RECURSIVE | .ANDAU ANALYSIS

Mathieu Giroux (McGaill)

with Stmon Caron-Huot and Miguel Correia

ArXiv: 2406.05241



| .ET’S FIRST SET UP THE STAGE




| .ET’S FIRST SET UP THE STAGE

P56

P4

A tunction of X, = {p; - PJ}Z;=11 and

internal masses on the kinematic space

Pr = ZiEIp’L
S| = p%

Po = — P12345678

P12



| .ET’S FIRST SET UP THE STAGE

P56

P4

A tunction of X, = {p; - PJ}Z;=11 and

internal masses on the kinematic space

Pr = ZiEIp’L
S| = p%

Po = — P12345678

P12

What’s the analytic structure ot G ?



| .ET’S FIRST SET UP THE STAGE

P56

P4

A tunction of X, = {p; - PJ}Z;=11 and

internal masses on the kinematic space

Pr = ZiEIp’L
S| = p%

Po = — P12345678

P12

In other words, where are its kinematic singularities ?



Let us make sure we are on the same page Normal threshold

(= branches)

v

/S mi1 + mg — +/S
- ) _
AN

Second type

singularity

Well understood at one-loop; can be much /arder beyond!



Having good control over this question would be enormously usetul for

Duffferential equations and numerical integration of Feynman integrals
(boundary conditions, analytic continuation and contour deformations)

[See Franziska’s, Hayden’s and Samuel’s talks]

Symbol calculus and bootstrap of Feynman wntegrals
(singularities constrain the letters)

[See Andrew’s, Francois’s and Xiaofeng’s talks]



Knowing singularities beforehand has proven central for state-of-the-art phenomenological applications — e.g;,

Computing Feynman Integrals: Alphabets and Letters 12

dFw e =e( Y Adlog W) Fixe)

= ot ————

+ Getting diff. eq. relies on IBPs: difficult to do analytically...

+ If the W; are known, determine the A; from numerical IBPs!

v removes the IBP bottleneck, allows to attack multi-scale problems

+ The W, give singularities of Feynman integrals = Landau conditions

v Factorisation of work: determine W; without computing the differential equation!

[Samuel Abreu’s slide]|

v Active area of research in Amplitudes area: coactions, solving Landau conditions, principal
A-determinants, Gram determinants, Schubert problem, ...

v Two highlights: [2311.14669, Fevola, Mizera, Telen], [2401.07632, Jiang, Liu, Xu, Yang, 24]

+ Baikovletter [2401.07632] misses one of the new five-point roots

v Notreally an issue, we know it's there

+ related work by [Abreu, Caron-Huot, Chicherin, Dixon, Gehrmann, Henn, Ita, MclL.eod, Mitey,
Moriello, Page, Prest1, Sotnikov, Ischernow, von Hippel, Wasser, Wilhelm, Zhang, Zoia, ...]



WHAT’S OUR GOAL ?

Pse P4

A tunction of X, = {p; 'Pj}Z];ll and

L/ internal masses on the kinematic space

/ P3

12

Singularities are written as a list £(G) of polynomials in X

L(G); =0
4
/
The product over i 1s called the Landau discriminant

[Fevola, Mizera, Telen (2023)]



WHAT’S OUR GOAL ?

Pse D4

A tunction of X, = {p; 'Pj}Z];ll and

L/ internal masses on the kinematic space

/ P3

12

Singularities are written as a list £(G) of polynomials in X

L(G); =0

T'he goal of this talk 1s to learn how to compute these polynomials recursiwely 1n terms ot those ot subgraphs

(we’ll see that this 1s surprisingly ethicient!)



OUTLINE

Recursion via unitarty Proof of principle examples:

Recursively finding singularities
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OUTLINE

Recursion via unitarty




UNITARITY AND THRESHOL.DS

Unitarity of the S-matrix implies that

SST =1
— i,(T—TT) = lTTT
S=1+1T 2 2

\

Separation between free and interacting parts



UNITARITY AND THRESHOL.DS

Unitarity of the S-matrix implies that

SST =1 1
— ImT =-TT"
\
For the experts:

Assuming (for now) reality of

momenta and Feynman’s ie



UNITARITY AND THRESHOL.DS

Unitarity of the S-matrix implies that

SST =1 1
— ImT = =TT
S=1+:T 2 N

Positivity manitests, but singularities are not

[Hannesdottir, Mizera (2022)]



UNITARITY AND THRESHOL.DS

Unitarity of the S-matrix implies that

SST =1 T
. ImT:i‘Tp() (X| T
S=1+:T . /4

Insert a complete basis of

(on-shell) states



UNITARITY AND THRESHOL.DS

At the level of the matrix elements M, _yout = (out|T|in)
1 x
ImMnA—)nB — 5 MnA—>X J\/[X—m]_c;

In perturbation theory, this gives the Cutkosky equation

g2 ¢3 93 g2 : 93 92 : 93 92 : : 93
b2 ¢3 | | —
Im (1 (2 = : + | - : :
®1 G4 : : ——
91 "pl 94 91 | 94 191 94 lg1 | 94
Cut13 Cut23 Cut123
o | s |1 g
I | | |
|
| I | I |
| | g4
Cut1234 Cllt1234

S —

[Cutkosky (1961), Hannesdottir, Mizera (2022)]




UNITARITY AND THRESHOL.DS

At the level of the matrix elements M, _yout = (out|T|in)

Im Mn A—Sm g — Dum over unitarity cuts

I'he locations at which a cut starts

contributing are called thresholds

Takeaway pownt
L/

T'’he imagimary part has support where cuts themselves have support



UNITARITY AND THRESHOL.DS

At the level of the matrix elements M, _yout = (out|T|in)

Im Mn A—Sm g — Dum over unitarity cuts

I'he locations at which a cut starts

contributing are called thresholds

Takeaway pownt
L/

T'’he imagimary part has support where cuts themselves have support

At these locations the amplitude cannot be real analytic, and we say that 1t 1s singular
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Qualtatwe necessary conditions

Amplitudes can be singular when (1) the phase space ot cuts opens up, and (1) when cuts are singular

We will see that these can be phrased algebraically without reterence to the reality of momenta

Our focus 1s on Feynman graphs AB that can be disconnected into two subgraphs A and B fwo-particle cut

PA PB

The imnvariants on each side are

Xe=1{qi"qj | ge €{k}U P}
(§:AaB)




NECESSARY CONDITIONS FOR SINGULARITIES (1)

Qualtatwe necessary conditions

Amplitudes can be singular when (1) the phase space ot cuts opens up, and (1) when cuts are singular

We will see that these can be phrased algebraically without reterence to the reality of momenta

Our focus 1s on Feynman graphs AB that can be disconnected into two subgraphs A and B fwo-particle cut

We’ll learn how to
£ compute singularities of

Standard Model processes

like this one!




| WO-PARTICLE CUTS IN BAIKOV FORM

As an mtegral over independent the scalar products between loop and external momenta

Ask me later to fill the details!

n+1—D

det G(Q) 2

_”/ / du A(Xa)B(Xp)




| WO-PARTICLE CUTS IN BAIKOV FORM
(The details I am skipping over)

Integration measure

du=[] dk- Q) 8[k> — m? 8[(k+p,_,)* —m?]
Q€0 Set of Baikov variables for the B-blob
Py Pg k2, k- Py, P

'k /

_C/du ())5 5)

| k’ pa+1

r
Gram determinant over
Normalization Q= {k} UP, U Pp\{p,}
det G(P, U Py\{p, )"
- Vr Integration contour
det G(Q)

'| det G(P, U Pp\{p,}) > 0 € Q}



| WO-PARTICLE CUTS IN BAIKOV FORM

As an mtegral over independent the scalar products between loop and external momenta

- p2  pia-ki pia-p3)
pi12-k1 k% k1 - p3
P12 * P3 k1 - D3 p%




NECESSARY CONDITIONS FOR SINGULARITIES (11)

Qualitatwe necessary conditions

Amplitudes can be singular when (1) the phase space of cuts opens up, and (1) when cuts are singular

What does 1t mean_for two-particle cut ?



NECESSARY CONDITIONS FOR SINGULARITIES (11)

Qualitatwe necessary conditions

Amplitudes can be singular when (1) the phase space of cuts opens up, and (1) when cuts are singular

What does 1t mean_for two-particle cut ?

(1) At thresholds, the phase space I' closes down to a single 1solated point (only classical scattering 1s possible)

Left over integration variables

1_/ on the two-particle cut

k- P

(i)
Boundary dI' = {det G = 0} collapses to a point

(1.e., from all directions)



NECESSARY CONDITIONS FOR SINGULARITIES (11)

Qualitatwe necessary conditions

Amplitudes can be singular when (1) the phase space of cuts opens up, and (1) when cuts are singular

What does 1t mean_for two-particle cut ?

(11) Double discontinuities happen where the singular locus ot 4 (or B) pinches I' or hits oI

L(€) =0 k-Pe
o7 (£ = A, B)




NECESSARY CONDITIONS FOR SINGULARITIES (11)

Qualitatwe necessary conditions

Amplitudes can be singular when (1) the phase space of cuts opens up, and (1) when cuts are singular

What does 1t mean_for two-particle cut ?

(11) Double discontinuities happen where the singular locus of 4 (or B) pinches I' or hits oI

Never expected to happen 1n L ( §) _ O k;. P€

momentum space withoutdetG =0 —

— @
(Landau: on a singularity k 1s a linear >

combination of external momenta) al" (g — A, B )




NECESSARY CONDITIONS FOR SINGULARITIES (111)

Algebraic necessary conditions for (1) and (1) can be uniformly obtained as tollows:

1) Pick a (possibly empty) subset 8 C L(A) U L(B) of singularities on the left and right
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2) Localizing on the two-particle cut and on the loci {8; = 0} fixes dim(8) variables from




NECESSARY CONDITIONS FOR SINGULARITIES (111)

Algebraic necessary conditions for (1) and (1) can be uniformly obtained as tollows:

1) Pick a (possibly empty) subset 8 C L(A) U L(B) of singularities on the left and right

2) Localizing on the two-particle cut and on the loci {8; = 0} fixes dim(8) variables from

k' Pa+1

3) This leaves a set X g of independent variables in terms of which oI is

0 = det é(Xg) = det G‘{gi:()}



NECESSARY CONDITIONS FOR SINGULARITIES (111)

Algebraic necessary conditions for (1) and (1) can be uniformly obtained as tollows:

'lo ensure that there are no direction along which we could deform the contour to avoid the singularity, we have
det G =0

L(AB)s : | det G for k-p; € Xs
=0
O(k - pi)

T'here 1s always one more equation than unknowns and so this system yields an algebraic constraint on kinematic space

L(AB)s =0



NECESSARY CONDITIONS FOR SINGULARITIES (111)

To find the remaining singularities of AB contained in a two-particle cut, we loop over all sets &

of subamplitudes singularities (including subtopologies)

The focus of today 1s on the tull graph

(leading singularities)



RECURSION VIA UNITARITY

T'he necessary conditions for (e.g;, leading) singularities require to know

L(A1) =L(B1) =0
N/

Can these be constructed recursively ?



RECURSION VIA UNITARITY

T'he necessary conditions for (e.g;, leading) singularities require to know

L(A1) =L(B1) =0
N/

Can these be constructed recursively ?

It either 1s two-particle-reducible, yes

(just repeat the same argument over the blobs!)



RECURSION VIA UNITARITY

It B, 1s two-particle-reducible,
Just repeat the same argument
L

Means we take another

two-particle cut



RECURSION VIA UNITARITY

ko
duo Ao B
:.i - s
pa—l—l Pa+1 FZ det G2

Singular locus of B, 1s given by solving

detég =0
L(B1)s : | 9detG- for ke'p; € X3

O(ka- i)



RECURSION VIA UNITARITY

/ontinue until there 1s no
L two-particle cut anymore



RECURSION VIA UNITARITY

/_/
k1 ' En k1 ' ko . :P:n
Pa+1 Pa+1
/_/

At the end ot the recursion, we are left with either:

Not the (1) A collection of tree-level subgraphs [easy/systematic|
focus today
\> (2) A collection of subgraphs contains loop(s) [harder]
(may need external mputs for non-2PR subgraphs)



OUTLINE

Proof of principle examples:

Recursively finding singularities

‘@ . 4 4

P1 @1 Dy m
N e
P2 @2 (3

.- P4

- P5



RECURSIVELY FINDING SINGULARITIES

T'he generic kinematic parachute graph

— M2

2 2 2 2
Pia =P34 =S, DPig =Dy =1

D1 = (k1 —3912)2 — m%, Dy = kz 2

2 2 2
p— = M _S_t
D3 = (k1 + k2 + p3)? — m3, Dy = k3 —my f1a s ; Z

What are the candidate leading singularities?



RECURSIVELY FINDING SINGULARITIES

Let’s look at a first two-particle cut

D1 Dy - par 4—D
Ol e
P2 1)2 7

3—D

x (det|p; 'pj]i,j:12,3) )



RECURSIVELY FINDING SINGULARITIES

Let’s look at a first two-particle cut
=d(k1-p12)d(k1-p3)d(k7)d[D1]6[Dy]

D1 D1 I 4—D
il e
P2 1)2‘ 7

3—D

x (det|p; 'pj]7;7j:12,3> ’




RECURSIVELY FINDING SINGULARITIES

Let’s look at a first two-particle cut
=d(k1-p12)d(k1-p3)d(k7)d[D1]6[Dy]

| = —IA
: . I . : —C / dp1 A By
Dy I e 4—D
2l e
P2 I)Qi 7

3—D

x (det|p; 'pj]7;7j:12,3> ’




RECURSIVELY FINDING SINGULARITIES

Let’s look at a first two-particle cut
=d(k1-p12)d(k1-p3)d(k7)0[D1]0[Do]

: = —3)\
_ / du1 A By
D1 — “par 4—D
~ @ " (et Gy
| 4 -2 , . Do |
D2 Dy! 7 P12 P12k%k1 P12 * P3

= |[p12 - k1 k1-p3
p12-p3 ki-ps  p3 |

3—D

X (det[pi 'pj]@',j:IQ,B) ’




RECURSIVELY FINDING SINGULARITIES

Let’s look at a first two-particle cut
=d(k1-p12)d(k1-p3)d(k7)d[D1]0[Do]

i = —i\

o C / d,ulAl B1
il e |
P2 Dy’ 7 Pio p12k'%k1 p12 - P3

= |[p12 - k1 k1-p3
p12-p3 ki-ps  p3 |

3—D

X (det[pi 'pj]@',j:IQ,B) ’




RECURSIVELY FINDING SINGULARITIES

Let’s look at a first two-particle cut
=d(k1-p12)d(k1-p3)d(k7)d[D1]0[Do]

i = —i\

o C / d,ulAl B1
il e |
P2 Dy’ 7 Pio p12k'%k1 p12 - P3

= |[p12 - k1 k1-p3
p12-p3 ki-ps  p3 |

3—D

X (det[pi 'pj]@',j:IQ,B) ’




RECURSIVELY FINDING SINGULARITIES

Let’s look at a first two-particle cut
_d(kypr2)d(k1-ps)d(k2)8[Dy]8[D2)

: = —IA\
O / d e A By F ixedllggutshgfsil?lgular
| —
o 'y (det Gl ) %_ -
D2 @2 b3 p%z Plzk-% ki pio - D3

= |[p12 - k1 k1-p3
p12-p3 ki-p3 D3

3—D

X (det[pi 'pj]@',j:IQ,S) ’




RECURSIVELY FINDING SINGULARITIES

Singular locus of B; 1s given by repeating the same arcument over the bubble

6“9 _C dus Az Bz
bub
= T e
D3

x (A?)7

A" = (p3 + k1)*



RECURSIVELY FINDING SINGULARITIES

Singular locus of B; 1s given by repeating the same arcument over the bubble

_ —d (ko A)A(k)S[D55[Da
/ d,ugAz Bz

Ly = Chub —
DS = e (derta)

P3 Ds |

2—D

ox (A%) ™2

AY = (ps + k1)



RECURSIVELY FINDING SINGULARITIES

Singular locus of B; 1s given by repeating the same arcument over the bubble

_ —d (ko A)A(k)S[D55[Da
/ d,ugAz Bz

Ly = Chub —
DS = e (derta)

P3 Ds |

2—D

ox (A%) ™2

AY = (ps + k1)



RECURSIVELY FINDING SINGULARITIES

Singular locus of B; 1s given by repeating the same arcument over the bubble

=d(ko-A)d(k35)d[D3]d[Dy]
/ d,u2A2 Bz

ky = Chub —

G = e

D3 D3

x (A%)"7 :[A2 A'kz]

. 2
A* = (p3 + k1 )¥ Al K



RECURSIVELY FINDING SINGULARITIES

Singular locus of B; 1s given by repeating the same arcument over the bubble

=d(k2-A)d(k5)6[D3]d[D4]
/ d,u2A2 Bz

ky = Chub —

G = e

D3 D3

x (A2)" 2 _[A2 A-kz]

= |, K
A* = (p3 + k1 )¥ Ak &



D3 -

RECURSIVELY FINDING SINGULARITIES

Singular locus of B; 1s given by repeating the same arcument over the bubble

=d(k2-A)d(k3)6[D3)0[Da]
/ d,u2A2 Bz
k’l — CbUb
Dy I'o (

det Go)? 5~

X (AQ)Q_QD _ [ A? A-2k2 ]
AP = (py + ky)F A-ky k3



RECURSIVELY FINDING SINGULARITIES

What are the candidate leading singularities ?

. / dpi As By

D 7 — Upar 5_D
by, e

D2 Dy 17 - p%y  pia-ki pi2-Pp3

= |p12-k1  kf k1 - p3
p12-p3 ki-ps py




RECURSIVELY FINDING SINGULARITIES

What are the candidate leading singularities ?

B ms—mi+s M;—M2—s
2
ms—m3+s 2 (m4::m3)g—mg—M§ —0
> 2 5 22 2 2 2
M4—M3—S (m4::m3) —m2—M3 M2
2 2 3




RECURSIVELY FINDING SINGULARITIES

What are the candidate leading singularities ?

HURARRHUR AR R RB BB RRBHEH
# Component 5
HURAR AR ARH BB RBHAH

D[5] = M[3]74*m[1]~2 = 2xM[3]~3xM[4]*m[1]"2 = 2*kM[3]~3M[4]*m[1]*m[2] + 2+M[3]"3xM[4]4m[1]*s + 2xM[3]~3xm[1]"3 = 2M[3]73%«m[1]~2*m[2] - 2+M[3]~3¥m[1]~2*km[3] = 2+M[3]~3*m[1]~2¥m[4] - 2xM[3]~3*m[1]"*2%s + 2*xM[3]"3*m[1]*m[2]*m[3] +
2%M[3]173xm[1]*m[2]*m[4] = 2xM[3]~3*m[1]*m[3]*s = 2xM[3]~3*m[1]*m[4]*s + M[3]~2:M[4]*2xm[1] "2 + 4M[3]"2xM[4]~2xm[1]*m[2] - 22M[3]~2+M[4]*2xm[1]*s + M[3]~2xM[4]*2xm[2]"2 - 2+M[3]"*2xM[4]~2xm[2]*s + M[3]~2xM[4]*2%5~2 — 2:xM[3]~2:xM[4]*m[1]~3 -
24M[3]172M[4]*m [1]~2%m [2] + 4xM[3]~2xM[4]xm[1]~2%m([3] + 4xM[3]172xM[4]*m[1]~2*km[4] + 4xM[3]~2%M[4]*xkm[1]"2%s + 4xM[3]~2M[4]xm[1]*m[2]72 - 2xM[3]72kM[4]*m[1]3m[2]3m[3] - 22M[3]~2:M[4]*km[1]*m[2]*m[4] — 2+M[3]~2xM[4]¥m[1]*m[2]*s —
2xM[3]72:M[4]*m[1]*m[3]%s = 2xM[3]~2:M[4]*km[1]*m[4]*s — 2xM[3]~2xM[4]*m[1]*s"2 = 2:M[3]~2:M[4]*m[2]~2xm[3] - 2xM[3]~2:M[4]*m[2]~2¥m[4] + 4xM[3]~2kM[4]*m[2]4m[3]%xs + 4xM[3]~2xM[4]*m[2]4m[4]*s — 2xM[3]~2xM[4]4m[3]*s"2 = 2+M[3]~2+«M[4]*m[4]*s5~2 +
M[3]72¥m[1]74 - 2+«M[3]~2%m[1]~3%m[2] - 2+«M[3]~2¥m[1]"3*m[3] - 2%M[3]°2*km[1]~3*m[4] - 2«M[3]~2*«m[1]~3%s + M[3]~2km[1]~2+m[2]~2 + 4xM[3]72*km[1]~2*m[2]*m[3] + 4xM[3]~2km[1]~2*«m[2]*m[4] + 4xM[3]7~2¥m[1]~2*km[2]*s + M[3]~2*m[1]~2¥m[3]"2 -
2xM[3]72xkm[1]72*km[3]*m[4] - 2xM[3]~2x%m[1]"~2*km[3]%s + M[3]~2%m[1]~2¥m[4]~2 - 2xM[3]~2xm[1]"2%m[4]*s + M[3]~2¥m[1]~2%s~2 = 2xM[3]~2%m[1]*m[2]"~2*km[3] = 2+M[3]~2%m[1]*m[2]"~2*km[4] = 2+M[3]~2%m[1]*m[2]4m[3]°2 + 4+M[3]~2%m[1]+m[2]*m[3]*m[4] -
2xM[3]72xm[1]*m[2]*m[3]%s = 2«M[3]~2%m[1]*m[2]*m[4]~2 - 2%M[3]~2*%m[1]*m[2]*m[4]*s + 4xM[3]~2x¥m[1]*m[3]"2%s + BxM[3]~2km[1]*m[3]*m[4]*s + 4%M[3]~2xm[1]*m[3]*s~2 + 4xM[3]~2xm[1]*m[4]~2%s + 4xM[3]~2xkm[1]*m[4]*s"2 + M[3]~2xm[2]~2%m[3]"~2 -
2«M[3]172km[2]~2km[3]*m[4] + M[3]~2xm[2]~2xm[4]~2 - 2xM[3]72km[2]¥m[3]72%s + 4xM[3]~2km[2]*m[3]*m[4]%s — 2xM[3]~2*m[2]*m[4]~2%s + M[3]72xm[3]72%s~2 — 2«M[3]~2km[3]*m[4]%s~2 + M[3]~2*m[4]"2%s"2 — 2M[3]+M[4]~3xm[1]*m[2] - 2xM[3]xM[4]~3*m[2]"2 +
2xM[3]:M[4]73*m[2]*s + 4*xM[3]*M[4]~2xm[1]~2*km[2] = 2+M[3]*M[4]~2¥m[1]~2*km[3] = 2:M[3]+M[4]~2¥m[1]~2xm[4] = 22M[3]M[4]~24m[1]*m[2]"2 = 22M[3]M[4]~2*m[1]*m[2]*m[3] = 2+«M[3]*M[4]~2%m[1]*m[2]*m[4] — 2+M[3]*M[4]~2xkm[1]*m[2]*s +

4xM[3]¥M[4]~2km [1]¥m[3]%s + 4xM[3]*M[4]72¥m[1]*m[4]%s — 2«M[3]xM[4]~2¥m[2] "3 + 4+M[3]:M[4]~2%«m[2]~2%m[3] + 4xM[3]xM[4]72xkm[2]~2%m[4] + 4M[3]xM[4]72km[2]*2%s - 2+«M[3]xM[4]"2%m[2]4m[3]%s — 2+M[3]xM[4]72xm[2]*m[4]*s — 2:M[3]M[4]~2¥m[2] ks 2 -
2xM[3]1M[4]~2%m [3] %572 — 2¢M[3]M[4]~2xm[4]*s~2 — 2xM[3]xM[4]*m[1]~3%m[2] + 2:M[3]+M[4]¥m[1]~3*m[3] + 2+«M[3]+M[4]*m[1]"~3%m[4] + 4xM[3]xM[4]*m[1]~2¥m[2]~2 — 2xM[3]:M[4]*m[1]~2%m[2]*m[3] — 2xM[3]xM[4]*m[1]~2¥m[2]*m[4] - 2+M[3]M[4]*m[1]~2%m[2]*s
- 2M[3]xM[4]*m[1]~2¥m[3]°2 + 4M[3]xM[4]*km[1]~2%m[3]*m[4] - 24M[3]M[4]*km[1]~2*m[3]%s — 2xM[3]M[4]*m[1]~2*m[4]1~2 — 2xM[3]M[4]*m([1]~2*m[4]*s — 2xM[3]*M[4]*m[1]*m[2]"~3 - 2:M[3]xM[4]*m[1]*m[2]~2%m[3] — 2x«M[3]*M[4]*m[1]*m[2]~2%m[4] -
2M[3]M[4]¥m[1]¥m[2]*2%s + 4+M[3]*M[4]xm[1]*m[2]*m[3]72 - 8+M[3]+M[4]*m[1]*m[2]*m[3]*m[4] + 12+M[3]+M[4]*xm[1]*m[2]*m[3]*s + 4+M[3]+M[4]*m[1]*m[2]*m[4]~2 + 12xM[3]xM[4]*m[1]*m[2]*m[4]%s + 4xM[3]3M[4]*xm[1]*m[2]*s"2 — 2xM[3]M[4]*m[1]*m[3] " 2%s -
12xM[3]5M [4]%m[1]*m[3]*m[4]%s = 2xM[3]M[4]*m[1]*m[3]ks~2 = 2xM[3]+M[4]*km[1]*m[4]~2%s — 2xM[3]+M[4]*m[1]*m[4]%s~2 + 2xM[3]*kM[4]*m[2]~3*m[3] + 2+M[3]+M[4]*m[2]~3+m[4] - 2+M[3]*M[4]*m[2]~2%m[3]~2 + 4xM[3]*M[4]*m[2]~2%m[3]*m[4] -
2M[3]M[4]¥km[2]~2%m[3]%s = 2+«M[3]*M[4]xm[2]~2¥m[4]~2 - 2«kM[3]xM[4]*m[2]*2xm[4]*s — 2xM[3]M[4]*m[2]*km[3]~2%s — 12+«M[3]+M[4]*xm[2]*m[3]*m[4]%s = 2xM[3]*M[4]*m[2]*m[3]*s"2 = 2xM[3]M[4]*m[2]xm[4]~2%s - 2:M[3]+M[4]xm[2]*m[4] %52 +
4xM[3]¥M[4]¥m[3]*2%5"2 + 8HM[3]+M[4]*m[3]¥m[4]%5~2 + 2:M[3]:M[4]*m[3]*5~3 + 4xM[3]:M[4]*m[4]~2%5~2 + 2:M[3]xM[4]*m[4]%573 + 2:M[3]*xm[1]~3xm[2]*s — 2xM[3]*m[1]~3¥m[3]*s — 2xM[3]*m[1]~3xm[4]*s — 2xM[3]*m[1]~2¥m[2] *2%s — 2¥M[3]*m[1]~2¥m[2]*m[3]*s
= 22M[3]*m[1]72¥m[2]*m[4]%s = 2¥M[3]*m[1]~2*m[2]%s~2 + 4xM[3]*m[1]"24m[3]"2%s + 8*kM[3]*m[1]~2*¥m[3]*m[4]*s + 4%M[3]+m[1]~2x%m[3]*s5~2 + 44M[3]¥m[1]~2*km[4]~2%s + 4M[3]xm[1]~2%km[4]*5"2 + 4*xM[3]*m[1]*m[2]~2%m[3]%s + 4xM[3]xm[1]xm[2]~2%m[4]*s —
2+M[3]m[1]*m[2]%m[3]"2%s - 12«M[3]*m[1]*m[2]¥m[3]*m[4]*s — 24M[3]*m[1]*m[2]*m[3]%s"2 = 24M[3]*km[1]*m[2]*m[4]~2%s — 2xM[3]*xm[1]*m[2]*m[4]%s~2 = 2xM[3]*m[1]*m[3]"3%s + 2*M[3]*m[1]*m[3] 2*m[4]%s - 2+«M[3]*m[1]*m[3]~2%s"2 +
2xM[3]m[1]*m[3]4m[4]~2%s — 12+«M[3]*m[1]*m[3]4m[4]%s"2 = 24M[3]*m[1]4m[3]*5s~3 = 24M[3]*m[1]*m[4]"3%s = 2+M[3]*m[1]*m[4]"2%s~2 = 2xM[3]*m[1]*m[4]%s"3 = 2aM[3]*m[2]~2xm[3]*2%s + 4xM[3]*m[2]724m[3]*m[4]*s — 2xM[3]*xm[2]"2*km[4]"2%s +
2xM[3]¥km[2]*m[3]"3%s = 2«M[3]*m[2]*m[3]~2¥m[4]%*s + 4+«M[3]*m[2]4m[3]*2%5"~2 = 2aM[3]*km[2]*m[3]*m[4]*2%s — BkM[3]*m[2]*m[3]*m[4]*s"2 + 2xM[3]*m[2]*m[4]"3%s + 4xM[3]*m[2]*m[4]"2%s~2 — 2xM[3]*m[3]*3%5~2 + 2:M[3]3m[3]"2%«m[4]*s"2 - 2*M[3]*m[3]~2%s"3
+ 2M[3]1km[3]%m[4] ~2%s"~2 + 4xM[3]xm[3]*m[4]%s”3 — 2xM[3]¥m[4]"3%s~2 — 22M[3]*km[4]~2%s"*3 + M[4]~4xm[2]°2 - 2M[4]~3xm[1]*m[2]72 + 2xM[4]1~3xm[1]*m[2]*m[3] + 2«M[4]~3km[1]*m[2]*m[4] + 2:M[4]~3xm[2]~3 - 2xM[4]~3xm[2]~2%m([3] - 2xM[4]~3xm[2]~2*¥m[4]
- 22M[4]173xm[2]*2%s - 2xM[4]73*km[2]*m[3]%s — 2xM[4]~3xm[2]*m[4]*s + M[4]~2sm[1]~2¥m[2]~2 - 2xM[4]~2xm[1]~2*km[2]*m[3] - 2xM[4]~2x¥m[1]~2*m[2]*m[4] + M[4]~2xm[1]"2%«m[3]°2 - 2:M[4]~2sm[1]~2*m[3]*m[4] + M[4]~2*m[1]~2*m[4]~2 - 2xM[4]~2xm[1]*m[2]~3 +
4xM[4]72*m[1]*m[2]~2*m [3] + 4xM[4]~2xm[1]*m[2]~2*m[4] + 4xM[4]"2xm[1]*m[2]*2%s = 2xM[4]~2xm[1]*m[2]*m[3]~2 + 4xM[4]~2%m[1]*m[2]*m[3]*m[4] — 2xM[4]~2x%m[1]*m[2]*m[3]*s — 2¥M[4]~2xm[1]*m[2]*m[4]~2 = 2x«M[4]~2%m[1]*m[2]*m[4]*s -
2xM[4]72¥m[1]*m[3]°2%s + 4xM[4]~2xm[1]*m[3]*m[4]%s — 2:M[4]~2xm[1]*m[4]~2%s + M[4]~2xm[2]"4 — 24M[4]~2¥m[2]"3%m[3] - 2:M[4]~2%«m[2]"3¥m[4] - 2:M[4]172%«m[2]"3%s + M[4]1~2k«m[2]*2¥m[3]"2 - 2«M[4]"~2¥m[2]~2¥m[3]*m[4] - 2sM[4]~2¥«m[2]~2¥m[3]*s +
M[4]72xm([2]~2¥m[4]72 - 2xM[4]~2¥m[2]~2xm[4]*s + M[4]~2xm[2]"2%5"2 + 4M[4]~2¥m[2]*m[3]"2%s + B+xM[4]~2xm[2]*m[3]*m[4]%s + 4xM[4]~2xm[2]*m[3]*5"2 + 4xM[4]~2%«m[2]*m[4]2%s + 4xM[4]~2xm[2]*m[4]*s”2 + M[4]72¥m[3]"2%572 — 2:M[4]~2:m[3]*m[4]*s"2 +
M[4]72xm[4] ~2%5~2 — 2:M[4]xm[1]~2%m[2]~*2%s + 4xM[4]xkm[1]1~2¥«m[2]*m[3]%s + 4xM[4]*m[1]~2%m[2]*m[4]*s — 2xM[4]*m[1]~2¥m[3]"2%s + 4+M[4]*m[1]~2*¥m[3]*m[4]*s — 2xM[4]+m[1]~2¥m[4]*2%s + 2*«M[4]¥m[1]*m[2]*3%s — 2xM[4]¥m[1]*m[2]~2*m[3]*s -
2xM[4]*m[1]*m[2]~2%m[4]%s — 2xM[4]*m[1]*m[2]*2%s"2 = 24M[4]*m[1]*m[2]%m[3]72%s = 12xM[4]xm[1]*m[2]*m[3]*m[4]%ks — 2xM[4]*m[1]*m[2]*m[3]*s~2 — 2xM[4]*xm[1]*m[2]*m[4]~2%s — 2xM[4]*m[1]*m[2]*m[4]*s~2 + 24M[4]*m[1]*m[3]~3%s -
2xM[4]%m[1]*m[3]72%m[4]%s + 4xM[4]*m[1]¥m[3]"2%s"2 = 2:4M[4]*m[1]*m[3]*m[4]~2%s - 8+kM[4]¥m[1]*m[3]*m[4]*s~2 + 2xM[4]*m[1]*m[4]*3%s + 4xM[4]*m[1]*m[4]*2%s~2 = 2xM[4]*m[2]*3*m[3]*s — 2xM[4]*m[2]*3xm[4]*s + 4xM[4]*m[2]~*2xm[3]"2%s +
8xM[4]xm[2]~2¥m[3]*m[4]%s + 4¥M[4]*¥m[2]~2%m[3]*%5"2 + 4+M[4]*m[2]~2%m[4]~2%s + 4xM[4]*m[2]~2¥m[4]*s~2 - 2¥M[4]¥m[2]+m[3]"3%s + 2¥M[4]¥m[2]*m[3]*2¥m[4]*s — 2+M[4]*m[2]*m[3]"2%s~2 + 2xM[4]*m[2]*m[3]*m[4]*2%s - 12xM[4]*m[2]*m[3]*m[4]%5s"2 -
2xM[4]%m[2]*m[3]%s”3 = 2«M[4]*m[2]*m[4]~3%s = 2x«M[4]*m[2]*m[4]"2%s"2 = 24M[4]*m[2]*m[4] %53 = 24M[4]*km[3]"3%s~2 + 2%M[4]*m[3]*2¥m[4]*5~2 = 2xM[4]*xm[3]~2%5"3 + 2xM[4]*xkm[3]*xm[4]~2%5"2 + 4xM[4]*m[3]*m[4]%5"3 - 24M[4]*m[4] " 3%s~2 -
2xM[4]%m[4]~2%s”3 + m[1]7°2¥m[2] *2%5"~2 = 2%m[1]~2*m[2]*m[3]%s"2 — 2*m[1]~2%m[2]*m[4]*s”2 + m[1]72%m[3]"2%s~2 = 2xm[1]~2*km[3]*m[4]*5"~2 + m[1]~2*km[4]~2%s~2 - 2xm[1]*m[2]"~2%m[3]*s~2 = 2xm[1]*m[2]~2xm[4]*%5"~2 + 4sxm[1]*m[2]*m[3]"2%5"2 +
8xm[1]*m[2]*m[3]%m[4]%s~2 + 2¥m[1]*m[2]*m[3]%s~3 + 4%m[1]*m[2]%m[4]*2%s~2 + 2xm[1]*m[2]*m[4]*s"3 = 2*km[1]*m[3]"3%s~2 + 2xm[1]*m[3]~2%m[4]%s~2 - 2%m[1]*m[3]~2%s”~3 + 2xm[1]*m[3]*m[4]~2%s~2 + 4%m[1]*m[3]*m[4]*s"3 - 2%«m[1]*m[4]*3%s~2 -
2%m[1]*m[4]~2%s”3 + m[2]7*2¥m[3]*2%s"~2 - 2%m[2]7~2*m[3]*m[4]%s"2 + m[2]~2*m[4]~2%s~2 — 2x¥m[2]+m[3]"3%5"2 + 2*km[2]*m[3]~2*m[4]%5"2 - 2%m[2]*km[3]*2%s~3 + 2xm[2]*m[3]*m[4]2%s~2 + 4xm[2]*m[3]*m[4]*s5~3 — 2xm[2]*m[4]~3%5"2 - 2%«m[2]*m[4]"2%s~3 +
m[3]°4%s*2 — 4xm[3]73*m[4]*s"2 + 2+m[3]°3%s~3 + 6xm[3]"24m[4]*2%s*2 - 2xm[3]~2+m[4]*s"3 + m[3]72%s~4 - 4¥m[3]*m[4]"3%s*2 — 2xm[3]*m[4]"2%s"3 - 2*m[3]*m[4]*s~4 + m[4]"4%s"2 + 2*m[4]~3xs~3 + m[4]"2%s"4

I+[5] = 18

weights[5] = [[-1, =1, -1, =111

computed_with[5] = ["PLD_num", "HyperInt"]




WHAT ABOUT OTHER SINGULARITIES ?

On the previous slide, we localized G, on the bubble leading singularity

fixed the remaining invariant:
1

kl-p3: 2[(m3:tm4)2—m2 MQ}

pis P12 - k1 P12 - p3
pi1o-k1  Kk? k1 - p3
p12-p3 ki-p3 D3

-my + VA2

-m4—VA2




WHAT ABOUT OTHER SINGULARITIES ?

But nothing stops us to localize on other singularities of B, (e.g., second-type singularity at A* = 0)

| p%z
p12 - k1
P12 * P3

p12 - k1 pi2-p3

ki
k1 - p3

k1 - ps3
Py
mg—m%+s M42—M32—3
- 2 2 1o
ms—m7j+s mz mo+ M3
2 2 2 22 2 2
2 2 3

(accessible on the max-cut)

ms + my + VvV A?
m3 + myg — VA?




WHAT ABOUT OTHER SINGULARITIES ?

But nothing stops us to localize on other singularities of B, (e.g., second-type singularity at A* = 0)

| p%2
p12 - k1
P12 * P3

p12 - k1 pi12-p3

ki
k1 - p3

k1 - p3
D3

B I R
# Component 3
R

ma + myg + VA?
ms ——m4—VA2

D[3] = M[3]172xm[1] - M[3]xM[4]*m[1] - M[3]*M[4]xm[2] + M[3]xkM[4]xs + M[3]xm[1]”2 - M[3]xm[1]*m[2] - M[3]*m[1]l%s + M[4]"2km[2] -

M[4]*m[1]*m[2] + M[4]*m[2]72 - M[4]*m[2]*s + m[1]*m[2]*s

x[3] = 18
weights[3]

= []

computed_with[3] = ["HyperInt"]
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[ -1.00P RESULTS

T'’he massive penta-ladder
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[ -1.00P RESULTS

T'’he massive penta-ladder

p3 A ,J\‘.. p4
*—— o C -0 < < ®
P2 --»--9
m
@ ® o - @ O ® "'T
y . D5

T'he leading singularity ot the L-loop penta-ladder 1s the same as for the ladder when 7 1s replaced by

L—1 4 _ 2 _
A(Zm,m,m,m) )‘(Zm,O,O,m) — A(Zm,O,O,\/Z) — () m*s12823(S124 823 —S45)+ 512523 [t°(S12+S23—S45)
—515534545+t(512(823—515) — 823834+(815+S34)845)]

)\(Z) = Z T \/22 — 1 +m? [s15 (875 —2ts23—S15523) +(S23534+(S15—534)545)°
g = /845 (845+2d* —2a” —b* —c?) +512(523534 (545 —S23) —2t593(523—545) —2575 545
a,o,cC, o ]
V 845 —4a? \/345—(b—|—c)2\/345—(b—c)2 +515(2834845+523(2534+815)))| =0



OUTLINE

Checks and new analytic predictions:

LLeading singularities

(Generic kinematic pentaboz) © (Three-loop QED+QCD boX) ©) (Non-planar massive hexabox) €
D5 D1
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EXPLICIT CHECKS

(Nonplanar H+J pentabox #1) €
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(Massless nonplanar pentagon® # 1 ) O

Figure 2. A list of nontrivial examples checked against PLD. j1 and [19] (for the massive ladder).
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Figure 2. A list of nontrivial examples checked against PLD. j1 and [19] (for the massive ladder).
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Figure 2. A list of nontrivial examples checked against PLD. j1 and [19] (for the massive ladder).
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(Massive acnode) €) (Nonplanar H+J pentaboz #1) € (Massless nonplanar pentagon® # 1) ©)
p2Y
: DPs M : S P1
: :i'nun P2
1Pa P4 '@@/ N pg

(Massless nonplanar pentagon® # 2) €) (Massless Mercedes diagram) €)

Pe % pPs - - D2
709 A e
/’_'nuuuunu JFOT00000TI00000 € OouoINe L1 P4 ..}.'.;" . ".:.<..p1 P1 \r
= = P A
= = Q p
= = Ce....e"
®0000000000000 AOTeIOBIIITIIY S SuTIII P2 - ';.—. /L L 4 L v —@--4-- P3
\‘\\\ p2
D5 P5 D6

Figure 2. A list of nontrivial examples checked against PLD. j1 and [19] (for the massive ladder).
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Figure 2. A list of nontrivial examples checked against PLD. j1 and [19] (for the massive ladder).



EXPLICIT CHECKS
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Figure 2. A list of nontrivial examples checked against PLD. j1 and [19] (for the massive ladder).
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NEW PREDICTIONS

(Nonplanar H+J pentabox #2) ©)

3

o

ST P2

e

(Massive Mercedes diagram) €)

D3 -
”

%‘Ps

.p2

s
4

P1

(Massive pentaladder) ©)

ps ., -
s —
: : :
pz').l 1 1
1 1 1

—_— e
pl.\(..l : [
I I I
I I I

(Three-loop QED+QCD boX) ©

P1

P2

(Non-planar massive hexabozx) ©)

I I
p5 00 | 1
I,///

0020000000 000000000 (

JI00000 - P3

P2

3

300000 P1

P4

P3



| .LEADING SINGULARITIES CAN GET QUITE COMPLICATED

@ B generic_kinematic_pentabox

LS=(Msq[3]72#Msq[5]*2-24Msq[3]sMsq[4]aMsq[5]*s[1,2] Msq[4]*2%s[1,2]*2-2xMsq[3]*2#Msq[5]*s[1,5] +2+Msq[3]xMsq[4]*s[1,2]*s[1,5]+24Msq[3]#Msq[5]*s[1,2]*s[1,5]-2Msq[4]*s[1,2]*2*%s[1,5]+Msq[3]~2*s[1,5]72-2«Msq[3]*s[1,2]*s[1,5]72+s[1,2]"2%s[1,5]72-2xMsq[3]Msq[5]"2%s[2,3]+2*Msq[3]*Msq[5]*s
1,2]*s[2,3]+2#Msq[4]Msq[5]1*s[1,2]*s[2,3] -24Msq[4]*s[1,2]72%s[2,3] +24Msq[3]sMsq[5]*s[1,5]*s[2,3]+2aMsq[3]*s[1,2]*s[1,5]*s[2,3]-4xMsq[4]*s[1,2]*s[1,5]*s[2,3]+24Msq[5]*s[1,2]*s[1,5]*s[2,3]-2%s[1,2]"2%s[1,5]*s[2,3]+Msq[5]*2%s[2,3]"2-2+Msq[5]*s[1,2]*s[2,3]72+s[1,2]"2%s[2,3]"2+2xMsq[3]+Md
ql5]*s[2,3]*s[3,4]+2#Msq[4]*s[1,2]*s[2,3]%s[3,4]-4xMsq[5]*s[1,2]*s[2,3]*s[3,4]-2aMsq[3]*s[1,5]*s[2,3]%s([3,4]+2%s[1,2]*s[1,5]*s[2,3]*s[3,4]-24Msq[5]*s[2,3]1"2%s[3,4]-2%s[1,2]*s[2,3]"2%s([3,4]+s[2,3]1"2%s[3,4]"2+Msq[1]"2%(Msq[3]*2+(Msq[4]-s[3,4])"2-24Msq[3]*(Msq[4]+s[3,4]))
+2+Msq[3]*#Msq[5]*s[1,5]*s[4,5]-4xMsq[3]*s[1,2]*s[1,5]*s[4,5]+2+Msq[4]*s[1,2]*s[1,5]%s[4,5]-24Msq[3]*s[1,5]"2%s[4,5]-2%s[1,2]*s[1,5]"2%s[4,5]-24Msq[5]*s[1,5]*s[2,3]*s[4,5]+2%s[1,2]*s[1,5]*s[2,3]*s[4,5]-24Msq[3]Msq[5]*s[3,4]*s[4,5]-24Msq[4]*s[1,2]*s[3,4]%s[4,5]+2:Msq[3]*s[1,5]*s[3,4]
s[4,5]+2%s[1,2]*s[1,5]*s[3,4]*s[4,5]+2#Msq[5]*s[2,3]*s[3,4]%s[4,5]+2*%s[1,2]*s[2,3]*s[3,4]*s[4,5]+2%s[1,5]*s[2,3]%s([3,4]*s[4,5]-2%s[2,3]*s[3,4]"2%s[4,5]+s[1,5]"2%s[4,5]72-2%s[1,5]*s[3,4]*s[4,5]2+s([3,4]"2%s[4,5]"2+Msq[2]*2%x(Msq[4]~2+(Msq[5]-s[4,5])~2-24Msq[4]*(Msq[5] +s[4,5]))
+2*Msq[2] *(-(Msq[4]*2%s[1,2] ) Msq[5]*s[1,2]*s[1,5]-Msq[5]"2*s[2,3] Msq[5]*s[1,2]*s[2,3]+Msq[5]*s[2,3]*s[3,4]+Msq[5]*s[1,5]*s[4,5]+s[1,2]%s[1,5]*s[4,5]+Msq[5]1*s[2,3]*s[4,5]-s[1,2]%s([2,3]*s[4,5]+Msq[5]*s[3,4]*s[4,5]-2%s[1,5]*s[3,4]%s[4,5]+s[2,3]*s[3,4]%s[4,5]-s[1,5]*s[4,5]"2-
s[3,4]%s[4,5]"2+Msq[3]*(-Msq[5]*2+Msq[4]*(Msq[5]-s[1,5])+s[1,5]*s[4,5]+Msq[5]*(s[1,5]-2%s[2,3]+s[4,5]) )+Msql4]*(-(s[2,3]1%s[3,4] )+Msq[5]*(s[1,2]+s[2,3]-2%s[4,5])+s[1,5]*s[4,5]+s[3,4]*s[4,5]+s[1,2]*(s[1,5]+s[2,3]+s[4,5])))+2xMsq[1]*(-(Msq[4]~2%s[1,2])+Msql4]*s[1,2]*s[1,5]-
Msq[3]72%(Msq[5]+s[1,5] ) Msq[4]+Msq[5]*s[2,3]+Msql4]*s[1,2]*s[2,3]+Msql4]*s[1,2]*s[3,4]-s[1,2]%s[1,5]%s[3,4]+Msql4]*s[2,3]%s[3,4]+Msq[5]*s[2,3]1*s[3,4]+s[1,2]*s[2,3]1*s[3,4]-s[2,3]*s[3,4]72-Msq[4]*s[1,5]*s[4,5]+Msq[4]*s[3,4]*s[4,5]+s[1,5]%s[3,4]*s[4,5]-2%s[2,3]*s[3,4]*s[4,5]-
s[3,4]72%s[4,5]+Msq[3]*(s[1,2]*s[1,5]-s[1,2]*s[2,3] +Msq[4]*(Msq[5]+s[1,2]+s[1,5]-2*s[3,4])+s[1,5]*s[3,4]+s[2,3]*s([3,4]+Msq[5]*(-2*%s[1,5]+s[2,3]1+s[3,4]+s[1,5]*s[4,5]+s[3,4]*s[4,5])+Msq[2]*(-Msq[4]"2+Msq[3]*(Msq[4]+Msq[5]-s[4,5])+s[3,4]*(-
Msq[5]+s[4,5]+Msql4]*(Msq[5]-2%s[1,2]+s[3,4]+s[4,5]))) )*(msq[1]”*4*msq[4]~4:Msq[4]~2%s[1,2]*4—4xmsq[1]"3*msq[3]*msq[4] *4:Msq[4]"2*s[1,2]*4+6+msq[1]*2*msq[3]"2«msq[4] *4+Msq[4]*2%s[1,2]*4-4*xmsq[1]*msq[3]*3*msq[4] *4xMsq[4]*2%s[1,2]*4+msq[3]~4*msq[4] ~4sMsq[4]"2%s [1,2]~4-4*msq[1] *4*msq [4]
3xmsq [6]*#Msq[4]*2%s [1,2]74+16*msq[1]"3*msq[3]*msq[4]*3*msq[6]*Msq[4] *2%s [1,2]*4-24*msq[1]*2+msq[3]*2+msq[4] *3*msq [6]*Msq[4] ~2%s [1,2]*4+16*msq[1]*msq[3]*3+msq[4] *3*msq[6]*Msq[4]~2%s [1,2]"4-4*msq[3] *4*msq[4]*3*msq [6]#Msq[4] ~2%s [1,2]4+6+«msq[1] *4*msq[4]~2xmsq[6]*2*Msq[4] *2%s [1,2]~4-24%
sq[1]1*3*msq[3]*msq[4] *2+4msq[6]~2#Msq[4] *2%s [1,2]74+36*msq[1] *2+msq [3]*2*msq[4] *2*msq [6]*2*Msq[4] *2%s [1,2] ~*4-24xmsq[1] *msq [3]*3*msq[4] *2*msq [6]*2+Msq[4] *2%s [1, 2] *4+6*msq [3] ~4*xmsq [4] *2*msq [6] ~24Msq[4] *2%s [1,2] ~4-4*msq[1] ~4*msq[4]+msq [6]*3+Msq[4] *2%s [1,2]*4+16*msq[1] *3+msq [3]*msq[4]*msq
[6]73+#Msq[4]72%s[1,2]4-24*xmsq[1] ~2*msq [3]*2+msq[4] *msq[6]~3xMsq[4]~2%s[1,2] *4+164msq[1] *msq[3]*3*msq[4]*msq[6] *3xMsq[4]*2%s[1,2] ~4-4*msq [3]*4+msq[4] *msq [6]*3xMsq [4]~2%s[1,2] ~4+msq[1]*4*msq[6] ~4*#Msq[4]*2%s [1,2]*4-4*msq[1] *3*msq[3]*msq[6] ~4+Msq [4]*2%s [1,2] ~4+6*msq[1] ~2*msq [3]*2+msq[6]
~xMsq[4]~2%s [1,2]74-4*msq[1]*msq[3]"3xmsq[6] ~4xMsq[4] *2%s [1,2]*4+msq[3] ~4*msq [6]~4xMsq[4] *2%s [1,2]*4-2+msq[1]*3*msq[3] *msq[4] ~4+Msq[4]*s[1,2]*4*s[1,5] +6+msq[1] ~*2*msq[3]~*2+msq[4] *4xMsq[4]*s[1,2] *4*s[1,5]-6*msq[1]*msq[3]~3+msq[4]~4xMsq[4]*s[1,2]*4*s[1,5] +2*msq[3] *4+msq[4] ~4sMsq[4]*s [
,2]1™4%s [1,5]+2*msq[1]*3*msq[3]*msq[4]*3+msq[5]#Msq[4]*s[1,2]*4%s[1,5]-6*msq[1]~*2xmsq[3]*2#msq[4] *3*msq[5]+Msq[4]*s[1,2]4*s[1,5] +6*msq[1]*msq[3]~3*msq[4]~3*msq[5]#Msq[4]*s[1,2]"4*s[1,5]-2+«msq[3]*4*msq[4]3*msq[5]*Msq[4]*s[1,2]4%s[1,5]+6+msq[1]"3*msq[3]*msq[4]*3*msq[6]+Msq[4]*s[1,2]
4%s[1,5]-18*msq[1]”2+«msq[3]*2+msq[4]*3*msq[6]#Msq[4]*s[1,2]4%s[1,5]+18*msq[1]*msq[3]*3*msq[4]*3*msq[6]#Msq[4]*s[1,2]*4*s[1,5]-6«msq[3]*4+msq[4]*3*msq[6]+Msq[4]*s[1,2]"4*s[1,5] -6+«msq[1]”3*msq[3]*msq[4]”2«msq[5]*msq[6]#Msq[4]*s[1,2]4*s[1,5]+18*msq[1]~2*msq[3]"2*msq[4]*2*msq[5]*msq[6]
Msq4]*s[1,2]"4*s[1,5]-18+msq[1]*msq[3]"*3*msq[4]~2*msq[5]*msq[6]*Msq[4]*s[1,2]4%s[1,5] +6*msq[3]*4*msq[4]*2*msq[5]*msq[6]*Msq[4]*s[1,2]4%s[1,5]-6+msq[1]"3*msq[3]*msq[4]*2+msq[6]2+Msq[4]*s[1,2]"4%s[1,5]+18+«msq[1]"*2*msq[3]~2+msq[4]"2*msq[6]*2+4Msq[4]*s[1,2]4*s[1,5]-18*msq[1]*msq[3]
3xmsq[4]*2+msq[6] ~*2#Msq[4]*s[1,2]*4%s[1,5]+6*msq[3] *4*msq[4] *2*msq[6]~*2+Msq[4]*s[1,2]*4*s[1,5] +6*«msq[1]*3*msq[3]*msq[4]*msq[5]*msq[6]*24Msq[4]*s[1,2]*4*s[1,5]-18*msq[1]*2*msq[3]*2*msq[4]*msq[5]*msq[6]~2sMsq[4]*s[1,2] 4*s[1,5]+18*msq[1]+msq[3]"*3*msq[4]*msq[5]*msq[6]~2+Msq[4]*s[1,2] 4
s[1,5]-6*msq[3]~4*msq[4]*msq[5]*msq[6]2+Msq[4]*s[1,2]*4*s[1,5]+2«msq[1]*3*msq[3]*msq[4]*msq[6]"3*Msq[4]*s[1,2]*4*s[1,5]-6*msq[1]~2+msq[3]"2*msq[4]*msq[6]~3:Msq[4]*s[1,2]*4*s[1,5]+6*xmsq[1]*msq[3]"3*msq[4]*msq[6]"3*#Msq[4]*s[1,2]4*s[1,5]-2*msq[3]~4*msq[4]*msq[6]"3xMsq[4]*s[1,2]4%s[1,
5]-2xmsq[1]*3*msq[3]*msq[5]*msq[6]*3*%Msq[4]*s[1,2]"4%s[1,5] +6*msq[1]*2+msq[3]*2*msq[5]*msq[6]*3*Msq[4]*s[1,2]4*s[1,5]-6«msq[1]*msq[3]*3*msq[5]*msq[6]"3+Msq[4]*s[1,2]4=%s[1,5]+2*msq[3]*4*msq[5]*msq[6]3sMsq[4]*s[1,2]4*s[1,5]+2*«msq[1]*3*msq[4] *4+msq[7]*Msq[4]*s[1,2]4=*s[1,5]-6+msq[1]
~2xmsq[3]*msq[4]*4*msq[7]#Msq[4]*s[1,2]*4%s[1,5]+6*msq[1]*msq[3]*2*msq[4]~4*xmsq[7]Msq[4]*s[1,2]*4*s[1,5]-2+msq[3]*3*msq[4]~4*msq[7]*Msq[4]*s[1,2]"4*s[1,5]-2*«msq[1]*3*msq[4]*3*msq[5]*msq[7]sMsq[4]*s[1,2]"4%s[1,5]+6*msq[1]~2*msq[3]*msq[4]*3*msq[S5]*msq[7]*Msq[4]*s[1,2]"4*s[1,5]-6*msql
l#msq[3]1*2*msq[4] *3*msq [5]*msq[7]+#Msq[4]*s[1,2]*4%s[1,5] +2*msq[3]"3*msq[4]*3+msq[5]*msq[7]#Msq[4]*s[1,2]*4*s[1,5] -6+msq[1]*3*msq[4] *3*xmsq[6]*msq[7]*Msq[4]*s[1,2]"4*s[1,5]+18*xmsq[1]*2*msq[3]*msq[4]*3+msq[6]*+msq[7]sMsq[4]*s[1,2]4*s[1,5]-18*msq[1]*msq[3]*2*msq[4]”3*msq[6]*msq[7]+Msq[4]
*s[1,2]"4%s[1,5]+6*«msq[3]*3*msq[4]*3*msq[6]*msq[7]+Msq[4]*s[1,2]*4*s[1,5]+6%«msq[1]*3*msq[4]~2*msq[5]*msq[6]+msq[7]sMsq[4]*s[1,2]*4*s[1,5]-18*msq[1]*2*msq[3]*msq[4]~2*«msq[5]*msq[6]+msq[7]#Msq[4]*s[1,2] 4*s[1,5]+18*msq[1]*msq[3]~2*msq[4] 2*msq[5]*msq[6]+msq[7]*Msq[4]*s[1,2]4%s[1,5]-6
msq[3]*3*msq[4] *2+msq[5]*msq[6]*msq[7]+Msq[4]*s[1,2]4%s[1,5]+6*msq[1]~3*msq[4]"2*msq[6]*2+msq[7]*Msq[4]*s[1,2]*4*s[1,5]-18*msq[1]~2*msq[3]*msq[4]*2*msq[6]~2*«msq[7]#Msq[4]*s[1,2]*4*s[1,5]+18+msq[1]*msq[3]*2*msq[4]~*2*msq[6]2+«msq[7]sMsq[4]*s[1,2]*4=*s[1,5]-6+«msq[3]*3*msq[4]*2+msq[6]"2
msq[7]#Msq[4]*s[1,2]"4%s[1,5]-6*msq[1]~3*msq[4]+msq[5]*msq[6]*2*msq[7]+Msq[4]*s[1,2]*4%s[1,5]+18xmsq[1]*2*msq[3]*msq[4]*msq[5]*msq[6]*2*msq[7]+Msq[4]*s[1,2] 4*%s[1,5]-18+msq[1]*msq[3]*2*msq[4]*msq[5]*msq[6]~2*msq[7]*Msq[4]*s[1,2]"4*s[1,5] +6*«msq[3]"3*msq[4]*msq[5]*msq[6]~2%msq[7]+Msq[4
1%s[1,2]"4%s[1,5]-2*msq[1]"3*msq[4] *msq[6]*3*msq[7]#Msq[4]*s[1,2]"4%s[1,5] +6+msq[1]*2*msq[3]*msq[4]*msq[6]*3*msq[7]#Msq[4]*s[1,2]*4*s[1,5]-6+«msq[1]*msq[3]*2*msq[4]*msq[6]~3*msq[7]+Msq[4]*s[1,2]*4%s[1,5]+2*msq[3]*3*msq[4]*msq[6]3+msq[7]sMsq[4]*s[1,2]"4*s[1,5]+2*msq[1]*3*msq[5]*msq[6]
~3xmsq[7]+Msq[4]*s[1,2]4%s[1,5]-6%msq[1]*2*msq[3]*msq[5]*msq[6]~3*msq[7]+Msq[4]*s[1,2]"4%s[1,5]+6*msq[1]*msq[3]*2«msq[5]+msq[6]"3*msq[7]+Msq[4]*s[1,2]4*s[1,5]-2*msq[3]"*3*msq[5]*msq[6]”3*msq[7]Msq[4]*s[1,2]"4%s[1,5]-2*msq[1]"3*msq[3]*msq[4]*3sMsq[4]*2%s[1,2]4*s[1,5]+6%xmsq[1] *2*msq
[3]172*msq[4]"3xMsq[4]*2%s[1,2]4%s[1,5] -6+msq[1]*msq[3]"3*msq[4]*3:Msq[4]*2%s[1,2]*4*s[1,5] +2*msq[3] *4*msq[4] ~3xMsq[4]"2%s[1,2] *4*s[1,5] +6*msq[1]"3+msq[3]*msq[4]*2*msq[6]Msq[4]*2%s[1,2]*4*s[1,5]-18+msq[1]"2*msq[3]*2+msq[4] *2*msq[6]*Msq[4]*2*s[1,2]4%s[1,5]+18*msq[1]*msq[3]~3*msq[4]
2xmsq [6]*#Msq[4]*2%s [1,2]*4*s[1,5] -6+%msq[3]*4*msq[4] *2*msq[6]+Msq[4]*2%s[1,2]*4%s[1,5]-6*msq[1]~*3*msq[3]*msq[4]*msq[6]*24Msq[4]~2%s[1,2]*4*s[1,5] +18*msq[1]*2*msq[3]*2*msq[4]*msq[6]"2+Msq[4]*2%s[1,2]~4%s[1,5]-18*msq[1]*msq[3]*3*msq[4]*msq[6]*2:Msq[4]~2%s[1,2]*4%s[1,5] +6*msq[3]*4*msq[4]
*msq [6]°2xMsq[4]*2%s[1,2]"4*s[1,5]+2+msq[1]*3*msq[3]*msq[6]~3xMsq[4]*2*s[1,2]*4*s[1,5] -6*msq[1]~2+msq[3]*2*msq[6]"3*xMsq[4]*2*s[1,2]*4=*s[1,5]+6+«msq[1]*msq[3]*3*msq[6]"3+Msq[4]~2%s[1,2]4%s[1,5]-2*msq[3]*4*msq[6]*3xMsq[4]*2%s[1,2]*4*s[1,5] +2*msq[1]*3*msq[4] *3*msq[7]+Msq[4]*2%s[1, 2] ~4*5
[1,5]-6+msq[1]”2*msq[3]*msq[4]~3*msq[7]+Msq[4]2%s[1,2]4%s[1,5] +6*msq[1]*msq[3]~2+msq[4]*3*msq[7]xMsq[4]~2%s[1,2]4*s[1,5] -2*«msq[3]"*3*msq[4] *3*msq[7]*Msq[4]2%s[1,2]*4%s[1,5]-6*msq[1]~3*msq[4]*2*msq[6]*msq[7]xMsq[4]~2%s[1,2]~4%s[1,5] +18*msq[1]~*2*msq[3]+msq[4]*2*msq[6]*msq[7]xMsq[4]
2%s[1,2]"4%s[1,5]-18+«msq[1]*msq[3]*2*msq[4] *2*msq[6]*msq[7]+Msq[4]*2%s[1,2]*4%s[1,5] +6*msq[3]*3*msq[4] *2*xmsq[6]*msq[7]*Msq[4] *2*s [1,2]*4*s[1,5] +6+«msq[1]*3*msq[4]*msq[6]*2*msq [7]*Msq[4]~2*s [1,2]*4*s[1,5]-18+msq[1]*2*msq[3]*msq[4]*msq[6] *2+msq [7]*Msq[4]~2%s [1,2]~4*s[1,5]+18*msq[1]*msq
3]72+«msq (4] *msq[6]*2+msq[7]#aMsq[4]*2%s[1,2] *4*s[1,5]-6+msq[3]*3*msq[4]*msq[6]*2*msq[7]+Msq[4]*2%s[1,2]*4*s[1,5] -2+«msq[1]*3*msq[6] *3*msq[7]#Msq[4]2%s[1,2]*4*s[1,5]+6*msq[1]*2+«msq[3]*msq[6]*3*msq[7]*xMsq[4]*2*s[1,2]*4%s[1,5]-6%msq[1]*msq[3]”2*msq[6]~3*msq[7]+Msq[4]*2%s[1,2]4*s[1,5]+2
msq[3]1*3*msq[6]*3*msq[7]#Msq[4]*2%s[1,2]*4*s[1,5] +2*msq[1]*2*msq[3]*2*msq[4] *4xMsq [3]#Msq[4]*s[1,2]"2%s[1,5]"2-4*msq[1]*msq[3]*3*msq[4] *4+Msq[3]#Msq[4]*s[1,2]*2*s[1,5]*2+2*msq[3] ~4*msq[4]*4sMsq[3]Msq[4]*s[1,2]*2%s[1,5]*2-8Bxmsq[1]*2*msq[3]*2*msq[4]"3*msq[6]*Msq[3]+Msq[4]*s[1,2]*2%s [
,5]172+16*msq[1]*msq[3]~3*msq[4] *3*msq[6]*Msq[3]xMsq[4]*s[1,2]*2%s[1,5]*2-8+msq[3]*4*msq[4] *3+msq[6]+Msq[3]sMsq[4]*s[1,2]*2%s[1,5]"2+12+«msq[1]*2*msq[3]"2«msq[4]*2*msq[6] 2#Msq[3]*Msq[4]*s[1,2]*2%s[1,5]"2-24*msq[1]*msq[3]~3*msq[4]*2*msq[6]~2#Msq[3]*Msq[4]*s[1,2]*2*s[1,5] 2+124msq[3] "4
msq[4]~2*msq[6] *2#Msq[3]#Msq[4]*s[1,2]*2%s[1,5]*2-8*xmsq[1] *2+msq[3]*2*msq[4]+msq[6]*3sMsq[3]Msq[4]*s[1,2]*2%s[1,5]*2+16*msq[1]*msq[3]~3*msq[4]*msq[6]"3+Msq[3]*Msq[4]*s[1,2]"2%s[1,5]*2-8*msq[3]"4*msq[4]*msq[6]~3xMsq[3]*Msq[4]*s[1,2]"2%s[1,5]"2+2xmsq[1]~2*msq[3]"2«msq[6]~4+Msq[3]*Msq
4]*s[1,2]"2%s[1,5]"2-4*msq[1]*msq[3]*3*msq[6] *4+Msq[3]#Msq[4]*s[1,2]*2*s[1,5]*2+2*msq[3] *4+msq[6]"4sMsq[3]Msq[4]*s[1,2]"2%s[1,5]*2-4*msq[1]*2*msq[3]*msq[4] *4*msq [7]#Msq[3]Msq[4]*s[1,2]*2*s [1,5]~2+8*msq[1]*msq[3]~*2*msq[4]*4*msq[7]Msq[3]*Msq[4]*s[1,2]"2%s[1,5]"*2-4*msq[3] *3*msq[4] 4
msq[7]#Msq[3]Msq[4]*s[1,2]2%s[1,5]*2+16*msq[1]*2*msq[3]*msq[4]*3*msq[6]*msq[7]#Msq[3]*Msq[4]*s[1,2]"2%s[1,5]*2-32+msq[1]*msq[3]*2+msq[4]*3*msq[6]+msq [7]#Msq[3]*Msq[4]*s[1,2]2*%s[1,5]"2+16%msq[3]*3*msq[4]*3*msq[6]*msq[7]+Msq[3]sMsq[4]*s[1,2]*2%s[1,5]"2-24*msq[1]*2*msq[3]*msq[4]"2*ms
ql6]172%xmsq[7]#Msq[3]+Msq[4]*s[1,2]72%s[1,5]*2+48*msq[1]*msq[3]~2*msq[4]*2«msq[6]*2+msq[7]*Msq[3]#Msq[4]*s[1,2]"2%s[1,5]*2-24*msq[3] *3*msq[4]*2+msq[6] ~*2*msq[7]*Msq[3]+Msq[4]*s[1,2]"2%s[1,5]*2+16*msq[1]*2*msq[3]*msq[4]*msq[6]~3*msq[7]*Msq[3]#Msq[4]*s[1,2]*2%s[1,5]*2-32*msq[1]*msq[3]"2
msq[4]*msq[6]~3*msq[7]#Msq[3]Msq[4]*s[1,2]*2*s[1,5]72+164msq[3]*3*msq[4]*msq[6]*3*msq[7]+Msq[3]#Msq[4]*s[1,2]*2%s[1,5]"2-4*msq[1]*2*msq[3]*msq[6]~4*msq[7]+Msq[3]Msq[4]*s[1,2]*2%s[1,5]"2+8B*msq[1]*msq[3]*2+msq[6]~4*msq[7]*Msq[3]*Msq[4]*s[1,2]"2%s[1,5]"2-4*msq[3]"3*msq[6]~4*msq[7]+Msq
[3]1#Msq[4]*s[1,2]2%s[1,5]72+2%msq[1] *2+msq[4]*4*msq[7]*24Msq[3]#Msq[4]*s[1,2]*2*s[1,5]*2-4*msq[1]*msq[3]*msq[4]~4*msq[7] *2+Msq [3]#Msq[4]*s[1,2]"2%s[1,5]*2+2*msq[3] *2*msq[4]*4*msq[7] *2+Msq [3]#Msq[4]*s[1,2]*2%s [1,5]"2-8*xmsq[1] *2+msq[4]*3*msq[6]*msq[7]*2sMsq[3]+Msq[4]*s[1,2]*2*s[1,5] "2
+16*msq [1]*msq[3]*msq[4]*3*msq[6]*msq [7]*2xMsq[3]sMsq[4]*s [1,2]*2%s[1,5]*2-8+msq[3]*2*msq[4] *3*msq [6]*msq [7]*2+Msq[3]sMsq[4]*s[1,2]~2%s [1,5]72+12*msq[1]~*2*msq[4]*2«msq[6] *2*msq [7]*2+Msq[3]Msq[4]*s[1,2]*2%s[1,5]*2-24*msq[1] *msq [3]*msq[4] ~2xmsq [6]*2*msq[7] *2#Msq[3]Msq[4]*s[1,2] *2*s [
,5172+12*msq[3]*2#msq [4]*2*msq[6] *2*msq [7]*24Msq[3] #Msq[4]*s [1,2]~2%s[1,5]*2-8+msq [1]*2*msq[4] *msq [6]*3*msq [7]*2sMsq[3]Msq[4]*s[1,2]*2%s [1,5]2+16*msq [1]*msq [3]*msq[4]*msq [6]~*3*msq[7] *2#Msq[3]*Msq[4]*s[1,2] *2%s[1,5]*2-8*msq[3] *2*msq [4] *msq[6] *3+msq [7]*2*Msq[3]+Msq[4]*s [1,2]*2%s[1,5]
~2+2xmsq[1] *2xmsq [6]4*msq[7] *24Msq [3]sMsq[4]*s[1,2]*2%s[1,5]*2-4*msq[1] *msq[3]*msq[6] ~4*msq [7]*2xMsq[3]#Msq[4]*s [1,2]*2%s[1,5]*2+2+msq [3]*2*msq[6] ~4*msq [7] *2xMsq [3]#Msq[4]*s [1,2]*2%s[1,5]*2-2+msq [1]*2*msq[2]*msq[3] *msq[4] *4+Msq[4] *s [1,2]*3*s[1,5] *2+2*msq[1] *2*msq [3]*2*msq[4] ~4+Msq [4
1%s[1,2]73%s[1,5]"2+4*msq[1]*msq[2] *msq[3]*2*msq[4] *4xMsq[4]*s[1,2]"3%s[1,5]*2-4*msq[1]*msq[3]*3*msq[4]~4xMsq[4]*s[1,2]*3*s[1,5]"2-2*msq[2]#msq[3]*3*msq[4]*4:Msq[4]*s[1,2]"3%s[1,5]*2+2+msq[3]*4*msq[4] *4:Msq[4]*s[1,2]"3%s[1,5]*2+8B*msq[1]*2*msq[2] #msq[3]*msq[4]*3*msq[6]+Msq[4]*s[1,2]~
*s[1,5]*2-8+xmsq[1]*2*msq[3]*2+msq[4]*3*msq[6]#Msq[4]*s[1,2]"3%s[1,5]*2-16*msq[1]*msq[2]*msq[3]*2*msq[4]*3*msq[6]+Msq[4]*s[1,2]"3%s[1,5]*2+16*msq[1]+msq[3]"3*msq[4]*3*msq[6]#Msq[4]*s[1,2]*3*s[1,5]"2+8xmsq[2]*msq[3]*3*msq[4]"3*msq[6]Msq[4]*s[1,2]"3%s[1,5]"2-8xmsq[3]4*msq[4]*3*msq[6]
Msq(4]*s[1,2]73%s[1,5]*2-12*xmsq[1]*2«msq[2] *msq [3]*msq[4]*2*xmsq[6] *24Msq[4]*s[1,2]*3%s[1,5]72+12*msq[1]*2+msq[3]*2*msq[4] *2#msq [6]*2*Msq[4]*s [1,2]*3*s[1,5]"2+24*msq[1]*msq[2]*msq[3]~*2*msq[4] *2*msq [6]*2+4Msq[4]*s[1,2]*3*s[1,5]"2-24+msq[1]*msq[3]*3*msq[4] *2*msq[6]*2+Msq[4]*s[1,2]"3%s[1,
5]72-12xmsq[2]*msq[3] *3*msq[4]*2*msq[6] *24Msq[4]*s [1,2]*3%s[1,5]*2+12*msq[3] ~4*msq [4]*2*msq[6] *2#Msq[4]*s [1,2]"3%s[1,5]*2+8B*+msq[1]*2*msq[2]#msq [3]*msq[4]+msq[6] *3sMsq[4]*s[1,2]*3%s[1,5]*2-8*msq[1] *2*msq[3]*2*msq[4]*msq[6]*3sMsq[4]*s[1,2]*3%s[1,5]"2-16*msq[1]*msq[2]*msq[3]~2#msq[4]*m]
ql6]173sMsq[4]*s[1,2]*3%s[1,5]*2+16*msq[1]*msq[3]*3*msq[4]*msq[6]*3:Msq[4]*s[1,2]*3%s[1,5]"2+8*msq[2]*msq[3]*3*msq[4]*msq[6]~3xMsq[4]*s[1,2]"3%s[1,5]*2-8B*«msq[3]*4*msq[4]*msq[6]~3+Msq[4]*s[1,2]*3*s[1,5]"2-2*msq[1]*2+msq[2]*msq[3]*msq[6]*4*xMsq[4]*s[1,2]"3%s[1,5]"2+2*msq[1]*2*msq[3]~2*m]
ql6]174:Msq[4]*s[1,2]*3%s[1,5]*2+4xmsq[1]*msq[2]*msq[3]*2*msq [6]*4*Msq[4]*s [1,2]"3%s[1,5]*2-4+msq[1]*msq[3]*3*msq[6]~4sMsq[4]*s[1,2]*3*s[1,5]72-2*xmsq[2] *msq[3]~3+msq[6]~4*xMsq[4]*s[1,2]*3*s[1,5]*2+2*msq[3]"4*msq[6]*4+Msq[4]*s[1,2]"3*s[1,5]"2+2*msq[1]~2*«msq[2] *msq[4] *4*msq [7]*Msq[4]*s [
,2]173%s [1,5]172-2*msq[1]*2+msq[3]*msq[4] *4*msq [7]#Msq[4]*s[1,2]*3*s[1,5]*2-4*msq[1]*msq[2]*msq[3]*msq[4]*4*msq[7]sMsq[4]*s[1,2]"3%s[1,5]*2+4*msq[1]*msq[3]*2*msq[4] ~*4*msq[7]*Msq[4]*s[1,2]"3*s[1,5]*2+24msq[2]*msq[3]*2*msq[4] *4*xmsq[7]*Msq[4]*s[1,2]"*3*s[1,5]"2-2*msq[3]*3*msq[4]~4*msq[7]+
sql[4]*s[1,2]"3%s[1,5]"2-8xmsq[1]~2*msq[2]#msq[4]*3*msq[6]*msq[7]#Msq[4]*s[1,2]3%s[1,5]*2+B*«msq[1]*2*msq[3]*msq[4]*3*msq[6]+msq[7]sMsq[4]*s[1,2]"*3*s[1,5]"2+16+msq[1]*msq[2]*msq[3]*msq[4]*3*msq[6]*msq[7]#Msq[4]*s[1,2]"3%s[1,5]*2-16*msq[1]*msq[3]*2*msq[4]~3*msq[6]*msq[7]*Msq[4]=*s[1,2]
3%s[1,5]72-8xmsq[2] *msq[3]*2#msq[4] *3*msq [6]*msq[7]#Msq[4]*s[1,2]"3%s[1,5]*2+8+msq[3]*3*msq[4]*3*msq [6]*msq[7]#Msq[4]*s[1,2]"3*s[1,5]*2+12%msq[1]*2*msq[2] *msq[4]*2*msq[6] *2*msq[7]*Msq[4]*s [1,2]"3%s[1,5]*2-12*msq[1]*2+msq[3]*msq[4]*2*msq[6] *2*msq [7]+Msq[4]*s[1,2]*3*%s[1,5]"2-24*msq[1]
msq[2]*msq[3]*msq[4]~2%«msq[6] *2*msq[7]+Msq[4]*s[1,2]"3%s[1,5]"2+24*msq[1]*msq[3]*2*msq[4]*2*msq[6] *2+msq[7]#Msq[4]%s[1,2]*3*s[1,5]"2+12*msq[2]*msq[3]*2+msq[4] *2+msq[6]*2*msq[7]#Msq[4]*s[1,2]*3%s[1,5]*2-12+msq[3] *3*msq[4]*2*msq[6] *2*msq [7]*Msq[4]*s[1,2]*3%s[1,5]"2-8*msq[1] *2+msq[2]*ms
ql4]*msq[6]~3*msq[7]+Msq[4]*s[1,2]*3%s[1,5]2+8*msq[1]*2*msq[3]*msq[4]+msq[6]*3*msq[7]*Msq[4]*s[1,2]*3*s[1,5]*2+16*msq[1]+msq[2]*msq[3]*msq[4]*msq[6]*3*msq[7]+Msq[4]*s[1,2]"3%s[1,5]*2-16*msq[1]*msq[3]~2*msq[4]*msq[6]"3*msq[7]#Msq[4]*s[1,2]"3*%s[1,5]*2-8xmsq[2]*msq[3]*2*msq[4]*msq[6]~
*msq[7]#Msq[4]*s[1,2]*3%s[1.5]172+8*msa[3]1"3*msa [4]*msa[6]1*3*xmsa[7]1xMsal4]1*s[1.2]1"3*%s[1.5]1*2+2*«msa[1]1*2*msa[2]*msa[6]1~4*msa[7]sMsa[4]*s[1.2]1*3%s [1.5]172-2*msa[1]1*2*msa[3]*msa[6]1*4*msa[7]1+Msa[4]1*s[1.2]1"3%s[1.5]1*2-4*msa[1]*msa[2]*msa[3]*msal6]1*4*msal[7]1*Msal4]*s[1.2]1"3*s[1.5]1*2+4*msal1]*
sq[3]1*2*msq[6]~4*msq[7]+M

pS\ my ma /pl

ma
me mg ¢—— D2
ms ma |3

p4/ t \p3

+6(10°) terms

140.52 Mb polynomial]

st (4 00 )+12%msq[1]*kmsq[3]172%msq[4]~2*kmsq[6]*msq[7]*Msq[4]*s[1,2]*s[2,3]"3%s[3,4]*xs[4,5]+32xmsq[2]*

~2-8+msq[3]~3*msq [4]*msq[

e MSQ [3] 22%kmsq [4] 72xmsq [6]xmsq [7]kMsq[4]%s[1,2]%s[2,3]173%s[3,4]*s[4,5]+12*kmsq[1]*msq[2]*msq[4] 3%

4]*s[1,2]"3%s[1,5]72-2%ms

amesndeenimsq [6]kmsq [7]1kMsq [4]xs[1,2]1*xs[2,3]173%s[3,4]%s[4,5]+10%xmsq[2]"2*kmsq[4]*3xmsq[6]*msq[7]*Msq[4]*

*msq[4]*msq[5]*2*msq[6]*s

s § [1,2]%s[2,3]173%s [3,4]%s[4,5]+36xmsq[1]*xmsq[3]*kmsq[4]”3xmsq[6]*xmsq[7]*Msq[4]%s[1,2]%s[2,3]"3x%

3]72+«msq[4]~3*msq [5]*msql

st 6 [3, 4] ks [4,5] -64xmsq [2]1xmsq [3]kmsq [4]~3xmsq [6]1xmsq[7]«Msq[4]*s[1,2]1*s[2,3]1*3%s[3,4]%s[4,5]+12%

*msq [3]*3*msq[4]*msq[5]m

mastiaenamsq [1]xmsq [2]172%kmsq[4] xmsq [5]1*kmsq[6]xmsq[7]*Msq[4]*xs[1,2]%s[2,3]"3%s[3,4]*s[4,5]-(...)

msq[7]72%s[1,2]"4%s[1,5]*
*msq [3]4msq [4]#msq[5]°24msq Lo 1 #MSq 7] "2%S |1, 2] "4%S | 1,5 ] 2-24MSq 3] "24MSq |4 #MSq 5] "2HMSq L6 #MSG L7 ] "2%S |1, 2] "4%S |1,5]"2+MSq 1] "2#MSq 14 ] "24MSq 0] ~2HMSQ 7] "2*S |1, 2] "4*S |1, 5] "2-24mSq 1] *MSq | 3] #MSq 141 "24MSq L] ~2Z4MSQL /] "2*S |1, 2] ~4*S |1, 5] "2Z+MSq 3] 2+MSq 4] "24MSq 6] "Z#MSq L/ ~2%S 11, 2] "4*S |1,
]~2-2*msq [1]*2+msq[4] *msq [5]*msq[6] ~2*msq [7]~2%s [1,2]*4*s[1,5] 2+




| .LEADING SINGULARITIES CAN GET QUITE COMPLICATED

B generic_kinematic_pentabox

LS=(Msq[3]72#Msq[5]*2-24Msq[3]sMsq[4]aMsq[5]*s[1,2] Msq[4]*2%s[1,2]*2-2xMsq[3]*2#Msq[5]*s[1,5] +2+Msq[3]xMsq[4]*s[1,2]*s[1,5]+24Msq[3]#Msq[5]*s[1,2]*s[1,5]-2Msq[4]*s[1,2]*2*%s[1,5]+Msq[3]~2*s[1,5]72-2«Msq[3]*s[1,2]*s[1,5]72+s[1,2]"2%s[1,5]72-2xMsq[3]Msq[5]"2%s[2,3]+2*Msq[3]*Msq[5]*s
1,2]*s[2,3]+2#Msq[4]Msq[5]1*s[1,2]*s[2,3] -24Msq[4]*s[1,2]72%s[2,3] +24Msq[3]sMsq[5]*s[1,5]*s[2,3]+2aMsq[3]*s[1,2]*s[1,5]*s[2,3]-4xMsq[4]*s[1,2]*s[1,5]*s[2,3]+24Msq[5]*s[1,2]*s[1,5]*s[2,3]-2%s[1,2]"2%s[1,5]*s[2,3]+Msq[5]*2%s[2,3]"2-2+Msq[5]*s[1,2]*s[2,3]72+s[1,2]"2%s[2,3]"2+2xMsq[3]+Md
ql5]*s[2,3]*s[3,4]+2#Msq[4]*s[1,2]*s[2,3]%s[3,4]-4xMsq[5]*s[1,2]*s[2,3]*s[3,4]-2aMsq[3]*s[1,5]*s[2,3]%s([3,4]+2%s[1,2]*s[1,5]*s[2,3]*s[3,4]-24Msq[5]*s[2,3]1"2%s[3,4]-2%s[1,2]*s[2,3]"2%s([3,4]+s[2,3]1"2%s[3,4]"2+Msq[1]"2%(Msq[3]*2+(Msq[4]-s[3,4])"2-24Msq[3]*(Msq[4]+s[3,4]))
+2+Msq[3]*#Msq[5]*s[1,5]*s[4,5]-4xMsq[3]*s[1,2]*s[1,5]*s[4,5] +2+Msq[4]*s[1.2]*s[1,5]%s[4,5]-24Msqg[3]*s[1,5]"2%s[4,5] 2%s[1.2]*5[1,5]"2%s[4,5]-24Msq[5]*s[1,5]*s[2,3]*s[4,5]+2%s[1,.2]1%s[1,5]*s[2,3]*s[4,5]-24Msq[3]xMsql5]*s[3,4]*s[4,5]-2+Msq[4]*s[1,2]*s[3,4]%s[4,5]+2Msq[3]*s[1,5]*s[3,4]

s[4,5]+2%s[1,2]*s[1,5]*s([3,4]*s[4,5]+2«Msq[5]*s[2,3
+2*Msq[2]*(-(Msq[4]*2%xs[1,2] ) Msq[5]*s[1,2]*s[1,5]-
s[3,4]*s[4,5]"2+Msq[3]*(-Msq[5]*2+Msq[4]*(Msq[5]-s|
Msq[3]72%(Msq[5]+s[1,5])Msq[4]+Msq[5]=*s[2,3]+Msql[4
s[3,4]72%s[4,5]1+Msq[3]*(s[1,2]*s[1,5]-s[1,2]*s([2,3]
Msql[5]+s[4,5]+Msq[4]*(Msq[5]-2%s[1,2]+s[3,4]+s[4,5]
3xmsq [6]*#Msq[4]*2%s [1,2]74+16*msq[1]"3*«msq[3]*msq[4
sq[1]1*3*msq[3]*msq[4] *2+«msq[6]~2#Msq[4] *2%s [1,2] 4+
[6]1*3:Msq[4]~2%s[1,2]*4-24xmsq[1] *2*xmsq [3]*2*msq[4]
~xMsq[4]~2%s [1,2]74-4xmsq[1]*msq[3]"3xmsq[6] ~4xMsq
,2]74%s [1,5]+2*«msq[1]~3*msq [3]*msq[4] *3*msq[5]+Msq|
4x%s[1,5]-18*msq[1]*2+«msq[3]*2+msq[4]*3*msq[6]xMsq[4
Msq[4]*s[1,2]"4*s[1,5]-18+msq[1]*msq[3]"3*msq[4]~2
3xmsq[4]*2+msq[6] *2#Msq[4]*s[1,2]~4%s [1,5]+6*msq[3]
s[1,5]-6*msq[3]~4*msq[4]*msq[5]*msq[6]"2+Msq[4]*s[1
5]-2xmsq[1]*3*msq[3]*msq[5]*msq[6]*3*xMsq[4]=*s [1,2]"
~24xmsq[3]#+msq[4]*4*msq[7]#Msq[4]*s[1,2] *4%s[1,5] +6%
l#msq[3]1*2*msq[4]*3*msq[5]*msq[7]xMsq[4]*s[1,2]*4*s
*s[1,2]"4%s[1,5]+6*«msq[3]*3*msq[4]*3*msq[6]*msq [7]*
msq[3]*3*msq[4] *2+msq[5]*msq[6]*msq[7]+Msq[4]*s[1,2
msq[7]#Msq[4]*s[1,2]"4%s[1,5]-6*msq[1]~3*msq[4]*msq
1%s[1,2]"4%s[1,5]-2*msq[1]"3*msq[4] *msq[6]~3*msq[7]
~3xmsq[7]*Msq[4]*s[1,2]*4%s[1,5]-6*%msq[1]*2*msq[3]*
[3]172*msq[4]"3xMsq[4] *2%s[1,2]4%s[1,5]-6+msq[1]*ms
2xmsq [6]*#Msq[4]*2%s[1,2]*4*s[1,5] -6+«msq[3]*4*msq[4]
*msq[6]°2xMsq[4]~2%s[1,2]*4*s [1,5]+2+msq[1] *3*msq[3
[1,5]1-6+msq[1]~2*msq[3]*msq[4]*3*msq[7]+Msq[4]~2%s [
2%s[1,2]”4%s[1,5]-18+msq[1]*msq[3]*2*msq[4] ~2*msq[6
3]*2xmsq[4]*msq[6]*2+«msq[7]sMsq[4]~2%s[1,2] ~4%xs[1,5
msq[3]1*3*msq[6]*3*msq[7]#Msq[4]"2%s[1,2]4%s[1,5]+2
,5]172+16*msq[1]*msq[3]~3*msq[4]*3*msq[6]*Msq[3]*Msq
msq[4]~2*msq[6] *24Msq[3]#Msq[4]*s[1,2]~2%s[1,5]"2-8
4]*s[1,2]72%s[1,5]*2-4*msq[1]*msq[3]*3*msq[6] ~4+Msq
msq[7]#Msq[3]aMsq4]*s[1,2]*2%s[1,5]72+16+msq[1] 2%
ql6]1°2«msq[7]#Msq[3]*Msq[4]*s[1,2]*2%s[1,5] ~2+48%ms
msq[4]*msq[6]*3*msq[7]#Msq[3]Msq[4]*s[1,2]*2*s[1,5
[3]1#Msq[4]*s[1,2]*2*s[1,5]72+2%msq[1] *2*msq[4] ~4*ms
+16*msq [1]*msq[3]*msq[4]*3*msq[6]+msq [7]*2*Msq[3]+M
,5172+12*msq[3]*2#msq [4]*2*msq[6] *2*xmsq [7]*2xMsq[3]
~2+2+msq[1]*2+«msq[6]*4*msq[7] *24Msq[3]+Msq[4]*s[1,2
1%s[1,2]73%s[1,5]*2+4*msq [1]*msq[2] *msq [3]*2*msq[4]
*s[1,5]72-8*msq[1]*2+«msq[3]*2+msq[4]"3*msq[6]xMsq[4
Msq[4]*s[1,2]73%s[1,5]1*2-12*msq[1]*2+«msq[2] *msq [3]*
5]72-12xmsq[2]*msq[3] *3*msq[4]~*2*msq[6] *2+Msq [4] *s [
ql6]173:Msq[4]*s[1,2]*3%s[1,5]*2+16*msq[1]*msq[3]*3*
ql6]174:Msq[4]*s[1,2]*3%s[1,5]*2+4*msq[1]*msq[2]*msq
,2]173%s[1,5]72-2*msq[1]*2+msq [3]*msq[4] *4*msq [7] *Ms
sq[4]*s[1,2]"3%s[1,5]72-8+msq[1]"2*msq[2]*msq[4] 3%
3%s[1,5]72-8xmsq[2] *msq[3]~*2*msq[4] *3*msq[6]*msq[7]
msq[2]*msq[3]*msq[4]~2%«msq[6] *2*msq[7]#Msq[4]*s[1,2
ql4)*msq[6]”3*msq [7]+Msq[4]*s [1,2]73%s[1,5]*2+8+msq
*msq[7]#Msq[4]*s[1,2]*3%s[1,5]"2+8*msq[3]*3*msq[4]*
sq[3]72*msq[6]~4*msq[7]#Msq[4]*s[1,2]"3%s[1,5]"2+2%
3]73xmsq[4] ~4sMsq[3]+Msq[4]*s [1,2]*3%s[1,5]*2-8*msq
ql4]*s[1,2]"3%s[1,5]72-24*msq[1]*msq[3]*2*msq [4] 2%
~2-8xmsq[3]*3*msq[4]+msq[6]~*3:Msq[3]*Msq[4]=*s [1,2]"
1,5]72+4*msq[1]*msq[3]*msq[4] *4*msq[7]*Msq[3]#Msq[4
1*3*msq [6]*msq[7]#Msq[3]*Msq[4]*s[1,2]"3%s[1,5]"2-1
6]173+msq[7]1Msq[3]*Msq4]*s[1,2]”3%s[1,5]*2-16%msq
4]*s[1,2]"3*s[1,5]72-2*«msq[3]*2*msq [6]~4*msq[7]+Msq
~3xmsq[5]*s[1,2]*4*s[1,5]2-2*msq[3]*4*msq[4]~3*msq
ql1]*msq[3]1”3*msq[4]*3*xmsq[6]*s [1,2]4*s[1,5]2-2%m
*msq[4]+msq[5]1*2*msq[6]*s[1,2]4%s[1,5] 2+4*msq[1]=*
172%s[1,2]"4%s[1,5]"2-2+msq[1]*2*msq[3]*2*msq [4]*ms
s[1,2]”4%s[1,5]"2+msq[3]"4*msq[5]*2*msq[6]~2*s[1, 2]
3]72+«msq[4]*3*msq[5]*msq[7]*s[1,2]4%*s[1,5]*2+4*msq
*msq[3]*msq[4]*3*msq[6]+msq[7]*s[1,2]*4*s[1,5]"2-8%
s[1,5]172-8*msq[3]"*3*msq[4]*2*msq[5]*msq[6]*msq[7]*s
2xmsq [6]~2+«msq[7]*s[1,2]*4*s[1,5]*2+4*msq[1]*msq[3]

How large is a 40.52 megabits .txt file? Make a useful comparison to
understand the scale. For example, how does it compare In size to
the full Harry Potter book series?

To give you a useful comparison for understanding the size of a 40.52 megabits file, let's convert

it first into a more commonly used measurement for file sizes: megabytes.

1 megabit is equal to é megabytes. Therefore, 40.52 megabits Is equivalent to:

1 megabyte

40.52 megabits X = 5.065 megabytes

8 megabits
Now, let's compare this to the size of the full Harry Potter book series. The entire series contains
approximately 1,084,170 words. Typically, an average English word uses about 6 bytes in a text
file (including space for formatting and spaces between words). Thus, the total size of the full
Harry Potter book series in a text file would be approximately:

1,084,170 words x 6 bytes/word = 6, 505,020 bytes ~ 6.505 ~~~gabytes
as

Therefore, a 5.065 megabytes (.txt) file, equivalent to your 40.52 megabits, Is slightly smaller than
the total size of the Harry Potter book series, which is about 6.505 megabytes.
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#msq [1]*2*msq[3]*msq[4] *2+msq[6]*msq[7] #Msq[4]
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[6]172%s[1,2]*4%s[1,5]*2+msq[3]~4*msq[4] *2*msq [{
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3xmsq[5]*msq[7]*s[1,2]74%s[1,5]2-8+msq[1]*msq
~2xmsq [5]72«msq[7]*s[1,2]*4%s[1,5]"2+4*msq[1] "2
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(CONCLUSION

We introduced an efticient unitarity-based method to extract singularities of Feynman integrals

Stress-tested the method against cutting-edge tools like HyperInt and PLD. j1

Made new predictions tor multi-loop processes, including many examples in the Standard Model



OUTLOOK

Many future directions... here are some pressing ones
Systematic way to include higher-cut subgraphs into the recursion without knowing a prior: their singularities ?
Recursively reconstructing Schwinger parameters ?

Can we prove that this procedure captures all singularities of a diagram (and its subtopologies) ?

Get better at solving systems of high-degree polynomial equations



T HANK YOU!

irac at the IAS on his way to cut (actual) trees

|Credit: Shelby White and Leon Levy Archwes Center]



EXTRA SLIDES



TYPES OF SOLUTIONS

Leading or subleading singularities

When all or a subset of propagators are set on-shell
|Bjorken, LLandau, Nakanishi (1954)]

Second- or mixed-type singularities

When all or a subset of loop momenta diverge (£; = oo)
| Cutkosky (1960), Fairlie, Landshoft, Nuttall, Polkinghorne (1962)]
|[Drummond (1963), Boyling (1967)]

Beyond the standard classification singularities

When a subset of loop momenta diverge (£; — oo) at ditterent rates
[Berghoff, Panzer (2022), Fevola, Mizera, Telen (2023)]



HIGHER-CUTS DIAGRAMS

Examples of (sub)graphs whose singularities cannot be resolved systematically by the two-particle

cut recursion (may need to use, e.g., PLD. j1)

Figure 3. Examples of diagrams with no two-particle cuts
splitting the graph in two disjoint subgraphs.



RECURSIVELY FINDING SINGULARITIES

But wait! PLD. 71 flags another leading singularity :

HHBHHBRARAFBHBBARRARBHBHHBH B IAH
# Component 2

HHBHH BB R AR R HBHRABRASBRA BB AR RHIS

D[2] = M[3]17°2 - 2xM[3]xM[4] - 2xkM[3]*s + M[4]72 — 2xM[4]*xs + s"2 Where 1s it in our approach ?
I$[2] = 16

weights[2] = [[-1, -1, -1, -1], [o, @, @, O]]
computed_with[2] = ["PLD_num", "HyperInt"]

T'he singularity depends solely on external invariants

. 'm%—m%+s ]Wf—N@—s
2
Tn%—wn%+ﬁ' Tn? On4:nn3)§—4n%—JW§ — 0
2 2 2 22 2 2 2
2 2 3

[t 1s the expected (from Cy,,1,) collinear dwergence between py, and p,

(supported even on the maximal cut)



[ ~1.00P RESULTS

Some times, this method makes 1t easy to make L-loop statements

/ Replace the bubble by L-loop banana graph
Y&

| p%z D12 - kK1 P12 'P3-

pio-k1  Kk? k1 - p3
pi12-p3 ki-p3 D3

Although the banana subgraph does not have a two-particle cut,

we can still find the parachute singularities because the analytic structure of the banana i1s known beforehand

1
kl - D3 = 5 [(mg =My ... m3+L)2—m§—M32]




[Shides from Sebastian Mizera]

Bubble diagram

on-shellness

momentum conservation locality
1
?q' ?3 | : 1 f A \ l , , 1
T T T 1 T 1 " g —mi =0
P1 TPy =q1 T4y = —P3 — Py a1q; = 24y 2 2 _
o — My =

\ )
1

K b p i I
¢f =0, gy =py+py ="
oy o — (ph 1 iy 2
(Py +p3) 1+
s = (p1+ p2)° \ y J
2 o 2
o 1
S 2 —mj =0, 5( >—m%:O
Q1+ 1 +Q “
Lorentz invariant
19
The solutions are
1 1 5
(a1 :ag) = — : +— s = (my1 £ mo)

mi ma

/ \ + normal threshold

Projective invariance in Schwinger parameters —  pseudo-normal threshold

and kinematic variables separately

20




