�����]

, Precisely the �ducial p.c.’s we can deal with and resum
��/��

(SM)

4

III. THE TOTAL FIDUCIAL CROSS SECTION

If (and only if) the singular distributional structure of
d�(0)

/dqT is known, the qT spectrum can be integrated
to obtain the total cross section. This is the basis of qT
subtractions [44],

� = �
sub(qo↵

T
)+

Z
dqT


d�

dqT
�

d�sub

dqT
✓(qT  q

o↵

T
)

�
. (14)

Here, d�sub = d�(0)[1+O(qT /mH)] contains the singular
terms, with �

sub(qo↵
T

) its distributional integral over qT 

q
o↵

T
, while the term in brackets is numerically integrable.

Taking �
sub

⌘ �
sing, we get

� = �
sing(qo↵

T
) +

Z
q
off
T

0

dqT
d�nons

dqT
+

Z

q
off
T

dqT
d�

dqT
, (15)

which is exactly the integral of Eq. (13). The subtrac-
tions here are di↵erential in qT , where qo↵T ⇠ 10�100GeV
determines the range over which they act and exactly
cancels between all terms.

To integrate d�nons
/dqT in Eq. (15) down to qT = 0,

we parametrize the fixed-order coe�cients in Eq. (12) by
their leading behavior,

qT
d�nons

FO

dqT

����
↵n

s

=
q
2

T

m
2

H

2n�1X

k=0

ak ln
k q

2

T

m
2

H

+ · · · , (16)

and perform a fit to this parameterization, which we then
integrate analytically. To obtain reliable, unbiased fit re-
sults, we must account for the uncertainties in the pa-
rameterization from yet higher-power corrections. We
do so by including additional higher-power coe�cients
as nuisance parameters. In the fiducial case, we include
all O(q3

T
/m

3

H
) coe�cients. The fit procedure is an ex-

tension of the one described in Refs. [103, 104]. It has
been validated extensively, and more details will be given
elsewhere. As a benchmark, we correctly reproduce the
↵s (↵2

s
) coe�cients of the total inclusive cross section to

better than 10�5 (10�4) relative precision.
At N3LO, we use existing NNLOjet results [41, 42] to

get nonsingular data for 0.74GeV (4GeV)  qT  q
o↵

T

for inclusive log bins (for inclusive and fiducial linear
bins). While these data are not yet precise enough to-
wards small qT to give a stable fit on their own, we ex-
ploit that in the inclusive case, the known ↵

3
s
coe�cient

of the total inclusive cross section [25, 105] provides a
su�ciently strong additional constraint to obtain a reli-
able fit. In the fiducial case, we exploit that the inclusive
and fiducial ak arise from the same Y -dependent coef-
ficient functions integrated either inclusively or against
A(0, Y ;⇥). At NLO and NNLO, their ratios are between
0.4 to 0.55. At N3LO, we thus perform a simultaneous
fit to inclusive and fiducial data, using this range as a
1� constraint on the ratio of fiducial and inclusive ak.

FIG. 2. Fiducial and nonsingular power corrections integrated
up to qT  q

cut
T . The yellow band shows �nons from the fit.
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FIG. 3. Total fiducial gg ! H ! �� cross section at fixed or-
der and including resummation, where �resum ⌘ �qT ��' �
�match, compared to preliminary ATLAS measurements [26].

This yields a stable fit, with an acceptable ⇠ 0.1 pb un-
certainty for the fiducial nonsingular integral (�nons).

The often-used qT slicing approach amounts to taking
q
o↵

T
! q

cut

T
⇠ 1GeV and simply dropping the power cor-

rections below q
cut

T
. The nonsingular and fiducial power

corrections are shown in Fig. 2. The latter are huge at
↵
3
s
, and even at ↵

2
s
only become really negligible below

q
cut

T
<
⇠ 10�2 GeV. This is why it is critical for us to

include them in the subtractions (and to resum them).
The remaining nonsingular corrections at ↵

3
s
are about

ten times larger than at ↵
2
s
, and at q

cut

T
= 1 � 5GeV

still contribute 5 � 10% of the total ↵3
s
coe�cient. To-

gether with the current precision of the nonsingular data,
this makes the above di↵erential subtraction procedure
essential to our results.

Evaluating Eq. (15) either at fixed order or including
resummation, we obtain our final results for the total
fiducial cross section presented in Fig. 3. The poor con-
vergence at fixed order is largely due to the fiducial power

Precision and 
convergence improved 
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Drell-Yan Results Billis, Michel, Tackmann

(in progress)
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Perturbative ingredients: Fixed-order matching
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• Very recently: Precise fiducial Z�jet MC data atO(↵3
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[Chen et al., ����.����� – many thanks to the NNLOjet collaboration for providing the raw data.]
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SCET beyond leading power

Only leading term 
can spoil factorization

Dynamics of infrared 
modes

Hard Scattering 
operators 

(typically once)

L =
X

p�0

L(p)
dyn +

X

p

L(p)
hard + L(0)

G
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• Subleading Power in SCET:

LSCET = Lhard + Ldyn =
X
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(i)
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Sudakov suppression at subleading power?•

involving an insertion of gauge invariant gluon field along the lightcone. More details on this

can be found in Section 6.2.2 of [46].

For category 2, i.e. the quark corrections, we have one contribution from a radiative soft

function

Soft Quark Correctionz }| {

������

������

2

·

Z
dr+

2
dr+

3
⌦ ⌦

=
��C(0)

��2
Z

dr+
2
dr+

3
J (2)

n (r
+

2
, r+

3
)⌦ J (0)

q,n̄ ⌦ S(2)

 (r+
2
, r+

3
) + n $ n̄ , (B.8)

and one from the product of two O(�) hard scattering operators

Collinear Quark Correctionz }| {

Z
d!1d!2

������

������

2

⌦ ⌦ ⌦

=

Z
d!1!2

���C(1)

��n(!1)C
(1)

��n(!2)
���J (2)

�� (!1,!2)⌦ J (0)

g,n̄ ⌦ S(0)

q + n $ n̄ . (B.9)

Here J (2)

�� is a four quark subleading power jet function arising from the hard scattering

operators O(1)

��n, whose Wilson coe�cient C(1)

��n(!) is quoted in Table 3, and shows a singular

end point behavior as ! ! 0. Note that this operator and Wilson coe�cient are the same

that appear in Eq. (2.22) and that, in full QCD, the corresponding contributions give rise

to the endpoint behavior discussed in Sec. 2.4. The definitions of the radiative functions

Jn , S are given in Table 4 and the interested reader can find a detailed derivation of these

contributions in Section 6.2.1 of [46].
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Eg. in Thrust

It will be interesting to derive this result (or prove that it is incorrect) from an operator level

renormalization and factorization analysis in the future.

We arrive at our conjecture for the LL Sudakov in QCD by assuming that the radiative

corrections to the squared amplitude exponentiate (at least for the highest order poles in ✏).

Namely, that

P (2,n)
ij (z, ✏) = P (2,0)

ij (z)
K(z, ✏)n

n!
+O(1/✏2n�1) , (4.1)

where K(z, ✏) describes the leading infrared poles in ✏

K(z, ✏) =
↵s

4⇡
µ2✏

h
4T1 ·T2

[(1� z)Q2]�✏

✏2
+ 4T1 ·T3

s�✏
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+ 4T2 ·T3

[zQ2]�✏

✏2
(4.2)

+ 4T1 ·T3

✓
[Q2]�✏

✏2
�
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✏2

◆
� 4T1 ·T3

✓
s�✏

✏2
�

[z(1� z)s]�✏

✏2

◆i
.

This result was illustrated in Sec. 2 for di↵erent partonic channels. Note that we have ex-

plicitly checked this for n = 1, 2 by direct calculation, and we know from our factorization

and renormalization analysis that it holds for the cusp contributions, but we do not strictly

speaking know that it holds for the endpoint contributions. This exponentiated conjecture

for the splitting function can then be integrated against the measurement function, as was

done in [1] to derive the result for a physical observable using the consistency equations in

Sec. 2.1.

One of the reasons we make a conjecture for the result, is that under this assumption for

the exponentiation of the splitting function, we find after integration, as we show in App. A,

that the color structure at any order is given by

Cn
A + Cn�1

A CF + · · ·CAC
n�1

F + Cn
F . (4.3)

This is not at all apparent before integration. Intriguingly, identical color structures have

appeared in the x ! 1 resummation of the o↵ diagonal splitting functions [54–57]. We believe

that this is not a coincidence, and we believe that it provides some non-trivial evidence for

our conjecture. Alternatively, if one can argue for the color structure Eq. (4.3), as was done

in [54–57] for the o↵-diagonal splitting functions, then one can extend the result in N = 1,

where it can be proven to the case of QCD by adding terms proportional to (CA � CF )n.

Using either line of reasoning, both of which are conjectural, we can make an ansatz for

the full result for the subleading power leading logarithmic result for thrust in e+e� in full

QCD

1

�0

d�(2),e+e�

LL
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⇣↵s
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4⇡ ) log
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⌘

| {z }
Soft Quark Sudakov

. (4.4)
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Endpoint singularities! ∫0

dx
x

Conjecture•

Proof (refactorization)•

Moult, IS, Vita, Zhu `19

Beneke, Garny, Jaskiewicz, Strohm, 

Szafron, Vernazza, Wang `22
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Regge Amplitudes in SCET
Rothstein, IS (2016)
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Moult, Raman, Ridgway, IS (2022)
Gao, Moult, Raman, Ridgway, IS (2024)
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Figure 1: The factorized structure of the 2 ! 2 forward scattering amplitude in the Glauber
EFT. The amplitude is expressed as a sum over terms with di↵erent numbers of Glauber operators
exchanges. For a fixed number of Glaubers, the collinear factors describe the interaction of the
projectiles with the Glaubers, while the soft factor describes radiative corrections to the Glauber
potential.

3.1 Factorization into Multi-Glauber Operators

To factorize the 2 ! 2 forward scattering amplitude into a convolution over a soft function and

collinear functions in SCET, we begin by expanding the time evolution operator in powers of the

Glauber Lagrangian. We organize this expansion by the number of n-collinear and n̄-collinear

operator insertions, k and k
0, respectively [27]. This results in the following formal expansion of

the time evolution operator

T exp
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where T is the time-ordering operation. At leading power, the full 2 ! 2 connected amplitude

for leading power forward scattering is given by

M
0
2!2 = i

D
p
0
3 p


4

���
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any loop order
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• Glauber loops (simple)

two Reggeons have a positive signature, they do not contribute to the negative signature channels,

but rather to the positive signature Pomeron. The first contribution from multi-Reggeon exchange

to the negative signature Reggeon therefore occurs with three Reggeon exchanges.

In the organization of the EFT, unitarity enforces that the two Glauber exchange box diagram

must have an antisymmetric octet (negative signature) contribution

n

n

n

n

G G

��������
8A

/ i⇡
��M(0)

��2 , (2.21)

where M(0) is the tree-level single Glauber exchange, since performing a t-channel cut, we obtain

i⇡ multiplying the square of the single exchange. This antisymmetric octet contribution therefore

contributes to the Reggeization of the gluon, while the corresponding diagram involving two

Reggeons does not. This makes clear that Reggeon 6= Glauber. In the standard Reggeon field

theory approach, these particular i⇡ terms are obtained “for free” by exploiting crossing symmetry,

while in the EFT, they are obtained from a distinct diagram.

Vanishing of Cross Diagrams:

Another important di↵erence between Reggeons and Glaubers is that graphs containing crossed

Glaubers vanish. For example (see Ref. [27] for a detailed explanation)

n

n

n

n

G G = 0 . (2.22)

The standard box with its associated color factor is given by

n

n

n
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G G =
�
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2
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2
t
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(�i⇡)

⇣
�i

4⇡

⌘Z
d
�d�2

k?

(~k
2

?)(~k?+~q?)2
. (2.23)

This is consistent with the picture from unitarity, namely that the pure Glauber diagrams re-

produce just a phase. If the crossbox were not vanishing, then due to its propagator structure

in k
± it would need to be imaginary, which would imply that it has a non-vanishing cut, which

it should not. Note that here, and throughout this section, we use the color space notation of

Ref. [74], and define Ts = T1 +T2, Tt = T1 +T3, Tu = T1 +T2. See e.g. Refs. [75, 76] for a

detailed discussion.

On the other hand, for Reggeons, the box and cross box give identical kinematic results, and

their color factors are symmetrized over (see e.g. the textbook discussion in Ref. [77] or Ref. [17]

for a more modern discussion)

+ =
�
T

2
s�u

�
(�i⇡)

⇣
�i
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⌘Z
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�d�2
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. (2.24)
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∝ (iπ)

require regulator
answer = pure cut
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• Same color as QCD box graph (includes )8A

Glauber  Reggeon≠
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but rather to the positive signature Pomeron. The first contribution from multi-Reggeon exchange
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(~k
2

?)(~k?+~q?)2
. (2.23)

This is consistent with the picture from unitarity, namely that the pure Glauber diagrams re-

produce just a phase. If the crossbox were not vanishing, then due to its propagator structure

in k
± it would need to be imaginary, which would imply that it has a non-vanishing cut, which

it should not. Note that here, and throughout this section, we use the color space notation of

Ref. [74], and define Ts = T1 +T2, Tt = T1 +T3, Tu = T1 +T2. See e.g. Refs. [75, 76] for a

detailed discussion.

On the other hand, for Reggeons, the box and cross box give identical kinematic results, and

their color factors are symmetrized over (see e.g. the textbook discussion in Ref. [77] or Ref. [17]

for a more modern discussion)
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FIG. 20. SCETII graphs for the matching calculation of quark-quark forward scattering at one-loop. The

first two graphs involve the Glauber potential. The next three graphs involve soft gluon or soft quark loops.

The second and third rows involve collinear loops with either the quark-gluon Glauber scattering operators

or the quark-quark Glauber scattering operator.
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FIG. 21. a) Additional collinear graphs with the fermion two-gluon vertex from L
(0)
n,n̄ which vanish. b)

Additional tadpole collinear loops graphs for forward scattering. These graphs do not contribute to the

matching calculation since they vanish due to their soft zero-bin subtractions.

The two graphs with an iteration of the Glauber operator, Fig. 20a,b, were discussed above in

Sec. IID 1. These graphs require regulation by the rapidity regulator to yield well defined answers,

but their results are independent of ⌘ as ⌘ ! 0. In particular Fig. 20b vanishes (with or without

the mass IR regulator), and

Glauber Loops = Fig. 20a

= (�4g4) Snn̄

1 IGbox = (�4g4) Snn̄

1

⇣
�i
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⌘�
. (108)

Thus we already see that iterated Glauber exchange reproduces the full Snn̄

1 piece of Eq. (107).

Next we consider the SCET graphs contributing to the CFTA
⌦ TA color structure, ie. that

𝒜(1,1)

For convenience we set w = 1 throughout our calculations since it can be trivially restored.

Note that the ⌘ regulator here can be replaced by other regulators, such as the exponential

regulator [88].

The powers of ⌘ appearing in the regulator factors in Eq. (A.1) are determined by requiring

that the following 1-collinear-loop i-Glauber-exchange planar graphs,

�iM1niG ⌘
1

k q � k

p1

p2 p3

p4p1 + k

i2
, (A.4)

exponentiate in a similar way to the exponentiation of the box diagrams discussed in section 9.1

of Ref. [27]. (Note that ⌘ there corresponds to ⌘
0 here.)

Let’s start by looking at the single Glauber exchange case,

� iM1n1G =
k q � k
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q

(A.5)
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Here in the second line, we keep only the rapidity divergent term in the numerator, which comes

from the third term in Eq. (A.1); the remaining terms have higher powers of k�, which are not

rapidity divergent in the k
� integral. To get the third line, we integrate k

+ by contours. The

third line is log-divergent in the limit that k� goes to zero, corresponding to a soft scaling of the

collinear loop momentum. Such log divergences can be regulated by |k
�
|
�⌘; further integrating

k
� gives an ⌘ pole as expected. The Fourier transform operation, according to Ref. [27], is defined

to be

=)
F.T.?

=

Z
d
�d�2

q? e
i~q?·~b? . (A.6)

The 1-n-collinear-loop 2-Glauber-exchange graph is calculated in the main text in Eq. (4.12).
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Figure 5: A general 1 ! j soft graph with two di↵erent momentum routings, where j > 1. The
blue arrow indicates the direction of the loop momentum `. These general 1 ! j > 1 graphs
vanish for the reasons explained in the text.

used because there is never an intermediate vertex. However, the same argument that made the

triangle graph vanish with the first routing in Fig. 4 applies equally well here. With a similar

routing as the first graph in Fig. 4, the horse graph has the same relativistic propagators as

the triangle, except the k + q? propagator is absent. The regulator factors R⌘0 and R also

have the same form. The remaining factors for the horse include purely transverse momentum

dependent numerators together with eikonal propagators of four types: (n ·k+i0), (n ·(`+k)� i0),

(n · `� i0)(n̄ ·k+i0)(n ·k+i0), or (n · `� i0)(n̄ ·k+i0)(n · (`+k)� i0). Without loss of generality,

we can assume that the ±i0 in these eikonal denominators enter with the signs shown, since

other sign choices will give the same answer after including zero-bin subtractions. Performing

integrals in the same order as we did for the triangle, the `
� integral is identical to Eq. (3.34),

and the `
+ integral is again only non-zero with a ✓(k�) from closing below around the pole

`
+ = �3/k

�
� k

+
� i0/k�. Depending on the eikonal denominators this may induce additional

poles in k
+ in the lower half plane. However, once again there are no poles in k

+ in the upper

half plane, and there are suitable regulator factors to ensure convergence of contours at infinity

and remove singular contributions, so performing the k
+ integral gives zero for the horse graph.

With a similar argument, we now show that any 1 ! j > 1 soft graph to any loop order

is zero. Since there is only one Glauber connecting to the n-collinear sector, at least either the

leftmost or the rightmost Glauber at the bottom must connect the soft sector through a n̄-s

Glauber interaction (i.e., not through soft gluons attaching to an n-n̄ Glauber like the rightmost

Glauber in the horse graph in Fig. 4b). Taking the leftmost Glauber to be n̄-s, then Fig. 5 is a

general graph to consider (the soft gluon in the figure may be changed to a soft quark without

changing the argument). In Fig. 5a we let the Glauber loop momentum ` go through various soft

propagators from the left most n̄-s Glauber rung to the rightmost n̄-s Glauber, without passing

through the upper n-s Glauber rung vertex. In contrast, in Fig. 5b the loop momentum ` also

passes through this n-s vertex. In both graphs the loop momentum k is defined such that it

passes through all three of these Glauber vertices. Using the momentum routing in Fig. 5a, we

get a ✓(k�) after doing the `
± integrals. Then, for the k

+ integral, all the singularities are in

the lower half plane, and suitable regulators are present to ensure convergence for the contour

in the lower half plane and to eliminate singular contributions, and thus the integral vanishes.

The alternate routing in Fig. 5b can be obtained by taking k ! k � ` in the momentum routing

of Fig. 5a. Here doing the `
± integrals leads to a ✓(�k

�). Likewise all singularities in the k
+
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Figure 8: The three one-loop collinear diagrams that contribute to the rapidity renormalization
group evolution of the two-Glauber state. The notation “P” and “NP” denotes planar and non-
planar, respectively. The two non-planar graphs are mirror images of each other.
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Here to get the second equality, we performed the integrals for `z and `
0 making use of Eq. (B.5)

and Eq. (B.6) in Ref. [27]. To get the third line, we carry out the k
+ integral by contours. To

get the fourth line, we keep only the leading term in the k� ! 0 limit, given that all the next-to-

leading terms are less singular than O(⌘�1). To get the last line, we notice that 2~k? · (~q?�~k?) =
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, and that ~k2? and
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would make the integral for k? scaleless and

thus vanish. Notice that we didn’t do the final transverse integrals. The `? integral can be

understood as a convolution with the LO soft and n̄-collinear function, while the k? integral is

the convolution that will appear in the rapidity RGE. This agrees with the general expectation

that the dynamics for the rapidity divergent terms should be described by a field theory living in

the two-dimensional transverse plane [97].
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Here to get the second equality, we performed the integrals for `z and `
0 making use of Eq. (B.5)

and Eq. (B.6) in Ref. [27]. To get the third line, we carry out the k
+ integral by contours. To

get the fourth line, we keep only the leading term in the k� ! 0 limit, given that all the next-to-
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understood as a convolution with the LO soft and n̄-collinear function, while the k? integral is

the convolution that will appear in the rapidity RGE. This agrees with the general expectation

that the dynamics for the rapidity divergent terms should be described by a field theory living in
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Here to get the second equality, we performed the integrals for `z and `
0 making use of Eq. (B.5)

and Eq. (B.6) in Ref. [27]. To get the third line, we carry out the k
+ integral by contours. To

get the fourth line, we keep only the leading term in the k� ! 0 limit, given that all the next-to-

leading terms are less singular than O(⌘�1). To get the last line, we notice that 2~k? · (~q?�~k?) =
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thus vanish. Notice that we didn’t do the final transverse integrals. The `? integral can be

understood as a convolution with the LO soft and n̄-collinear function, while the k? integral is

the convolution that will appear in the rapidity RGE. This agrees with the general expectation

that the dynamics for the rapidity divergent terms should be described by a field theory living in

the two-dimensional transverse plane [97].
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Here, the horizontal blue line indicates convolution with KNF and the green blob indicates a

multiplicative factor !G (Regge trajectory). This is of course the standard BFKL equation [5–

10]. However, the novelty of our approach is that we have been able to derive this entirely from

collinear calculations. As mentioned, we anticipate that this will allow a better understanding of

the relation between BFKL and DGLAP, as well as facilitate calculations at higher perturbative

orders.

In App. B, we derive the same result from the standard soft perspective, showing that the

results for the rapidity anomalous dimensions agree up to a factor of �1, exactly as required by

soft-collinear consistency.

4.5 Decomposition into Irreducible Color Representations

We can now decompose the LL RRGE for J(2) into di↵erent irreducible representations (irreps)

R of SU(Nc). Due to color conservation, the RRGE does not mix di↵erent irreps. We begin with

a general discussion of color decomposition, and then we show that by projecting onto various

color channels, we obtain the standard results for gluon Reggeization (8A), the BFKL Pomeron

(1), and the other color channels.

Suppose that we wish to decompose the color flow of m gluons in the t-channel into di↵erent

irreps. R. This decomposes the tensor product as a direct sum,
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R. (4.33)

Let ↵ = A1 · · ·Am be a multi-index for these m gluons. We can concretely express the decomposi-

tion into irreps. in terms of projectors P↵↵0
mR, whose explicit expressions can be found in Ref. [100].

These projectors satisfy a completeness relation

�
↵↵0
m =

X

R

P
↵↵0
mR , (4.34)

as well as an orthogonality relation

P
↵1↵2

mR P
↵2↵3

mR0 = �RR0P
↵1↵3

mR . (4.35)

Intuitively, P↵↵0
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manifestly have this form. However, here we have seen how it is reproduced from the collinear

sector, as is required from soft-collinear consistency. The complete calculation of the anomalous

dimension from the soft sector of the e↵ective theory is provided in App. B.

4.4 Rapidity RGE for Two Glauber Exchange

In this section we combine the one-loop collinear functions calculated in Sec. 4.2 and the color

decomposition procedure outlined in Sec. 4.3 to extract the o↵-forward BFKL equation at LL.

We begin by writing Eq. (4.21) as a convolution over the lower order J [0]A1A2

(2)
,

J
[1]A1A2

(2)
(`?) =

1

⌘
w

2

✓p
s

⌫

◆�⌘  2

Nc

�
�ifA1B1C

� �
�ifA2B2C

� Z
d̄
d0
k? J

[0]B1B2

(2)
(k?)KNF(`?, k?)

� J
[0]B1B2

(2)
(`?) �

A1B1�
A2B2

�
!G(`?) + !G(`? � q?)

��
+O(⌘0) , (4.26)

with

!G(`?) = �↵sNc

Z
d̄
d0
k? ~̀2

?
~k2?
�
~̀?�~k?

�
2
,

KNF(`?, k?) = ↵sNc

 
�

~q
2

?
~k2?
�
~q?�~k?

�
2
+

~̀2
?

~k2?
�
~̀?�~k?

�
2
+

�
~q?�~̀?

�
2

�
~q?�~k?

�
2
�
~k?�~̀?

�
2

!
. (4.27)

Here, the notation !G and KNF follows from Ref. [81], and NF stands for non-forward (we have

removed a factor of 4⇡2 compared with Eq. (3.103) in Ref. [81]). Recall that J [0]

(2)
does not depend

on its argument. We put arguments k? and `? for the two terms in the equation above so that

they match the graphic below.

The ⌘-divergence in J
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must be canceled by an appropriate counterterm Z
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which is symmetric under k? $ `?.
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Here, the horizontal blue line indicates convolution with KNF and the green blob indicates a

multiplicative factor !G (Regge trajectory). This is of course the standard BFKL equation [5–

10]. However, the novelty of our approach is that we have been able to derive this entirely from

collinear calculations. As mentioned, we anticipate that this will allow a better understanding of

the relation between BFKL and DGLAP, as well as facilitate calculations at higher perturbative

orders.

In App. B, we derive the same result from the standard soft perspective, showing that the

results for the rapidity anomalous dimensions agree up to a factor of �1, exactly as required by

soft-collinear consistency.

4.5 Decomposition into Irreducible Color Representations

We can now decompose the LL RRGE for J(2) into di↵erent irreducible representations (irreps)

R of SU(Nc). Due to color conservation, the RRGE does not mix di↵erent irreps. We begin with

a general discussion of color decomposition, and then we show that by projecting onto various

color channels, we obtain the standard results for gluon Reggeization (8A), the BFKL Pomeron

(1), and the other color channels.

Suppose that we wish to decompose the color flow of m gluons in the t-channel into di↵erent

irreps. R. This decomposes the tensor product as a direct sum,
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Let ↵ = A1 · · ·Am be a multi-index for these m gluons. We can concretely express the decomposi-
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mR, whose explicit expressions can be found in Ref. [100].
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manifestly have this form. However, here we have seen how it is reproduced from the collinear

sector, as is required from soft-collinear consistency. The complete calculation of the anomalous

dimension from the soft sector of the e↵ective theory is provided in App. B.

4.4 Rapidity RGE for Two Glauber Exchange

In this section we combine the one-loop collinear functions calculated in Sec. 4.2 and the color

decomposition procedure outlined in Sec. 4.3 to extract the o↵-forward BFKL equation at LL.

We begin by writing Eq. (4.21) as a convolution over the lower order J [0]A1A2
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Here, the notation !G and KNF follows from Ref. [81], and NF stands for non-forward (we have

removed a factor of 4⇡2 compared with Eq. (3.103) in Ref. [81]). Recall that J [0]

(2)
does not depend

on its argument. We put arguments k? and `? for the two terms in the equation above so that

they match the graphic below.

The ⌘-divergence in J
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which is symmetric under k? $ `?.
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Here, the horizontal blue line indicates convolution with KNF and the green blob indicates a

multiplicative factor !G (Regge trajectory). This is of course the standard BFKL equation [5–

10]. However, the novelty of our approach is that we have been able to derive this entirely from

collinear calculations. As mentioned, we anticipate that this will allow a better understanding of

the relation between BFKL and DGLAP, as well as facilitate calculations at higher perturbative

orders.

In App. B, we derive the same result from the standard soft perspective, showing that the

results for the rapidity anomalous dimensions agree up to a factor of �1, exactly as required by

soft-collinear consistency.

4.5 Decomposition into Irreducible Color Representations

We can now decompose the LL RRGE for J(2) into di↵erent irreducible representations (irreps)

R of SU(Nc). Due to color conservation, the RRGE does not mix di↵erent irreps. We begin with

a general discussion of color decomposition, and then we show that by projecting onto various

color channels, we obtain the standard results for gluon Reggeization (8A), the BFKL Pomeron

(1), and the other color channels.

Suppose that we wish to decompose the color flow of m gluons in the t-channel into di↵erent

irreps. R. This decomposes the tensor product as a direct sum,
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Let ↵ = A1 · · ·Am be a multi-index for these m gluons. We can concretely express the decomposi-
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manifestly have this form. However, here we have seen how it is reproduced from the collinear

sector, as is required from soft-collinear consistency. The complete calculation of the anomalous

dimension from the soft sector of the e↵ective theory is provided in App. B.

4.4 Rapidity RGE for Two Glauber Exchange

In this section we combine the one-loop collinear functions calculated in Sec. 4.2 and the color
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Here, the notation !G and KNF follows from Ref. [81], and NF stands for non-forward (we have

removed a factor of 4⇡2 compared with Eq. (3.103) in Ref. [81]). Recall that J [0]

(2)
does not depend

on its argument. We put arguments k? and `? for the two terms in the equation above so that

they match the graphic below.
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which is symmetric under k? $ `?.
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Regge trajectory
Non-forward BFKL kernel

CA1A2 B1B2
H = if A1A2C ifB1B2C

again 2 possible ways
 to do calculation 

a) b) c) d)

Figure 7: Graphs with one collinear loop and two Glaubers that do not contribute to the rapidity
renormalization of the two Glauber collinear operator. The first two graphs vanish by the Glauber
collapse rule, the third graph is scaleless, and the fourth graph is not rapidity divergent.

higher loop level for a consistently constructed rapidity regulator. For example, (a) and (b) in

Fig. 7 vanish due to the collapse rule. Notice that the collapse rule does not force similar graphs

with two collinear loops vanish, such as

n

n nn

n

n

n

n

=
n

n nn

n

n

nn

. (4.10)

They should be considered when deriving the NLL RGE for J(2), which is beyond the scope of this

work. Additionally, Graph (c) in Fig. 7 (and similar collinear Wilson line emission loops) results

in vanishing scaleless integrals. Finally, graph (d) is not rapidity divergent, i.e., does not have a

1/⌘ pole (the calculation is similar to the one for MP (4.12), except that there is no divergence in

the last step doing k
� integral). The only three non-vanishing diagrams with rapidity divergences

are illustrated in Fig. 8. We now calculate these three graphs in details. Again, for simplicity, we

will take `1 = `, `2 = q? � ` in calculations.

We begin with the planar graph MP. We define its numerator NP, prefactor PP including

color and external spinor factors, and Glauber denominator D?
P

as,10
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Here, · · · in NP(k) includes terms with higher power in k
�, which are not rapidity divergent in

the later k� integral; the only rapidity divergent term as shown in NP(k) comes from both the two

Glauber-collinear-gluon interactions to be the second term in the regulated Feynman rule (A.1).

The two |k
�
|
�⌘/2 combine to give |k�|�⌘. The regulated Feynman rule in Eq. (A.1) is fixed by the

requirement that 1-n-collinear-loop i-Glauber-exchange graphs exponentiate, which is explained

in App. A. Alternatively, this diagram could be regulated using the exponential regulator [88],

which we believe would greatly simplify higher order calculations.

10
The ⌘ regulator in NP here (and similarly in NNP below) can be replaced by other regulators. For example,

with an analytic regulator like (k� ± i0)
�⌘

used in Sec. 3.3, our result does not change at the level of 1/⌘ poles

needed to determine the rapidity RGE. One may also consider using the exponential regulator exp
�
�⌧e��Ek0

�
[88]:

this amounts to changing the k�
integral in Eq. (4.12), giving a ln ⌧ when expanding ⌧ ! 0 instead of a 1/⌘ pole.
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•

J[0]
(3) ⊗3 S[1]

(3,3) ⊗3 J̄[0]
(3) =

} γ(3,3)

γ(2,3)}
Tennis court diagram 
hard to calculate…

Rapidity renormalization for NNLL amplitudes: need  & γ(2,3) γ(3,3)

Can be extracted from soft loop calculation

18

                               

Rapidity renormalization for NNLL amplitudes: need  & γ(2,3) γ(3,3)

19

J[1]
(3) ⊗3 S[0]

(3,3) ⊗3 J̄[0]
(3) =

@

@⌫
JA

(3)
(`?, ⌫) (3.8)

=

Z 3Y

i=1

d̄d
0
ki?

k2
i?

JB

(3)
(k?, ⌫)

⇢ 3Y

i=1

�AiBi �d
0
(`i? � ki?)

3X

i=1

!G(`i?)

+ �d
0
(q? � k1? � k2? � k3?)

2

Nc

3X

i<j

�d
0
(`i? + `j? � ki? � kj?)C

BA

Hij
KNF(`i?, `j?; ki?, kj?)

�

+

Z 2Y

i=1

d̄d
0
ki?

k2
i?

�d
0
(q? � k1? � k2?)J

B1B2
(2)

(k1?, k2?, ⌫)C
B1B2 A1A2A3
TC

KTC(k1?, k2?; `1?, `2?, `3?) ,

(3.9)

where we have used `? and k? in the argument of J(3) to denote {`1?, `2?, `3?} and {k1?, k2?, k3?},

and A and B as shorthand notations for color indices A1A2A3 and B1B2B3 in J(3) and CBA
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where we have used k? and `? in the argument to denote {k1?, k2?} and {`1?, `2?, `3?}.
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where the green blobs denote !G’s, the blue lines denote KNF’s, and the orange line denotes KTC.

4 Evolution Equation for the Octet Cut and Other Color Channels

• Review the general story from the previous paper, review truncated RGE
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Alternatively, collinear loop calculation
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} J(3) ⊗3 γ(3,3)

J(2) ⊗3 γ(2,3)}

Alternatively, collinear loop calculation

Color decomposition

• -channel 3-gluon color  (for Nc=3)
 

•  scattering (external projection ): 

• ,  and  contribution: unitarize 2-Glauber contribution 

• : new channel for 3 Glaubers; no need to consider  

• : Regge cut contribution to the Regge pole solution 

• 1 : odderon, appears in  scattering 

•  &  may be probed with  particle, e.g. 

t
8 ⊗ 8 ⊗ 8 = 12 ⊕ 88 ⊕ 104 ⊕ 104 ⊕ 276 ⊕ 352 ⊕ 352 ⊕ 64

κ = κ′ = g 8 ⊗ 8 = 1 ⊕ 8A ⊕ 8S ⊕ 27 ⊕ 10 ⊕ 10

1even 8S 27

10 ⊕ 10 γ(2,3)

8A

odd κ = q

35 64 κ > 1 κ = κ′ = gg

20

Meaning: , 6 copies of ’s27 ⊕ ⋯ ⊕ 27 273 Glauber exchange

Regge cuts

at this order



• Interesting complementarity to Reggeon EFTs

QCD SCET
ℒ(0)

G

Wilson Line

Regge EFT

Caron-Huot,  
Gardi, Vernazza, … 

operator definition for impact factors ⋆ hp|OA1
n · · ·OAN

n |p0i
collinear loop calculations for rapidity logs⋆
different structure for vanishing transitions     vs. eg.  1 → j ( j − 1) → j⋆
signature and crossing symmetry not manifest from start⋆

• Glauber operators can also be used to study factorization violation
   in hard scattering 



Other Areas (no time to discuss)

• SCET for jet substructure, often called SCET+

SCET for quarkonia  (SCET+NRQCD)•

SCET for heavy-ions  (SCET coupled to medium)•
SCET for electroweak logarithms•
SCET for Dark Matter annihilation•
SCET for gravitational scattering amplitudes•

SCET for B-physics  (SCET+HQET)•

… For further references see my SCET 
review in 50 yrs of QCD, 2212.11107 



Summary:  
Precision Resummation

Nonperturbative corrections

SCET is a powerful tool 
   for Collider Physics

Regge Amplitudes

n

n

n

n

Soft

n

n

n

n

S

Power CorrectionsSubleading Operators: P? acting on the collinear fields

Unique hard operators to all orders [Feige et al ’17]
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Subleading Operators: with B? insertion
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<latexit sha1_base64="4fAmQscge4yHNEi9tQL3y/MwjCA=">AAACOXicbVDLSgMxFM34rOOr1YULN8EiCEqZEakui25cFK1iH9CWkknTNjTzILkjLcN8jVv9Ar/EpTtx6w+YaWdhWw8ETs65l3vvcQLBFVjWh7G0vLK6tp7ZMDe3tnd2s7m9mvJDSVmV+sKXDYcoJrjHqsBBsEYgGXEdwerO8Cbx689MKu57TzAOWNslfY/3OCWgpU72oAVsBNHjGb4rl+PT6a98H3eyeatgTYAXiZ2SPEpR6eQMs9X1aegyD6ggSjVtK4B2RCRwKlhstkLFAkKHpM+amnrEZaodTS6I8bFWurjnS/08wBP1b0dEXKXGrqMrXQIDNe8l4r/eaDpgRuuqZMis5rhzG0Lvqh1xLwiBeXS6YC8UGHycxIi7XDIKYqwJoZLrGzEdEEko6LBNnZ49n9UiqZ0X7GKh+HCRL12nOWbQITpCJ8hGl6iEblEFVRFFMXpBr+jNeDc+jS/je1q6ZKQ9+2gGxs8v7N2syA==</latexit>

R, NLL + LO

<latexit sha1_base64="K/pFMydGL7F8p4V12ux0BVUPWUk=">AAACNnicbVDLSsNAFJ34rPHVqjs3g0VwVRKR6rIoiDsr2Ae0oUwmN+3QyYOZibSG/otb/QJ/xY07cesnOGmzsK0HBg7n3Ms9c9yYM6ks68NYWV1b39gsbJnbO7t7+8XSQVNGiaDQoBGPRNslEjgLoaGY4tCOBZDA5dByhzeZ33oCIVkUPqpxDE5A+iHzGSVKS73iUVfBSO+lt2wEHr4XHohJr1i2KtYUeJnYOSmjHPVeyTC7XkSTAEJFOZGyY1uxclIiFKMcJmY3kRATOiR96GgakgCkk07jT/CpVjzsR0K/UOGp+ncjJYGU48DVkwFRA7noZeK/3mh2YE7zZHZkXnODhYTKv3JSFsaJgpDOAvoJxyrCWYfYYwKo4mNNCBVM/xHTARGEKt20qduzF7taJs3zil2tVB8uyrXrvMcCOkYn6AzZ6BLV0B2qowai6Bm9oFf0Zrwbn8aX8T0bXTHynUM0B+PnF5mOrDA=</latexit>

Fixed Order
<latexit sha1_base64="sKlp3ERJITORsQoKyvLzp15uicc=">AAACNXicbZDLSsNAFIZnvNZ4a+3SzWARXJVEpLosunFZoTdoQ5lMJu3QySTMTKQh9Fnc6hP4LC7ciVtfwUmbhW394cDPd87hHH4v5kxp2/6AW9s7u3v7pQPr8Oj45LRcOeuqKJGEdkjEI9n3sKKcCdrRTHPajyXFocdpz5s+5P3eM5WKRaKt05i6IR4LFjCCtUGjcnWo6czsZW2JhWI5nI/KNbtuL4Q2jVOYGijUGlWgNfQjkoRUaMKxUgPHjrWbYakZ4XRuDRNFY0ymeEwHxgocUuVmi+/n6NIQHwWRNCU0WtC/GxkOlUpDz0yGWE/Uei+H//ZmywMrzFf5kVXmhWsf6uDOzZiIE00FWT4YJBzpCOURIp9JSjRPjcFEmswIIhMsMdEmaMuk56xntWm613WnUW883dSa90WOJXAOLsAVcMAtaIJH0AIdQEAKXsAreIPv8BN+we/l6BYsdqpgRfDnF6VPrEU=</latexit>

Transition

<latexit sha1_base64="kR7h37Pche/FNZfW93a8r1358jg=">AAACN3icbVDLSgMxFM3UV62vVnHlJlgEV2VGpLosCtJlBfuAdiiZzG0bmskMSUZahn6MW/0CP8WVO3HrH5hpZ2FbDwQO59zLPTlexJnStv1h5TY2t7Z38ruFvf2Dw6Ni6bilwlhSaNKQh7LjEQWcCWhqpjl0Igkk8Di0vfF96refQSoWiic9jcANyFCwAaNEG6lfPO1pmJi95EEC4DrxZSjUrF8s2xV7DrxOnIyUUYZGv2QVen5I4wCEppwo1XXsSLsJkZpRDrNCL1YQETomQ+gaKkgAyk3m+Wf4wig+HoTSPKHxXP27kZBAqWngmcmA6JFa9VLxX2+yOLCk+So9sqx5wUpCPbh1EyaiWIOgi4CDmGMd4rRE7DMJVPOpIYRKZv6I6YhIQrWpumDac1a7Wietq4pTrVQfr8u1u6zHPDpD5+gSOegG1VAdNVATUZSgF/SK3qx369P6sr4Xozkr2zlBS7B+fgF1mayf</latexit> F
r
e
e
H
a
d
r
o
n
s

<latexit sha1_base64="lbprY8afGVz7hgOuv/z4CXlrknA=">AAACLnicbVDLSgMxFM34rPXV6tJNsAiCtcyIVDdC0Y3LFuwD+yKT3rahycyQZMQy9D/c6hf4NYILcetnmGlnYVsPBA7n3Ms9OW7AmdK2/WmtrK6tb2ymttLbO7t7+5nsQU35oaRQpT73ZcMlCjjzoKqZ5tAIJBDhcqi7o7vYrz+BVMz3HvQ4gLYgA4/1GSXaSB3onEHnPN/KV25E97GbydkFewq8TJyE5FCCcjdrpVs9n4YCPE05Uarp2IFuR0RqRjlM0q1QQUDoiAygaahHBKh2NI09wSdG6eG+L83zNJ6qfzciIpQaC9dMCqKHatGLxX+959mBOa2n4iPzmisWEur+dTtiXhBq8OgsYD/kWPs47g73mASq+dgQQiUzf8R0SCSh2jScNu05i10tk9pFwSkWipXLXOk26TGFjtAxOkUOukIldI/KqIookugFvaI36936sL6s79noipXsHKI5WD+/iwuoBw==</latexit>

e+e�, Q = mZ

<latexit sha1_base64="mor7Afbnn2VBou8qjkxw6GCg+SQ="></latexit>

2N
1

�tot

d�[N ]

d✓L

<latexit sha1_base64="+k5vcYTn9uU2ra7J/iWfPQhK4do=">AAACOHicbVBNS8NAEN34WetXVfDiJVgEvZREpHoUvXjwUMFqwZYw2Wzs0t1N2J2IJfbPeNVf4D/x5k28+gvctD3Y6oOBx3szzMwLU8ENet67MzM7N7+wWFoqL6+srq1XNjZvTJJpypo0EYluhWCY4Io1kaNgrVQzkKFgt2HvvPBvH5g2PFHX2E9ZR8K94jGngFYKKttt7DKE4HK/rWWuIeKgzOAgqFS9mjeE+5f4Y1IlYzSCDafcjhKaSaaQCjDmzvdS7OSgkVPBBuV2ZlgKtAf37M5SBZKZTj58YODuWSVy40TbUugO1d8TOUhj+jK0nRKwa6a9QvzXexwtmNAiUyyZ1EI5dSHGJ52cqzRDpujowDgTLiZukaIbcc0oir4lQDW3P7q0Cxoo2qzLNj1/Oqu/5Oaw5tdr9auj6unZOMcS2SG7ZJ/45JickgvSIE1CyRN5Ji/k1XlzPpxP52vUOuOMZ7bIBJzvH9EVrMU=</latexit>

✓L(radians)

<latexit sha1_base64="1sexMWvIc3YB9DJMks2F51cAzDI=">AAACNnicbZDLSsNAFIYn9VbjrVV3boJFcFUSkeqy6MZlFXuBNpTJ5LQdOpOEmYm0hr6LW30CX8WNO3HrIzhJs7CtBwZ+vnMO55/fixiVyrY/jMLa+sbmVnHb3Nnd2z8olQ9bMowFgSYJWSg6HpbAaABNRRWDTiQAc49B2xvfpv32EwhJw+BRTSNwOR4GdEAJVhr1S8c9BRO9lzyAjDnP6KxfqthVOytrVTi5qKC8Gv2yYfb8kMQcAkUYlrLr2JFyEywUJQxmZi+WEGEyxkPoahlgDtJNMvsz60wT3xqEQr9AWRn9u5FgLuWUe3pSGxzJ5V4K/+1N5gcWmC/TI4vM40sO1eDaTWgQxQoCMjc4iJmlQivN0PKpAKLYVAtMBNV/tMgIC0yUTtrU6TnLWa2K1kXVqVVr95eV+k2eYxGdoFN0jhx0heroDjVQExH0jF7QK3oz3o1P48v4no8WjHznCC2U8fMLiUKsuA==</latexit>

Resummation

<latexit sha1_base64="2lHwROS04BmYh1gtB/ExRuSCFDQ=">AAACNnicbVDLTsJAFJ36RHyBunPTSExckdYYdEl04xITeSSUkOlwgQkzbTNza8Cm/+JWv8BfcePOuPUTHKALAU8yyck59+aeOX4kuEbH+bDW1jc2t7ZzO/ndvf2Dw0LxqKHDWDGos1CEquVTDYIHUEeOAlqRAip9AU1/dDf1m0+gNA+DR5xE0JF0EPA+ZxSN1C2ceAhjTDyQ0TCpTXDIaZp2CyWn7MxgrxI3IyWSodYtWnmvF7JYQoBMUK3brhNhJ6EKOROQ5r1YQ0TZiA6gbWhAJehOMouf2udG6dn9UJkXoD1T/24kVGo9kb6ZlBSHetmbiv964/mBBa2np0cWNV8uJcT+TSfhQRQjBGwesB8LG0N72qHd4woYiokhlClu/mizIVWUoWk6b9pzl7taJY3LslspVx6uStXbrMccOSVn5IK45JpUyT2pkTph5Jm8kFfyZr1bn9aX9T0fXbOynWOyAOvnF4INrLQ=</latexit>

Pythia
<latexit sha1_base64="/AOr5OUA8+L5bdaKqpkiVPmg3UE=">AAACNnicbVDLTsJAFJ36RHyBunPTSExckdYYdEl0wxITeSRAyHS4wISZtpm5VbDhX9zqF/grbtwZt36CU+hCwJNMcnLOvblnjhcKrtFxPqy19Y3Nre3MTnZ3b//gMJc/qusgUgxqLBCBanpUg+A+1JCjgGaogEpPQMMb3SV+4xGU5oH/gJMQOpIOfN7njKKRurmTNsIY4zbIcBhXQD3xwXTazRWcojODvUrclBRIimo3b2XbvYBFEnxkgmrdcp0QOzFVyJmAabYdaQgpG9EBtAz1qQTdiWfxp/a5UXp2P1Dm+WjP1L8bMZVaT6RnJiXFoV72EvFfbzw/sKD1dHJkUfPkUkLs33Ri7ocRgs/mAfuRsDGwkw7tHlfAUEwMoUxx80ebDamiDE3TWdOeu9zVKqlfFt1SsXR/VSjfpj1myCk5IxfEJdekTCqkSmqEkWfyQl7Jm/VufVpf1vd8dM1Kd47JAqyfX3H2rKs=</latexit>

Herwig
<latexit sha1_base64="QrH+5UfaiVm3f/rDnb55c7xgqR8=">AAACM3icbVDLTsJAFJ3iC+sLdOmmkZjghrRqUHaoGxcmYiKPBBoynQ4wYfrIzK1CGj7FrX6BH2PcGbf+g1PoQsCTTHJyzr25Z44TcibBND+0zMrq2vpGdlPf2t7Z3cvl9xsyiAShdRLwQLQcLClnPq0DA05boaDYczhtOsObxG8+USFZ4D/COKS2h/s+6zGCQUndXL4DdATxfe3qrmhVKmcnk26uYJbMKYxlYqWkgFLUunlN77gBiTzqA+FYyrZlhmDHWAAjnE70TiRpiMkQ92lbUR97VNrxNPvEOFaKa/QCoZ4PxlT9uxFjT8qx56hJD8NALnqJ+K83mh2Y01yZHJnXHG8hIfQu7Zj5YQTUJ7OAvYgbEBhJgYbLBCXAx4pgIpj6o0EGWGACqmZdtWctdrVMGqclq1wqP5wXqtdpj1l0iI5QEVnoAlXRLaqhOiLoGb2gV/SmvWuf2pf2PRvNaOnOAZqD9vMLjj2pfA==</latexit>

OPAL(1993)

<latexit sha1_base64="pZSTePzA4MQubW0VujRygOC1kjk=">AAACJ3icbVDLSgMxFE3qq9ZXq0s3wSK4scyIVJdFNy4r2Ae0Y8lkMm1okhmSjFiGfoRb/QK/xp3o0j8x087Cth4IHM65l3ty/JgzbRznGxbW1jc2t4rbpZ3dvf2DcuWwraNEEdoiEY9U18eaciZpyzDDaTdWFAuf044/vs38zhNVmkXywUxi6gk8lCxkBBsrdVznMT13p4Ny1ak5M6BV4uakCnI0BxVY6gcRSQSVhnCsdc91YuOlWBlGOJ2W+ommMSZjPKQ9SyUWVHvpLO8UnVolQGGk7JMGzdS/GykWWk+EbycFNiO97GXiv97z/MCCFujsyKLmi6WEJrz2UibjxFBJ5gHDhCMToaw0FDBFieETSzBRzP4RkRFWmBhbbcm25y53tUraFzW3XqvfX1YbN3mPRXAMTsAZcMEVaIA70AQtQMAYvIBX8Abf4Qf8hF/z0QLMd47AAuDPL6FepZA=</latexit>

10�1
<latexit sha1_base64="FX2ABLq80O1T8s7vH0h5UqafHDU=">AAACJnicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5cV7APasWQymTY2yQxJRixD/8GtfoFf407EnZ9ipu3Cth4IHM65l3tygoQzbVz3GxbW1jc2t4rbzs7u3v5BqXzY0nGqCG2SmMeqE2BNOZO0aZjhtJMoikXAaTsY3eR++4kqzWJ5b8YJ9QUeSBYxgo2VWp77kLmTfqniVt0p0Crx5qQC5mj0y9DphTFJBZWGcKx113MT42dYGUY4nTi9VNMEkxEe0K6lEguq/Wwad4JOrRKiKFb2SYOm6t+NDAutxyKwkwKboV72cvFf73l2YEELdX5kUQvEUkITXfkZk0lqqCSzgFHKkYlR3hkKmaLE8LElmChm/4jIECtMjG3Wse15y12tktZ51atVa3cXlfr1vMciOAYn4Ax44BLUwS1ogCYg4BG8gFfwBt/hB/yEX7PRApzvHIEFwJ9fKqylWA==</latexit>

100

<latexit sha1_base64="5IIMluGpiyVIpVFdDVvDe9pCjW4=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtRujSs2tuwugv8QrSA0UaI2q0BmGMUkFlYZwrPXAcxPjZ1gZRjidO8NU0wSTKR7TgaUSC6r9bJF0js6tEqIoVvZJgxbq740MC61nIrCTApuJXvdy8V/vaXlgRQt1fmRVC8RaQhPd+BmTSWqoJMuAUcqRiVFeFwqZosTwmSWYKGb/iMgEK0yMLdWx7XnrXf0l3cu616g32le15m3RYxmcgjNwATxwDZrgHrRABxBAwTN4Aa/wDb7DD/i5HC3BYucErAB+/wB8KaN1</latexit>

6

<latexit sha1_base64="oldeFIRjF2AJu9VuuuRh9IOr6LA=">AAACHXicbVDLTgIxFL2DLxxf4NZNIzFxRWaMQZdENy4xkUcCE9LpdKCh7UzajpEQvsCtfoFf484tf2MHZiHgSZqcnHNv7ukJU8608byFU9rZ3ds/KB+6R8cnp2cVt9rRSaYIbZOEJ6oXYk05k7RtmOG0lyqKRchpN5w85n73lSrNEvlipikNBB5JFjOCjZWeb4eVmlf3lkDbxC9IDQq0hlXHHUQJyQSVhnCsdd/3UhPMsDKMcDp3B5mmKSYTPKJ9SyUWVAezZdI5urJKhOJE2ScNWqp/N2ZYaD0VoZ0U2Iz1ppeL/3pvqwNrWqTzI+taKDYSmvg+mDGZZoZKsgoYZxyZBOV1oYgpSgyfWoKJYvaPiIyxwsTYUl3bnr/Z1Tbp3NT9Rr1Raz4ULZbhAi7hGny4gyY8QQvaQIDCO3zAp/PlfDs/q8GSU2ycwxqcxS+tW6IQ</latexit>

4

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="XRYa/KXh1FTBQjpIxiDyfL/TzDI=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZUqsuiG5ct2Ae0Q8lkMm1okhmSjFhKv8CtfoFf407ciT9jpp2FbT0QOJxzL/fkBAln2rjuNyxsbG5t7xR3nb39g8OjUvm4reNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvs/8zhNVmsXy0UwS6gs8lCxiBBsrNa8GpYpbdedA68TLSQXkaAzK0OmHMUkFlYZwrHXPcxPjT7EyjHA6c/qppgkmYzykPUslFlT703nSGTq3SoiiWNknDZqrfzemWGg9EYGdFNiM9KqXif96z4sDS1qosyPLWiBWEpro1p8ymaSGSrIIGKUcmRhldaGQKUoMn1iCiWL2j4iMsMLE2FId25632tU6aV9WvVq11ryu1O/yHovgFJyBC+CBG1AHD6ABWoAACl7AK3iD7/ADfsKvxWgB5jsnYAnw5xd28qNy</latexit>

3

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="oldeFIRjF2AJu9VuuuRh9IOr6LA=">AAACHXicbVDLTgIxFL2DLxxf4NZNIzFxRWaMQZdENy4xkUcCE9LpdKCh7UzajpEQvsCtfoFf484tf2MHZiHgSZqcnHNv7ukJU8608byFU9rZ3ds/KB+6R8cnp2cVt9rRSaYIbZOEJ6oXYk05k7RtmOG0lyqKRchpN5w85n73lSrNEvlipikNBB5JFjOCjZWeb4eVmlf3lkDbxC9IDQq0hlXHHUQJyQSVhnCsdd/3UhPMsDKMcDp3B5mmKSYTPKJ9SyUWVAezZdI5urJKhOJE2ScNWqp/N2ZYaD0VoZ0U2Iz1ppeL/3pvqwNrWqTzI+taKDYSmvg+mDGZZoZKsgoYZxyZBOV1oYgpSgyfWoKJYvaPiIyxwsTYUl3bnr/Z1Tbp3NT9Rr1Raz4ULZbhAi7hGny4gyY8QQvaQIDCO3zAp/PlfDs/q8GSU2ycwxqcxS+tW6IQ</latexit>

4

<latexit sha1_base64="5IIMluGpiyVIpVFdDVvDe9pCjW4=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtRujSs2tuwugv8QrSA0UaI2q0BmGMUkFlYZwrPXAcxPjZ1gZRjidO8NU0wSTKR7TgaUSC6r9bJF0js6tEqIoVvZJgxbq740MC61nIrCTApuJXvdy8V/vaXlgRQt1fmRVC8RaQhPd+BmTSWqoJMuAUcqRiVFeFwqZosTwmSWYKGb/iMgEK0yMLdWx7XnrXf0l3cu616g32le15m3RYxmcgjNwATxwDZrgHrRABxBAwTN4Aa/wDb7DD/i5HC3BYucErAB+/wB8KaN1</latexit>

6

<latexit sha1_base64="46apvGdOrpmE0tNtDjm/A5UOBB0=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtb1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBzeKNw</latexit>

1

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="oldeFIRjF2AJu9VuuuRh9IOr6LA=">AAACHXicbVDLTgIxFL2DLxxf4NZNIzFxRWaMQZdENy4xkUcCE9LpdKCh7UzajpEQvsCtfoFf484tf2MHZiHgSZqcnHNv7ukJU8608byFU9rZ3ds/KB+6R8cnp2cVt9rRSaYIbZOEJ6oXYk05k7RtmOG0lyqKRchpN5w85n73lSrNEvlipikNBB5JFjOCjZWeb4eVmlf3lkDbxC9IDQq0hlXHHUQJyQSVhnCsdd/3UhPMsDKMcDp3B5mmKSYTPKJ9SyUWVAezZdI5urJKhOJE2ScNWqp/N2ZYaD0VoZ0U2Iz1ppeL/3pvqwNrWqTzI+taKDYSmvg+mDGZZoZKsgoYZxyZBOV1oYgpSgyfWoKJYvaPiIyxwsTYUl3bnr/Z1Tbp3NT9Rr1Raz4ULZbhAi7hGny4gyY8QQvaQIDCO3zAp/PlfDs/q8GSU2ycwxqcxS+tW6IQ</latexit>

4

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0
<latexit sha1_base64="XRYa/KXh1FTBQjpIxiDyfL/TzDI=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZUqsuiG5ct2Ae0Q8lkMm1okhmSjFhKv8CtfoFf407ciT9jpp2FbT0QOJxzL/fkBAln2rjuNyxsbG5t7xR3nb39g8OjUvm4reNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvs/8zhNVmsXy0UwS6gs8lCxiBBsrNa8GpYpbdedA68TLSQXkaAzK0OmHMUkFlYZwrHXPcxPjT7EyjHA6c/qppgkmYzykPUslFlT703nSGTq3SoiiWNknDZqrfzemWGg9EYGdFNiM9KqXif96z4sDS1qosyPLWiBWEpro1p8ymaSGSrIIGKUcmRhldaGQKUoMn1iCiWL2j4iMsMLE2FId25632tU6aV9WvVq11ryu1O/yHovgFJyBC+CBG1AHD6ABWoAACl7AK3iD7/ADfsKvxWgB5jsnYAnw5xd28qNy</latexit>

3

<latexit sha1_base64="46apvGdOrpmE0tNtDjm/A5UOBB0=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtb1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBzeKNw</latexit>

1

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0


