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1 Loop: Bubble

1

2

3

[Bogner, Müller-Stach, Weinzierl;19]

Sunrise: Solved
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2 Loop: Kite

5 irreducible scalar products: 5 propagators in 
the most generic case <latexit sha1_base64="NDqCh90GrWKfaZuLRJbt/FlrgIQ="></latexit>

{`21, `22, `1 · `2, `1 · p, `2 · p}

[Giroux, Pokraka, FP, Sohnle; 24]

The kite integral family is the most general 2-loop 2-point Feynman integral family.

We analytically solve all scalar 2-loop 2-point Feynman integrals!

MOTIVATION

elliptics more 
elliptics
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MOTIVATION
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Kite integral: Two tori & five kinematic parameters 

But: Only few results with multiple tori or many kinematic parameters on the torus so far.
[Adams, Chaubey, Weinzierl;18 | Müller, Weinzierl;22 |  Duhr, Klemm, Nega, Tancredi;22 | Görgen, Nega, Tancredi, Wagner; 23  … ]

Tori & higher genus/dimensional geometries appear in multi-loop Feynman integrals. Talk by Lorenzo
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Solved with 3 masses/only one sunrise sub topology. [Adams, Bogner, Schweitzer, Weinzierl | Broedel, Duhr, Dulat, Penante, Tancredi]

Goal: Solve the kite integral family analytically  in                    .
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THE KITE INTEGRAL FAMILY
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The kite integral family has 30 master integrals (MIs).
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Not elliptic (17 MI)

Four eyeball sub-topologies:

The two sunrises:
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One elliptic curve (12 MI)

The top sector: 

Two elliptic curves (1 MI)
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THE BASIS OF MASTER INTEGRALS
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METHOD OF DIFFERENTIAL EQUATIONS

See talks by Lorenzo Tancredi, Samuel Abreu

We compute the kite integral family analytically with differential equations.

Find an   -form differential equation & solve in terms of iterated integrals. [Henn]

Set up a differential equation w.r.t the external (kinematic) parameters
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2. Transformation: Finding an    -form differential equation (on the tori)<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"
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3. Solution: The singularity structure and iterated integrals on the tori 
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1. Setup: Parametrization of the kinematic space on the two tori 



Rational functions in the kinematics
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The massive sunrise defines an elliptic curve                                                      isomorphic to a torus.
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THE SUNRISE ELLIPTIC CURVE
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SUNRISE PARAMETERS ON THE TORUS

PUNCTURES VIA ABEL’S MAP: Point on the elliptic curve           point on the torus:
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Ratios of polynomials in the kinematic parameters

Ratios of polynomials in the kinematic parameters

[Bogner, Weinzierl,  
Müller-Stach;19]
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The sunrises can be parametrized on the two tori by  

and{         ,          ,           }   
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Next: Full kinematic space of the kite on both tori!
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SUNRISE PARAMETERS ON THE TORI
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THE 1234 EYEBALL ON THE 123 TORUS
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We can find this new puncture by integrating over the maximal cut in two dimensions:

(1234) - Eyeball MC @ 2d
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We can also find the sunrise punctures from the maximal cut via limits: 
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THE 1234 EYEBALL ON THE 123 TORUS

All parameters for the 1234 eyeball from a simple integral over its maximal cut in 2D.
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<latexit sha1_base64="m+4RayEU3t+QxZwU4xi2p+qb4dU="></latexit>z1(123) <latexit sha1_base64="SEmInWDX3nfoDTTJ3oXTCaLVltI="></latexit>z2(123) <latexit sha1_base64="lFu6ejWKvBeOpuIwfagiWd4K8DQ="></latexit>z4
(123)

(123)
<latexit sha1_base64="A8ukUzd/3Vk1TlN1Z1vkDVijgtE="></latexit>⌧{       ,        ,        ,       }   

<latexit sha1_base64="m+4RayEU3t+QxZwU4xi2p+qb4dU="></latexit>z1(123) <latexit sha1_base64="SEmInWDX3nfoDTTJ3oXTCaLVltI="></latexit>z2(123) <latexit sha1_base64="lFu6ejWKvBeOpuIwfagiWd4K8DQ="></latexit>z4
(123)

(123)
<latexit sha1_base64="A8ukUzd/3Vk1TlN1Z1vkDVijgtE="></latexit>⌧{       ,        ,        ,       ,       }   (123)

<latexit sha1_base64="xmDyDTzMLuyG/uifep3/xH+AHYY="></latexit>z5

1

2

3

4

1

3

25

We can find all kite punctures on the 123-torus from the eyeball maximal cuts.
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THE KITE ON THE 123 TORUS



<latexit sha1_base64="h0BobUky8gJVdqye+3vBP8Tzndc="></latexit>⌧(123)

<latexit sha1_base64="iFacWUmiB2JVXBebM+ixV3dKaDI="></latexit>

z(123)1
<latexit sha1_base64="02WQoHK/A16Wu00owIjGYXHjd44="></latexit>

z(123)2

<latexit sha1_base64="1PUMYdrv3P8HO510Hv976RSyBFE="></latexit>

z(123)4

<latexit sha1_base64="gjblbsZtQ9qz6cPgy+G0uvWq5z4="></latexit>

z(123)5

<latexit sha1_base64="m+4RayEU3t+QxZwU4xi2p+qb4dU="></latexit>z1(123) <latexit sha1_base64="SEmInWDX3nfoDTTJ3oXTCaLVltI="></latexit>z2(123) <latexit sha1_base64="lFu6ejWKvBeOpuIwfagiWd4K8DQ="></latexit>z4
(123)

(123)
<latexit sha1_base64="A8ukUzd/3Vk1TlN1Z1vkDVijgtE="></latexit>⌧{       ,        ,        ,       ,       }   (123)

<latexit sha1_base64="xmDyDTzMLuyG/uifep3/xH+AHYY="></latexit>z5

1

3

2

4
1

3

25

<latexit sha1_base64="pe26tWcSAI++A0vlPjUMLPzViYA="></latexit>

z(345)1
<latexit sha1_base64="BAezd4d4yPpoBiP0scQ/ARCkjKw="></latexit>

z(345)2
<latexit sha1_base64="UWbDfijgnP4xOffNTxWUIzrpHRg="></latexit>⌧(345)

<latexit sha1_base64="j5i6jyZWf9vTgNYmgW7KkMWd7as="></latexit>

z(345)4
<latexit sha1_base64="Gg5GTBfnqCHcKjjFW01AZGvBqWE="></latexit>

z(345)5

{       ,        ,        ,       ,       }   <latexit sha1_base64="m+4RayEU3t+QxZwU4xi2p+qb4dU="></latexit>z1
<latexit sha1_base64="SEmInWDX3nfoDTTJ3oXTCaLVltI="></latexit>z2 <latexit sha1_base64="lFu6ejWKvBeOpuIwfagiWd4K8DQ="></latexit>z4

<latexit sha1_base64="A8ukUzd/3Vk1TlN1Z1vkDVijgtE="></latexit>⌧ <latexit sha1_base64="xmDyDTzMLuyG/uifep3/xH+AHYY="></latexit>z5(345)
(345) (345) (345) (345)

2

3

5

4 4

3

5

1
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THE KITE ON THE TWO TORI

All parameters for the full kite on both tori from integrals over eyeball maximal cuts in 2D

1

2

4

5

3



Initial: 
<latexit sha1_base64="uEMpj08gywJXuYDUuqIFxFxyu4U="></latexit>

dI(X) = A(X, ")I(X)
<latexit sha1_base64="+6BVuRXbRz+W4ZCRvR5oI9KG1nY="></latexit>

J = UIGoal:              with                       & 
<latexit sha1_base64="VjeBetzV4w0dCx2v2tS8sBlucCA="></latexit>

dJ = "B(X)J
<latexit sha1_base64="GrZwkweZrp5FasjQOqeh76M1GvI="></latexit>

"B = dUU�1 +UAU�1

2. Transformation: Finding an    -form differential equation (on the tori)<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"

3. Solution: The singularity structure and iterated integrals on the tori 

1. Setup: Parametrization of the kinematic space on the two tori 

<latexit sha1_base64="fsQUqCUf12Hlr04zanhwgfljV1o="></latexit>

A(X, ") =
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<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>" 15/24

TOWARDS    -FORM: STEP 0-2<latexit sha1_base64="9Dw++xlzrEtFX6idLaVEedvkMpY="></latexit>"

Step 0: Sunrise sectors in    -form
<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"

Step 1: Diagonale in     -form  
(Leading singularities / Division by maximal cuts)

<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"

Step 2:

<latexit sha1_base64="8Y1kx8lLXx3CZLAKLmP87M1r+5Q="></latexit>2Introduces              and           with (ijk)     {        ,        } 
<latexit sha1_base64="z3ITdJH3eQL9Qny65y1ApHBid5g="></latexit>

 (ijk)
1 (345)(123)

<latexit sha1_base64="WgJr/pNWpR8F4Lbzc4wVpPKg400="></latexit>

@0 
(ijk)
1

Remove the remaining non-elliptic     - terms.                   
<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"0

New differential equation: 

[Bogner, Müller-Stach,Weinzierl;19]

<latexit sha1_base64="sfSQXyt1yHXNYqdiGW+DmYP2NRo="></latexit>

dJ2(X) = B2(",X)J2(X)
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<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>" 16/24

Remove the    - terms in the                 sector via       . (      ,      ) 
<latexit sha1_base64="G8lvidNt5PKBTae8Usv3NRwbcWk="></latexit>

U3

<latexit sha1_base64="mzBFsWZS5T+ietfjQSNXNRv/VnE="></latexit>

"0

TOWARDS    -FORM: STEP 3<latexit sha1_base64="9Dw++xlzrEtFX6idLaVEedvkMpY="></latexit>"

Example: (      ,      ) - Entry
<latexit sha1_base64="G8lvidNt5PKBTae8Usv3NRwbcWk="></latexit>

U3Make an ansatz for        & require:
<latexit sha1_base64="OjQDGsl1khBPxxkhyX5mXZ47oGo="></latexit>�
dU3U

�1
3 +U3B2U

�1
3

�
25,9

⇠ "

contains puncture:

<latexit sha1_base64="xcssyFkGkPTJZO+LF2mNWs0NoPc="></latexit>

(U3)25,9 = �
Z X4

0
dX 0

4 (B2)25,9 |"!0

<latexit sha1_base64="sxGPCvg6kwLgWgl7xsUer56Nlps="></latexit>u4
<latexit sha1_base64="4eyR6l5kr/cUr0PlLUIK7Jn5/Lk="></latexit>

k2

<latexit sha1_base64="4eyR6l5kr/cUr0PlLUIK7Jn5/Lk="></latexit>

k2
<latexit sha1_base64="LAsEOtCQn8H8VY19Kr5Ts1tlvMU="></latexit>✓
F ( , )

K( )
� 1

◆

(25/9) or (      ,       ) - entry 

All punctures for the kite on the two tori also appear naturally in the    -form diff. equation.<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"
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<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"

Remove the    - terms in the                 sector via       . 
<latexit sha1_base64="mzBFsWZS5T+ietfjQSNXNRv/VnE="></latexit>

"0 (      ,      ) <latexit sha1_base64="mXCPDrsFMWn8UjkaO6HxHcT80/Y="></latexit>

U4

Example: (      ,      ) - entry

17/24

TOWARDS    -FORM: STEP 4<latexit sha1_base64="9Dw++xlzrEtFX6idLaVEedvkMpY="></latexit>"

(30/9) or (      ,       ) - entry 

Work on the tori to find the transformation but this requires full parametrization/all punctures. 

<latexit sha1_base64="rRSqYFm2q9zKB2pfaP5oB0zKUY0="></latexit>) with
<latexit sha1_base64="HcYgh5rBq4TUYUUS+YKlFK36N/I="></latexit>

 1
<latexit sha1_base64="GykAYSArMSfwF5wOrcIFzbye6bw="></latexit>

B̃ = �(Xi, dXi)
<latexit sha1_base64="0N2vdDZG0enMFS6ICXwhxOPHLBs="></latexit>

+⇢(Xi, dXi)
<latexit sha1_base64="gfifARS/t5YZnCn/LSdn9QYVx98="></latexit>

@0 1

Entry of 
<latexit sha1_base64="mXCPDrsFMWn8UjkaO6HxHcT80/Y="></latexit>

U4Entry of the deq  <latexit sha1_base64="b0qAWKOS/+LYF0S+pRUfFvdPvh8="></latexit>

B2

<latexit sha1_base64="mXCPDrsFMWn8UjkaO6HxHcT80/Y="></latexit>

U4Ansatz for        with non-trivial entry     & require     -form after transformation
<latexit sha1_base64="uVYEbqtdhVVodEJ8wV8rjzT/i+I="></latexit>v <latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"

<latexit sha1_base64="iGYWh+BiZwLgd5jHG3O/eEQKdAg="></latexit>

�B̃ = dv

Modular transformation: 
<latexit sha1_base64="ApESycrDPGfI0LsESCXbIKWRD7Q="></latexit>

(c + d)
⇣
dv + B̃

⌘
+ c (v + ⇢ ) = 0

<latexit sha1_base64="cOaA9cp1/Tf0wpG9Hlheb1tQyjU="></latexit>

d⌧
<latexit sha1_base64="TBxs9+EDGB8YhY75HwWmi9BkhUs="></latexit>

@0⌧
<latexit sha1_base64="Uof/JdL7FjxSRFglJRAVoZpncZw="></latexit>

 1
<latexit sha1_base64="5zjo/jMKgOwsYsyZCTMCMf8ZFbQ="></latexit>⌧

<latexit sha1_base64="rRSqYFm2q9zKB2pfaP5oB0zKUY0="></latexit>) <latexit sha1_base64="jAMSl0Ro2sDf/QDy9UlvoAjFg3w="></latexit>v =
<latexit sha1_base64="/8uQLMG4/CXv5BUsIBY9GYQQumI="></latexit>X

⇢|dXj

<latexit sha1_base64="prST+jBYkHDdU+yAdWrch3aDFCg="></latexit>

� 1@0⌧
<latexit sha1_base64="aY99Po4RiuKiXfhBt9G2PGgm0pE="></latexit>

@Xj

@
<latexit sha1_base64="tYjnM//hqM0jkMQBTlPMckfpzhI="></latexit>⌧

Need all parameters (i.e. punctures) on the torus
Compute from the inverse of the Jacobian

0



<latexit sha1_base64="cu+c16NnIkSBiZhlwVfgh7kznh4="></latexit>

J(X) = P exp

✓
"

Z

�
B

◆
· J

�
some point X0

� <latexit sha1_base64="tFeSXUdoNJYNvjIj48IBG48AzP0="></latexit>

=

✓
1 + ✏

Z

�
B + "2

Z

�
B

Z

�
B + . . .

◆
J
�
X0

�

<latexit sha1_base64="uI14Pi0s6Jt1bCWlpO0yRFkNKVU="></latexit>

dJ = "B(X)J

1. Setup: Parametrization of the kinematic space on the two tori 

2. Transformation: Finding an    -form differential equation (on the tori)<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"

3. Solution: The singularity structure and iterated integrals on the tori 
<latexit sha1_base64="x5qaQkDtCHNCleMKSqPFJd2L2vQ="></latexit>

I�(!1, . . . ,!k;�) =

Z �

0
d�1f1(�)1

Z �1

0
d�2f2(�2)· · ·

Z �k�1

0
d�kfk(�k) with fj(�)d� = �⇤!j
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<latexit sha1_base64="OdbhN6OxU/0eC2lNzlYp2CQKKI4="></latexit>

J(z, ⌧) =

✓
1 + "

Z

�
B + "2

Z

�
B

Z

�
B + . . .

◆
J
�
z0, ⌧0

�
Formal solution for the kite: 

Reorganize the differential equation B in terms of                  & modular  forms           . 
<latexit sha1_base64="YY46U/jGynrXrzCs2kz45xT0lgA="></latexit>

!Kronecker
k

<latexit sha1_base64="ED+SFlvmUyJd+yrmDcgXHchob/k="></latexit>

⌘k(⌧)

19/24

g-KERNELS AND EMPLS

g-kernels: coefficients of the Kronecker-Eisenstein series

<latexit sha1_base64="MajAsCASENJiX8eFsgSLmdjJ1ZM="></latexit>

!Kronecker
k (z, ⌧) = (2⇡)2�k

✓
g(k�1)(z, ⌧)dz + (k � 1)g(k)(z, ⌧)

d⌧

2⇡i

◆

The natural integration kernels for iterated integrals on a torus are the g-kernels  
and we use their combinations to Kronecker forms 

Iterated integrals over Kronecker forms along z are elliptic multiple polylogarithms: 
[Brown, Levin | Brödel, Duhr, Dulat, Penante, Tancredi | Brödel, Matthes, Schlotterer]

<latexit sha1_base64="eI3LMy+278mKAuQ05JQpYcT7saE="></latexit>

�̃

✓
n1 . . . nk

w1 . . . wk
; z

◆
=

Z z

0
dz1 g

(n1)(z1 � w1)�̃

✓
n2 . . . nk

w2 . . . wk
; z

◆



Entry by entry in the differential equation:
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<latexit sha1_base64="abYbjOcUSt0p2BqaQl5zzx1qZok="></latexit>

dz

20/24

<latexit sha1_base64="d3t/mDDlOwQJE2SQiAhN24qplzo="></latexit>!k is a quasi-modular form of weight k-2  
Find from q-expansion

Integer (only c=1,2 for the kite)

<latexit sha1_base64="+JmJjJVlo6nNiGfKl2jaYLUTWp8="></latexit>!k

<latexit sha1_base64="2zICiIoISHpbfLZTkBQXNKW+1X0="></latexit> 
5X

n=1

cnz
(ijk)
n , c · ⌧ (ijk)

!Decide on torus (123) or (345)

<latexit sha1_base64="6T8lE9TRM7aSJH58vDuFcLsym8k="></latexit>

Li(z)

<latexit sha1_base64="Qtc+hS2sn0m4FDEACg4vHU53PxE="></latexit>

(q = ei⇡⌧ )

Modular behavior: 

THE DEQ IN KRONECKER-FORMS

1. Determine, which Kronecker forms appear.

2.   Numerically determine the linear combination of Kronecker forms to fix the       part 

3.  Numerically fix the remaining       part with forms           &     
<latexit sha1_base64="RTKm+MTrDIasiYzKJcSiDN9Tb3w="></latexit>

d⌧
<latexit sha1_base64="BgtAjY8e6Dez8D3KvHDsKAgFej0="></latexit>

⌘2(⌧)
<latexit sha1_base64="dEGr+jZw0ghrzNTqi9ee1zoB59g="></latexit>

⌘4(⌧)

Singularities!
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Any diagonal entry        is a linear combination of dlogs: 
<latexit sha1_base64="h5oSGWLvCZCZWdMuxGsXCwyFyRg="></latexit>

Bii

<latexit sha1_base64="qopWPTuKMQKp9pVwSHPRgysWwuA="></latexit>

d logAj = d log
⇣
A(0)

j +O(q)
⌘

q-expansion<latexit sha1_base64="0lYNaimn7L1gwYr7XdtkJUO0Y7M="></latexit>

Bii = d logA1 + · · ·+ d logAm

<latexit sha1_base64="KHCP9GD5IYoOghLSeaf/9hoLwJ0="></latexit>!2Any diagonal entry        is a expressible in       :
<latexit sha1_base64="h5oSGWLvCZCZWdMuxGsXCwyFyRg="></latexit>

Bii

<latexit sha1_base64="9ybDM3saMRjjT2JMnQ2cl04XKxE="></latexit>

Bii =
X

j

cj!2(Lj(z), ⌧)
<latexit sha1_base64="j8ewMXYsRpfkf2RuQ/k82YghQlI="></latexit>

!2(Lj(z), ⌧) = d log (sin(⇡Lj(z))) +O(q2)q-expansion

21/24

By comparing the leading order in q, we can find the appearing arguments           !
<latexit sha1_base64="3UUysOD8Qz/EZIIM/p8BXuNsEC8="></latexit>

Li(z)
<latexit sha1_base64="3UUysOD8Qz/EZIIM/p8BXuNsEC8="></latexit>

Li(z)The zero-loci of these           are singularities on the tori.

Find 17            on each of the tori.
<latexit sha1_base64="3UUysOD8Qz/EZIIM/p8BXuNsEC8="></latexit>

Li(z)
<latexit sha1_base64="17QxUuKlL8Kas6Z6AZlmuPEow7o="></latexit>

1

2
(z2 � z4 )

<latexit sha1_base64="Jc/ugoP56oyi2Zm4jxgHJ3Nghlw="></latexit>

1

2
(z1 + z2 + z4 � z5 )Examples:                    ,                           

THE DEQ IN KRONECKER-FORMS



A good choice of parametrization ensures that the elliptic curves don’t mix in the integrals. 
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THE RESULT IN ITERATED INTEGRALS

<latexit sha1_base64="BCDPGRkc45mHZ/JCXmKGx/r57UE="></latexit>

J0 = "4
⇣
I11000⇥~18,

p
3I11100
2

,~02,�
p
3I11100
4

,

p
3I11100
2

,~02,�
p
3I11100
4

, i
p
3I11100,~03, i

p
3I11100,~09

⌘
(near p0)

                      and <latexit sha1_base64="2BNTzyQRn5qp7eMejknc5RiL5iA="></latexit>

mi = m > 0
<latexit sha1_base64="6IuYuBSiARP2ZMfmSQBvIgPpESQ="></latexit>

p2 ! 0We choose for the initial point: Boundary point:

Result in iterated integrals:

<latexit sha1_base64="Sn7JYnwwMvn4v6Hqh/NJz7hU+5I="></latexit>

Ji = J0 + J0"

✓XZ
!k +

XZ
!k

◆

<latexit sha1_base64="kDKnIXjOFSDCcQIuw/TY7EHuPmI="></latexit>

+J0"
2

✓XZ
!k

Z
!k +

XZ
!k

Z
!k

◆
+ . . .

(345)(345)

(345)

(123)(123)

(123)

NO terms of the form                 
<latexit sha1_base64="4uw3/4elnWJjgbFOWN2jVxHT3y0="></latexit>Z

!k

Z
!k

(123) (345)
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1. Parametrization of the kinematic space on the two tori:  
    Punctures from integrals of 2D maximal cuts of all eyeball sub topologies. 

2. Finding an    -form differential equation on the tori  
    Use the parametrization on both tori + modular transformation 

3. The singularity structure and iterated integrals on the tori 
    Use the q-expansion to find singularites/arguments of Kronecker forms 

<latexit sha1_base64="+jmvs6kj6fuZRw9hUV4rCr/A4r0="></latexit>"

SUMMARY

• Other multi-scale Feynman integral families with several elliptic curves: 
Can we parametrize & solve them in a similar way? 

• More efficient numerics ? 

• Multi-scale problems related to Calabi-Yau & hyperelliptic curves

OUTLOOK

<latexit sha1_base64="h0BobUky8gJVdqye+3vBP8Tzndc="></latexit>⌧(123)

<latexit sha1_base64="iFacWUmiB2JVXBebM+ixV3dKaDI="></latexit>

z(123)1
<latexit sha1_base64="02WQoHK/A16Wu00owIjGYXHjd44="></latexit>

z(123)2

<latexit sha1_base64="1PUMYdrv3P8HO510Hv976RSyBFE="></latexit>

z(123)4

<latexit sha1_base64="gjblbsZtQ9qz6cPgy+G0uvWq5z4="></latexit>

z(123)5

1
3

2

4
1

3

25

1

2

4

5

3



Thank you!



Backup: Two Tori from Two Sunrises 

Roots of the sunrises’ elliptic curves:

<latexit sha1_base64="LtcoradyJC5VCOf0MSB5NPKM+8I="></latexit>

y2↵ = (x↵ � e↵1 )(x↵ � e↵2 )(x↵ � e↵3 )(x↵ � e↵4 )

The maximal cut of a sunrise integral with propagators      defines a quartic elliptic curve: <latexit sha1_base64="yKfpc+331f57EkcDa4kk1zCWW0s="></latexit>↵

<latexit sha1_base64="9qqW4tYROfOgSogvfcmvjAfiEWw="></latexit>

{ei } = {�(
p

X1 +
p

X2)
2,�(1 +

p
X0)

2,�(1�
p

X0)
2,�(

p
X1 �

p
X2)

2}(123)

<latexit sha1_base64="EO+dgHhsYsEHcnKJjVks3n6drnc="></latexit>

{ei } = {�(
p

X4 +
p

X5)
2,�(1 +

p
X0)

2,�(1�
p

X0)
2,�(

p
X4 �

p
X5)

2}(345)

Periods of the sunrises’ elliptic curves:

with                                                 &  

<latexit sha1_base64="zR1Kfdw8oU2Px0aTSgsnRYJAazw="></latexit>

k2↵ =
(e↵3 � e↵2 )(e

↵
4 � e↵1 )

(e↵3 � e↵1 )(e
↵
4 � e↵1 )

<latexit sha1_base64="Jrkr5AMj6kia618VPhWt22NiSWw="></latexit>

c↵4 =
1

2

q
(e↵3 � e↵1 )(e

↵
4 � e↵2 )

<latexit sha1_base64="aw1LpsPfetuTQ+oS3IQLt0Iu5go="></latexit>

 ↵
1 = 2

Z e↵3

e↵2

dx↵

y↵
= 2

K(k2↵)

c↵4

<latexit sha1_base64="Y8ty8G0j+U1nW5cnOttl6gSASc0="></latexit>

 ↵
2 = 2

Z e↵3

e↵4

dx↵

y↵
= 2i

K(1� k2↵)

c↵4
and
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Backup: Two Tori from Two Sunrises 

A point on the elliptic curve is mapped to a point on the torus via Abel’s map:
<latexit sha1_base64="zNCYRxX+hmcB6VuEO8DJ+CbLcrU="></latexit>

(x,±y) 7! z± = ± 1

 1

Z x

e1

dx

y
mod ⇤1,⌧

<latexit sha1_base64="cBVaC9IVMNBJ3utfLyauNMbwpZk="></latexit>

= ±

eiarg(x�e1)�arg(x�e2)

F (
p
ux, k2)

2K(k2)
+

⌧

2

�
<latexit sha1_base64="cChm0OsklFkWoUpki3LiylPpLtg="></latexit>

ux =
x� e2
x� e1

e1 � e3
e2 � e3

with

Punctures for the two sunrises in the kite:

(123)

(123)

<latexit sha1_base64="hCzbyvjB2/Z0mz8Emt1x3Luuk68="></latexit>

u1 =
(
p
X0 +

p
X1)2 � (

p
X2 � 1)2

4
p
X2

<latexit sha1_base64="Y2efMTSYTlDLNX7ZZG1biw9A1OY="></latexit>

u2 =
(
p
X0 +

p
X2)2 � (

p
X1 � 1)2

4
p
X1

<latexit sha1_base64="0SjVvNKzK0YCSOy6mb0uBcUB/XA="></latexit>

u4 =
(
p
X0 +

p
X4)2 � (

p
X5 � 1)2

4
p
X5

(345)

<latexit sha1_base64="5f3hh6vnrt900xOa1l+b4tQox7A="></latexit>

u5 =
(
p
X0 +

p
X5)2 � (

p
X4 � 1)2

4
p
X4

(345)

Additional punctures from the eye-balls
<latexit sha1_base64="jQQmsebsYbZ4iTHV0LuVJsjYS5c="></latexit>

u4 = u2
(1 +

p
X1)2 �X4

(
p
X0 +

p
X2)2 �X4

<latexit sha1_base64="NcLlUGJAbLtDC1Kd2mHO+HNam+M="></latexit>

u5 = u1
(1 +

p
X2)2 �X5

(
p
X0 +

p
X1)2 �X5

(123)

(123)

(123)

(123)

<latexit sha1_base64="KEB48a+JOu/mJ78i6jaUOT28yus="></latexit>

u1 = u5
(1 +

p
X4)2 �X1

(
p
X0 +

p
X5)2 �X1

<latexit sha1_base64="o931rzvLsnfmeiHmX1s7vS3ecYg="></latexit>

u2 = u4
(1 +

p
X5)2 �X2

(
p
X0 +

p
X4)2 �X2

(345)

(345)

(345)

(345)
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Backup: Modular transformations

Under a modular transformation, the periods and punctures transform in the following way:

<latexit sha1_base64="PDOBtMg42lAE00mEoIV1N34UjEQ="></latexit>

f(z, ⌧) 7!
pX

i=0

(c⌧ + d)k+2
✓

cz

cz + d

◆i

fi(z, ⌧)

A quasi-modular form of weight k and depth p transforms in the following way:

<latexit sha1_base64="THuXx/l8nAhK7BJBVzgkom6WvUY="></latexit>

⌧ 7! a⌧ + b

c⌧ + d

<latexit sha1_base64="VNBApwqAZVG/W2/VKNmHYT8EfrM="></latexit>

z 7! z

c⌧ + d
,

,
<latexit sha1_base64="sxk2NDW32CkkwBvkVVjzMXWhX10="></latexit>

 1 7! (c⌧ + d) 1
<latexit sha1_base64="Ib91B0D8FqVAIORKwF5yqPKU5XU="></latexit>

 2 7! (a⌧ + b) 2

<latexit sha1_base64="wfjZY1gOmYiiFM+GzErt69YxQwY="></latexit>

@0 1 7! (c⌧ + d)@t 1 + c 1@0⌧
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Modular behavior of B
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Backup: Forms on the Torus

<latexit sha1_base64="9V65dxT1fLKDOmwldFkGtC9LB2w="></latexit>

e4(⌧) =
⇡4

90

�
✓82(0, ⌧) + ✓83(0, ⌧) + ✓84(0, ⌧)

�
with

The g-kernels

<latexit sha1_base64="ezf3PRM5oPvWPTqQSZhl0zXSORM="></latexit>

F (z, ⌘, q) = ⇡
✓01(0, ⌧)✓1(⇡(z + ⌘), ⌧)

✓1(⇡z, ⌧)✓1(⇡⌘, ⌧)
=

1X

↵=0

⌘↵�1g(↵)(z, ⌧)

The     - function<latexit sha1_base64="TT/9XvhbjdyjIWLJPHPSeVCnd9M="></latexit>⌘
<latexit sha1_base64="pMfRD36GoF7/o6SbfOIlGn7aLh0="></latexit>

⌘2(⌧) = [e2(⌧)� 2e2(2⌧)]
d⌧

2⇡i
<latexit sha1_base64="4FvizgUHCGhdHmQJCKm4szw18kI="></latexit>

⌘4(⌧) = e4(⌧)
d⌧

(2⇡i)3

<latexit sha1_base64="YYWoCZy85JpcxvF7FFH92GNPcHY="></latexit>

e2(⌧) =
2⇡2

6

✓0001 (0, ⌧)

✓01(0, ⌧)
with
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Backup: More q-expansion behavior
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<latexit sha1_base64="BCDPGRkc45mHZ/JCXmKGx/r57UE="></latexit>

J0 = "4
⇣
I11000⇥~18,

p
3I11100
2

,~02,�
p
3I11100
4

,

p
3I11100
2

,~02,�
p
3I11100
4

, i
p
3I11100,~03, i

p
3I11100,~09

⌘
(near p0)

<latexit sha1_base64="fRchUOU8w75jfJh627RQw6oFGYo="></latexit>

I11100(X0) =

<latexit sha1_base64="P0tSI0YPQ/xno2fi2fQzJKf/15g="></latexit>

e2�EM"�(1 + 2")

(�1)1+2"31/2+"

h ⇣
�e

2i⇡
3

⌘�"
F"

�
2i⇡
3

�
�
⇣
�e�

2i⇡
3

⌘�"
F"

�
� 2i⇡

3

�
+

⇡

"

i

<latexit sha1_base64="tT7vV5yfenJsG9LeWDiA5ky7puA="></latexit>

with F"(z) =
3i�2("+ 1)

2"2�(2"+ 1)
2F1(�2",�", 1� ", ez)

<latexit sha1_base64="UlNw/Q8HURNC6a1jl6Y1eVNlsck="></latexit>

I11000(X0) = e2�EM"�2(")

                      and <latexit sha1_base64="2BNTzyQRn5qp7eMejknc5RiL5iA="></latexit>

mi = m > 0
<latexit sha1_base64="6IuYuBSiARP2ZMfmSQBvIgPpESQ="></latexit>

p2 ! 0
<latexit sha1_base64="iTUl1prBqWRwQUiuf3440zWWbxA="></latexit>,

<latexit sha1_base64="HLytXQ6GCxI9SQ31zJ3kLcpbKB8="></latexit>

⌧0 = ⌧0 = i1
<latexit sha1_base64="b9hG/IrbSK5fvggiPR8xoke3U9I="></latexit>

z1 = z2 = z4 = z5 =
1

3
<latexit sha1_base64="YQ1qup5AQIBPBBZzY+vN+/YIuSE="></latexit>

z4 = z5 = z1 = z2 =
1

2
� i1

(123)

(123) (123)

(123) (123)

(345)

(345) (345)

(345) (345)

Backup: Initial condition detailed
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<latexit sha1_base64="gRX/JnZppiRirjqUgeKYbCAQUBs="> ZrlTimSKDXgYrXx/9YMzzWRqLna7dsFoN6xPm/Zpu1go9pWdUxVRfUJve0wn68LTn2rHW1Xr6pr6vv9IPb6hL2qzmCf2z9KNfh23QMw==</latexit>

+
9X

j=6

(�1)�j,10+�j,11 ([⌦2,j,1,⌦2,2,1]� 2[⌦2,j,1,⌦2,2,2]� [⌦2,j,1,⌦2,5,1] + 2[⌦2,j,1,⌦2,5,2])

<latexit sha1_base64="F8ThCNYYZuUS7/HlTObM9O89Fq8="></latexit>

J (2)
30 =

9X

j=6

(�1)�j,6+�j,7 ([⌦2,j,1,⌦2,1,1]� 2[⌦2,j,1,⌦2,1,2]� [⌦2,j,1,⌦2,5,1] + 2[⌦2,j,1,⌦2,5,2])

<latexit sha1_base64="bS4l4l/20cWlKWna/zhCHegR1Jg="></latexit>

+( $ )

(123) (123) (123) (123) (123) (123) (123) (123)

(123)(123)(123)(123)(123)(123)(123)(123)

(123) (345)
<latexit sha1_base64="rY16fi0tiyGwGmtKO3aChZhL+aM="></latexit>

⌦d
a,b,c = !a(Ld

b , c⌧d)

<latexit sha1_base64="CkqqZP8oxjpevAa5dtC2kFotqkc="></latexit>

[!1,!2] =

Z

i1
!1(t1)

Z t1

i1
!2(t2)with and

Integrating along      with the common base point                                   and fixed       we obtain: <latexit sha1_base64="gwgVm0pnHnXCX2PBsGADg/RdOLo="></latexit>⌧
<latexit sha1_base64="HLytXQ6GCxI9SQ31zJ3kLcpbKB8="></latexit>

⌧0 = ⌧0 = i1(123) (345) <latexit sha1_base64="za2D0SB+6A6mu6der4FxPJX2e28="></latexit>zi


