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MOTIVATION

The kite integral family is the most general 2-loop 2-point Feynman integral family.

1 Loop: Bubble Sunrise: Solved 2 Loop: Kite
[Bogner, MUller-Stach, Weinzierl;19] [Giroux, Pokraka, FP, Sohnle; 24]
1 1

v v
elliptics More
2 P 2 elliptics
S irreducible scalar products: 5 propagators in
(02,02, 01 -0y, 0y - p, Uy - p) the most generic case

We analytically solve all scalar 2-loop 2-point Feynman integrals!
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MOTIVATION

Tori & higher genus/dimensional geometries appear in multi-loop Feynman integrals. Talk by Lorenzo

But: Only few results with multiple tori or many kinematic parameters on the torus so far.
[Adams, Chaubey, Weinzierl;18 | Muller, Weinzierl;22 | Duhr, Klemm, Nega, Tancredi;22 | Gérgen, Nega, Tancredi, Wagner; 23 ... ]
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THE KITE INTEGRAL FAMILY

Goal: Solve the kite integral family analytically ind = 2 — 2¢ ..

,_ etmep2 ) d%e,d%, Dy == +[mi] Dy =—(ts—p)* +[m3] Ds=—(t1 —t2)* +m3]
v (77)¢ D'D? D> Dy* D> Dy = —{3+m; Ds=—(l1 —p)° +ms
4 1
(345)-torus — 5 \/ 2 ~_ " (123)-torus
(345)-sunrise (123)-sunrise

KITE

Solved with 3 masses/only one sunrise sub tOpOlOgy. [Adams, Bogner, Schweitzer, Weinzierl | Broedel, Duhr, Dulat, Penante, Tancredi]
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THE BASIS OF MASTER INTEGRALS

Two elliptic curves (1 Ml) One elliptic curve (12 MI) Not elliptic (17 M)

The top sector: Four eyeball sub-topologies:

R oS CRCE

111111 11110 11101

The two sunrises: _8_
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METHOD OF DIFFERENTIAL EQUATIONS

We compute the kite integral family analytically with differential equations.

B Set up a differential equation w.r.t the external (kinematic) parameters

2 2
dI(X) = A(X,e)I(X) with d=)» dX;dx, where X, = % and X; = Z; for i € {1,2,4,5}
3 3

® Find an e-form differential equation & solve in terms of iterated integrals. (Henn

dJ(X) = eB(X)J(X)

J(X) = Pexp (6/ B> -J (Some point XO) — (1 + €
gl
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See talks by Lorenzo Tancredi, Samuel Abreu
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2. Transformation: Finding an £-form differential equation (on the tori)

dJ(X) =eB(X)J(X)



THE SUNRISE ELLIPTIC CURVE

Rational functions in the kinematics

The massive sunrise defines an elliptic curve y° = (v — e1)(z — e2)(z — e3)(z — e4) iSomorphic to a torus.
[Laporta, Remiddi;04] [Bloch, Vanhove,13] [Bogner, Weinzierl, Muller-Stach;19] ...

.................

llllllllllllllllll

lllllllllllllllll
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SUNRISE PARAMETERS ON THE TORUS

y? = (z —e1)(x —e2)(x — es)(x — eq)

€3 do €3 dx ! dt
DS: :2/ &K :2/ VK1 -k with Kk2:/
PERIODS: Y1 =2 | —7~K(K) and wo=2] -5~ K1) wih K= |~y

Ratios of polynomials in the kinematic parameters

N 1 [* dt
PUNCTURES VIA ABEL'S MAP: Point on the elliptic curve — point on the torus: (. ) - = = - / 0)
1 Jeq

PRy — . o [ dt
T e W e ree)- [T o

The Five-Mass Kite Integral Family | Franziska Porkert | PARAMETRIZATION 9/24



SUNRISE PARAMETERS ON THE TORI

4@7 4@7
2 5
I T(123) l T(345)

The sunrises can be parametrized on the two tori by

{T(123), zilzg), zém)} and {7(345), sz’%) , zég%)}
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THE 1234 EYEBALL ON THE 123 TORUS

1 4
» 4 masses + p : 4 parameters Period T(123)
— 123) (123 23
‘@ > (123) - torus + 3 punctures Z£ ), Zé )&-1 )
2

1234-eyeball
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THE 1234 EYEBALL ON THE 123 TORUS

» 4 masses + p : 4 parameters Period T(123)
— 123
> (123) - torus + 3 punctures Z§123), Zé '8 ‘123)

2

We can find this hew puncture by integrating over the maximal cut in two dimensions:

/ dXy _L <123>(F (s, F2) ; 1) e (129 (Ko VI - (VR (L VED - X,
VAL, X, XOANXo, Xg, Xy) 270 K(ky) - ’ WX (VXo + VX2)? — X,
| | ooooooooooooooooooooooooo
(1234) - Eyellaall MC @ 2d 24(1123)

N

Kallen function
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THE 1234 EYEBALL ON THE 123 TORUS

» 4 masses + p : 4 parameters , Period T(123)
12
> (123) - torus + 3 punctures Z§123), Zé 3)&‘123)
2

We can find this hew puncture by integrating over the maximal cut in two dimensions:

/ dXy _L <123>(F (s, F2) ; 1) e (129 (Ko VI - (VR (L VED - X,
VAL, X, XOANXo, Xg, Xy) 270 K(ky) - ’ WX (VXo + VX2)? — X,
| | .........................
(1234) - Eyellaall MC @ 2d 24(1123)
\’ Kéllen function

We can also find the sunrise punctures from the maximal cut via limits:

Zélzg) from 24(1123) by uélQS) _ u51123)|mi_>oo

79 from o129 by ™ =

All parameters for the 1234 eyeball from a simple integral over its maximal cut in 2D.
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THE KITE ON THE 123 TORUS

{ 7(_123) , 21(123), Zéms), Z(les)}

z
Z ....
0“
z %
(123) 123) | _(123) (123)
- {Tiogy » 21 122" @k 25 )

5 2 T(123)

{ 7(-123) ,21(123), Zé123), 2(123)}
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THE KITE ON THE TWO TORI
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2. Transformation: Finding an £-form differential equation (on the tori)

Initial: AI(X) = A(X,e)I(X) — Goal: J = UI with dJ =eB(X)J & ¢cB =dUU '+ UAU

S leeesiiill eeee - IIIIIIIIIIC SRS
NI TTIIIIIIIIIII R S
AX,e) = |Tgoeteooooneteeooooooonoon 7

_::::::::.‘.‘.‘::.‘:::::::::::::2:2&@_



TOWARDS £-FORM: STEP 0-2

Sunrise sectors in & -form [Bogner, Milller-Stach,Weinzierl;19]
. Introduces 9y1{”* and 4!"7* with (ijk) € {(123), (345) )

Diagonale in &£ -form
(Leading singularities / Division by maximal cuts)

Remove the remaining non-elliptic £ terms.

New differential equation:
dJQ(X) a BQ(S, X)JQ(X)
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TOWARDS £€-FORM: STEP 3

Remove the £2 terms in the (€),4) sector via Us.

et Example: (€),-©) - Entry
ool Make an ansatz for Us & require: (dUsUs ™ + UsB2Us )y ~ e
i e X,
LI e P (Us)as,9 = —/ dX3 (B2)ys.9 le—0
e e LTIt LTIIIIC 0
SEEERS LR 8
i contains puncture:
F(U4,k2)
(25/9) or (€, ) - entry K(ky)..:
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TOWARDS £ -FORM: STEP 4

Remove the - terms in the (<>,-©-) sector via U, .

-:_::::::::::::::::::::::::::::- Example: (-®-’e)-entry
ooegoooozooozozmzzzzzzzr| - Ansatz for Uy with non-trivial entry U & require € -form after transformation
TR SRS — _B=dv with B=o(X;,dX) 1 +p(Xs,dX;) Oty
ey S ey === bbb {
B | SEPEEE | TR Entry of the deq B, Entry of Uy
AL Modvertansomaton
L e+ d) (o4 B) + clodr + p 13y =
-EEEEEEEE‘:EE};EEEEEEEEEEEE:EE- l (.) | = eeecececsccecsccccsccccsccocc e

t = U = —Y10oT Zﬂ\dxg 87‘ \
(30/9) or (<> ) - entry

Compute from the inverse of the Jacobian
— Need all parameters (i.e. punctures) on the torus

Work on the tori to find the transformation but this requires full parametrization/all punctures.
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dJ =eB(X)J



g-KERNELS AND EMPLS

The natural integration kernels for iterated integrals on a torus are the g-kernels
and we use their combinations to Kronecker forms

d
romesten(z, ) = (2n2F (g0 (s, 7)ds + (k= g zm) )

271

& g-kernels: coefficients of the Kronecker-Eisenstein series

Iterated integrals over Kronecker forms along z are elliptic multiple polylogarithms:

[Brown, Levin | Brodel, Duhr, Dulat, Penante, Tancredi | Brodel, Matthes, Schlotterer]

Kronecker

Reorganize the differential equation B in terms of w;, & modular forms 7x(7) .
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THE DEQ IN KRONECKER-FORMS

Entry by entry in the differential equation:
1.|Determine, which Kronecker forms appear.
o nrm mr 0 T

OOOOOOOOOOO

Li(2) Integer (only c=1,2 for the kite)

Modular behavior: =
WE Is a quasi-modular form of weight k-2

iWT)

" Find from g-expansion (¢ =€
> Singularities!

2.| Numerically determine the linear combination of Kronecker forms to fix the dz part

3.| Numerically fix the remaining d7 part with forms 72(7) & 14(7)
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THE DEQ IN KRONECKER-FORMS

Any diagonal entry I5;; is a linear combination of dlogs:

Bii =dlog Ay +--- +dlog A,, —XZPN . [qlog 4; = dlog (A§.0> 1 O(q))

Any diagonal entry 5;; is a expressible in wa:

Bii = Z ciwa(L;(2),7) —TZPIMN L wy(Ly(2),7) = dlog (sin(rL;(2))) + O(¢°)
J

By comparing the leading order in g, we can find the appearing arguments £;(z)!

The zero-loci of these L;(z) are singularities on the tori.

Find 17 L;(2z) on each of the tori.

1 1
Examples: - (22 —2), 5 (21 +20 +24 — 25 )
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THE RESULT IN ITERATED INTEGRALS

Boundary point: We choose for the initial point: m; =m >0 and p* — 0

R 31 = 31 31 - 31 R R
Jo=¢* (111000><187 V3 211100 , U2, V3 111100’ V3 211100 , U2, V3 ilmo,i\@hnoo, 03,4V 3111100, 09)

Result In iterated integrals:

A good choice of parametrization ensures that the elliptic curves don’t mix in the integrals.

= (S50 x [5)

Aot (L[5 [ X [l ) B

(123) Tl e T IIIeeIIIII It
NO terms of the fOrm/ /Wk SR
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SUMMARY

1. Parametrization of the kinematic space on the two tori:
Punctures from integrals of 2D maximal cuts of all eyeball sub topologies.

2. Finding an &-form differential equation on the tori
Use the parametrization on both tori + modular transformation

3. The singularity structure and iterated integrals on the tori
Use the g-expansion to find singularites/arguments of Kronecker forms

OUTLOOK

e Other multi-scale Feynman integral families with several elliptic curves:
Can we parametrize & solve them in a similar way?

e More efficient numerics ?

e Multi-scale problems related to Calabi-Yau & hyperelliptic curves
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Thank you!



Backup: Two Tori from Two Sunrises

The maximal cut of a sunrise integral with propagators (¢ defines a quartic elliptic curve:

Yo = (Ta — €7)(za — €3)(Ta — €5)(Ta — €F)

Roots of the sunrises’ elliptic curves:

{e) = (- (VX1 + VX2)%, ~(1+ VX0)*, = (1 = VX0)?, = (VX1 — V/X2)*)
{6} = {-(VXa + VX5)?, (1 + VX0)%, —(1 = VX0)%, = (VX4 — V' X5)%)

Periods of the sunrises’ elliptic curves:

Q

Z‘ Yo C4

s do,  K(k2 s dz, K(1— k2

(e3 —e5)(ef —ef)
(e5 —e7)(ef —ef)

with ¢§ = —\/(63‘ —ef)(ed —e9) & ki —
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Backup: Two Tori from Two Sunrises

A point on the elliptic curve is mapped to a point on the torus via Abel’s map:

1 [*do B F(\ ug, k*) 7 T — ez e — €3
- - - _ o | jtarg(x—ey)—arg(x—e2) T | . _
-Y) > 2 _%/ ) mod Ay, =4 |e KK 2 with Uz ey —

(:IZ‘, _

€1

Punctures for the two sunrises in the kite:

(123) o (\/ X() _I_ \V X1)2 - (\/ X2 - ].)2 o (\/ XO _I_ V X4)2 - (\/ X5 - ].)2
U1 = Uyg —
4/ X5 4/ X5
(123)_(VXO_I_VX2)2_(VX1_1)2 _(VX0+VX5)2_(\/X4_1)2
Us — Uy —
4/ X1 4/ X4
Additional punctures from the eye-balls
’U(,123) Uf123) (]- _|_ V X1)2 o X4 "y i (]- _I_ V X4)2 o Xl
4 — W2 1 — Uj
(VXo + vV X2)* — Xy (VXo + v X5)* — Xi
(1+vX2)* — X5 (1++vX5)? — X5

d1 53) — u1 ]2-3)

(VXo+vX1)? — X5 (VX0 +vVX4)? — X5
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Backup: Modular transformations

Under a modular transformation, the periods and punctures transform in the following way:

N Z |%am'%—b
— T
ct+d ct + d

1 = (et +d)Y1 | Y2 = (a1 + b)Y

Oo1 +— (e + d)0ih1 + cp1 00T

A quasi-modular form of weight k and depth p transforms in the following way:

f(Z,T)Hi(CT+d)k+2< = )ifi(m)

cz +d
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Modular behavior of B -

(dl - — — — — — - — — — — - — - — - — - — — ——— - — - — — - \
S 1 [
— —dl - — = — — - - -
— — —dl - = — — - - . -
.
_____ d - — — — — — — —
______ dl - - — — — — — — _ _ _ _ . - _—
_______ d - - — — — — — — —
———————— 2110-—-——-———-————— — — — — — — — — —
dldldl - — — — — 3221 —————————— — — — — — — — —
dldldl — — — — — 3221 ————————— — — — — — — — — —
333 ————— 4332 ——————————————————
———————————— 2110—-—————— ———— — — — —
— — —dldldl - — — — — — 3221 ——————— — — — — — —

— — —dldldl - — — — — — 3221 —————— — ——— — — — —
- —-——-333 —————— 4332 —————— - — — (C-1)
—dl-dl - -dl - — — — — — — — — dl - - - - - - - — — — — — —
d - - - — — dl - - - — - — — — — — dl- - - - - - - - - - — -
————— ddl - - - --—-—-—-—-—-—-dl - - — - — — — — — — —
————— dl-d-- - - ----—-———-dl- - - - - - - - — -
——dl-d--dl--—--—-= - - - — - dl - - — — — — — — —
dl - - — — — — dl- - — - - — - — - — — — — dl - - — - — — — —
—dl-—-dl- - - - — - - — - — — — - — — — — dl—- - - — — — —
——dldl - - - - — — - — — - - — - - - — — — - dl - — — — — —
———————— 3221 —-——-——-——-dldl—-—-——-—--dldl- - - — —
———————— 3221 -—-——-——-—————dldldl— —-dl - - — —
———————————— 3221 ———dldl——-dl—-—-dl - — —
———————————— 3221d-dl——-—-dl—-—-—-—dl ——
————————————————— dldldl —dl — — — — — —dl —
\— - — - - — - - 32213221dddddddddddladdld /)
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Backup: Forms on the Torus

07 (0, 7)01 (7 (z +
_ I 2., _ 1 a—1 (a)
The g-kernels (z,m,q) = 9. (r2. 7_)91(7”77 Z 1 (z,7)
g0 (z,7) =1
g(l)(z, T7) = mwceot(mz) + 4 sin(27rz)q2 -+ O(q4) :
2
9P (z,7) = =% + 8% cos(2m2)q” + O(q*),
g(3)(z, T) = — 87> sin(27rz)q2 + O(q4) :
4 16 4
gW(z,7) = 15 37T cos(2mz)q® + O(q%) .

< wa(z,7) = dlog a7z, 7) = dlogsin(7z) + O(¢?),

n(7)
The 7] - function N2 (7) = lea(7) — 2e9(27)] ;—; with  es(7) = 27: (?9/1,//((00 ’TT))
(1) = ea(r) et ' T (68(0,7) + 630, ) + 63
Na(7) = eq(T (2ri)3 with ey (7) = 90 (6’2 (0,7) 4+ 605(0,7) + 94(0,7'))
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Backup: More g-expansion behavior

d log (Xolqz) = d log (sin2 (71'21) sin’ (71'22)) :
-

: T : . 9
sin (5(2z1—|—z2—|—z4)) sin (5(2z1—|—z2—z4)) sin (7TZ2)

d log (X4|q0) = d log

sin? (7r(21+z2)) sin (g(22+z4)) sin (g(zg—z4)) |
sin? (71'21) sin® (sz)
808 ()\024|q0) s sin? (7T(Z1-I-Z2)) sin? (g(Z2+Z4)) sin? (g(zz—Zzl)) |
sin? (7TZ1) sin? (wzz) sin? (wz4)
dlog (,\134|qo) — dlog

sin? (7r(z1 zz)) sin? (g(ZQ 24)) sin? (3(22—24)) |
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Backup: Initial condition detailed

(123) .
0 — T — 150

2
m;=m>0 and p* — 0 <& M@_ 029 e e

123)  (123)

4 =25 =2 =2y = = —100
R 31 S 31 31 i 31 R R
Jo=¢* <]11000><187 V3lioo , U2, V3 1111007 V3 211100 , U2, V3 illoo ,iV'3111100, 03, iV 3111100, 09)

o I11000(X,) = M2 (¢)

e2VEMET (1 4L ¢ oin\ —E . _2im\ 7€ - T
o Ii1100(Xo) = (_1)1+2(€31/2+€) { (—e 3 ) 8 (2?377) (—e 3 ) ke (—22—”) + _}

311 1
with F.(z) = e+ 1)

— Fi(—2¢,—e,1—¢,¢
perr(oe 1) 2T el m e )
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(123)

Integrating along 7 with the common base point 79" = 79 = 200 and fixed <Z; we obtain:
9
2 O . O . (123) (123) (123) (123) (123) (123) (123) (123)
Jso) = D (=100 ([ 1, Qo1 1] — 2[00, Q21 2] — [Dag1, Q25.1] + 2[Q251, Q2:5.2])
j:
9
: : (123) (123) (123) (123) (123) (123) (123) (123)
+ ) (=1%ot (105,055 1] — 2[0575 1, 9573 o] — [0, Q5%1] + 2005751, 0575 2))
j=6
i1
—|—((123) < ) with Qg,b,c — wa(ﬁg,cm) and [wl,wg] :/ wl(tl)/ wg(tg)
100 100



