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Low energy physics of asymptotically free gauge theory
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Low energy physics of asymptotically free gauge theory

asymptotically free gauge theory SU(N.) with Ny massive quarks m, < Aqcp

chiral symmetry breaking & confinement
Ny Ny 1
L= zz qiDq; — Z Mqq;q; — ZGQ‘”GZV + gauge fixing + ghost
J J
gauge theory parameters: NC Nf My AQCD

What is the low energy physics?



Physics of Goldstone bosons

chiral symmetry breaking

SU(N;), x SU(Ng)g — SU(Ny)y

pseudo-Goldstone bosons dominate the low energy physics
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chiral symmetry breaking
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pseudo-Goldstone bosons dominate the low energy physics



The EFT approach

non-renormalizable, add new terms with unknown coefficients:
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yPT: unknown coefficients determined from fitting with experimental data



The EFT approach

non-renormalizable, add new terms with unknown coefficients:

: k [
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yPT: unknown coefficients determined from fitting with experimental data

in principle should be computed from UV gauge theory



Strongly coupled physics — Gauge Theory Bootstrap

— energy

chiSB asymptotic freedom

weakly coupled weakly coupled
Pions (EFT) quarks/gluons (pQCD)
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Strongly coupled physics — Gauge Theory Bootstrap

* energy
chiSB ,.'“'"l:)reaks ? asymptotic freedom
weakly coupled  dOWn  gtrongly coupled regime weakly coupled
Pions (EFT) quarks/gluons (pQCD)

compute the strongly coupled dynamics:
amplitudes, form factors, spectrum/couplings
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Strongly coupled physics — Gauge Theory Bootstrap

— energy
chiSB ‘_."'"'[:)reaks ? asymptotic freedom
down  strongly coupled regime weakly coupled

quarks/gluons (pQCD)

compute the strongly coupled dynamics:
amplitudes, form factors, spectrum/couplings

~

Gauge Theory Bootstrap

assume — chiral symmetry breaking & confinement
rules of the game:

input ~ — N, Ny Mg o Jr Ma
(N ~ J %{_/
defining gauge theory universal low energy parameters

theoretical/numerical computation, not using experimental scattering data as input
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nonperturbative parameterization
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look for amplitudes/form factors that: 1, satisfy generic consistency conditions (analyticity, crossing, unitarity)

2, match low energy behavior (chiSB) and high energy (pQCD)
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look for amplitudes/form factors that

test with
Ny=2 N.=3
compare with
experiments

changeable in
the approach

. 1, satisfy generic consistency conditions (analyticity, crossing, unitarity)

2, match low energy behavior (chiSB) and high energy (pQCD)



Analyticity+Crossing+Unitarity:

S-matrix bootstrap
nonperturbative parameterization




S-matrix bootstrap parameterization

modern S-matrix bootstrap: [Paulos, Penedones, Toledo, van Rees, Vieira, 2016&2017]

7Td(pét) 7Tc(p3)
% <p17 a; p2, blT‘pg C; P4, d> - A<S7 t7 u)dab(scd s A<t S, 'LL)(SaC(de + A(u t? S)(Sadé‘bc

Ta(P1) 7(p2)
Crossing A(s,t,u) = A(s,u,t) Analyticity cuts s,t,u >4

m, = 1

s+t+u =4



S-matrix bootstrap parameterization

modern S-matrix bootstrap: [Paulos, Penedones, Toledo, van Rees, Vieira, 2016&2017]

ma(p4) me(ps3)
(p1,a; p2, b|T|ps, c; pa, d) = A(S,t,u)0ap0cqa + A(t, 8, U)Iaclpq + A(U, T, 8)Iaqdbe
Ta(P1) (p2)
Crossing  A(s,t,u) = A(s,u,t) Analyticity cuts s,t,u >4
m, = 1
nonperturbative parameterization encoding Analyticity and Crossing: sS+t+u =4

A(s,t,u) /d”L’/ pi(E, y) + P y) + p2(2, y) +subtraction terms
e (@ —sjly —1) (@—slyg—u (=—Oy—u



S-matrix bootstrap parameterization

Ls T=0s,t,u) = 3A(s,t,u) + A(t,s,u) + A(u,t,s) SU(2)y isospin
fEI T'= (s, t,u) = Alt,s,u) — A(u,t, s)
T'=2(s,t,u) = A(t,s,u) + A(u, t,s) Symmetry
4
1 1
. _ fl(s) ==~ /dcos 0P, (cos )T (s,1)
analytic function of s 4/ 4



S-matrix bootstrap parameterization

| s T'=0(s,t,u) = 3A(s,t,u) + A(t,s,u) + Au, ¢, 5) SU(2)y isospin
fgI T'='(s,t,u) = At s,u)— Au,t,s)

T'=2(s,t,u) = A(t,s,u)+ A(u,t, s) Symmetry

physical kinematic region s >4

1! [s — ‘
. _ fl(s) ==~ /dcos 0P, (cos )T (s,1) Sg =1+im fg Q'Léé_(s)
analytic function of s 4 )4

unphysical region ff (0 < s <4) real linear functionals of bootstrap variables inelasticity phaée shift




S-matrix bootstrap parameterization

Ls T=0s,t,u) = 3A(s,t,u) + A(t,s,u) + A(u,t,s) SU(2)y isospin
fEI T'= (s, t,u) = Alt,s,u) — A(u,t, s)
T'=2(s,t,u) = A(t,s,u) + A(u, t,s) Symmetry
4
physical kinematic region s >4
1 . '5[
. _ fl(s) == /d cos O Py(cos 0)T (s, 1) Si(s)=1+im fg %1% (5)
analytic function of s 4 )4
unphysical region  f/(0 < s < 4) real linear functionals of bootstrap variables inelasticity phaée shift
1S/(sT)| <1, s>4 VI, 1
Unitarity positive semidefinite — convex space of amplitudes

1
( 1 Se(s) ) =0 convex optimization



Bootstrap: maximization — nonperturbative computations

space of generic amplitudes

Symmetry+Analyticity+Crossing+Unitarity

i.e. space of constrained bootstrap parameters {p, ,(X,y),...}
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maximize Symmetry+Analyticity+Crossing+Unitarity

linear functional
%pace of constrained bootstrap parameters {p. ,(X,y),...}

S-matrix bootstrap:
bounding physical
quantities




Bootstrap: maximization — nonperturbative computations

space of generic amplitudes

maximize Symmetry+Analyticity+Crossing+Unitarity

linear functional
%pace of constrained bootstrap parameters {p. ,(X,y),...}

S-matrix bootstrap:
bounding physical

it extre
quantities Mmal bootstrg
p paramete
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fols = 3)

two-dimensional projection
of the space of amplitudes by:
SU(2) symmetry, analyticity, crossing, unitarity



-0.2r
SU(2) symmetry+analyticity+crossing+unitarity

two-dimensional projection

-0.4t
S-matrix bootstrap

-0.6

each boundary point: an extremal numerical amplitude

fo

(s = 3)
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SU(2) symmetry+analytic

two-dimension:
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S-matrix bootstrap
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ity+crossing+unitarity

al projection ;

each boundary point: an extremal numerical amplitude

functionals: only a
numerical tool to
access
nonperturbative
computations

l

will include
information about the
theory to shrink the
space



Analyticity+Crossing+Unitarity:

S-matrix bootstrap
nonperturbative parameterization

EFT: tree level amplitudes




Chiral symmetry breaking (tree EFT) input

chiral symmetry breaking: weakly coupled Goldstone bosons at very low energy

. 4 s —m?
tree-level amplitude: Agyeo(s,t,u) = — u linearins [Weinberg, 1966]
T 32w f2
225 — m?2 25 — 4m?2 22m2 — s
. 0 _ = T . 1 P s . 2 —— s
SO fO,tree(S) - T 3271']? P1 . fl,tree(s) T 967Tf7% 82 fO,tree(S) /s 3271'](3
good in unphysical region (very low energy) 0<s< 4m§r |i




Chiral symmetry breaking (tree EFT) input

chiral symmetry breaking: weakly coupled Goldstone bosons at very low energy

. 4 s —m?
tree-level amplitude: Agyeo(s,t,u) = — u linearins [Weinberg, 1966]
T 32w f2
225 — m?2 25 — 4m?2 22m2 — s
. 0 _ = T . 1 P s . 2 —— s
SO fO,tree(S) - T 3271']? P1 . fl,tree(s) T 967Tf7% 82 fO,tree(S) /s 3271'](3
good in unphysical region (very low energy) 0<s< 4m§r |i

numerically requires p.w. in the bootstrap match the tree level p.w. in unphysical region Je

B N N ] B B N

f(())(s) = f(()),tree<8) fll(s) = fll,tree(s) fOQ(S) — f(itree(s) 0<s< 4m3r




f11(s=3)

-0.27

~0.4}

-0.67

tiny region including weakly coupled ,
Goldstone boson scattering
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check extremal amplitude:
phase shift in physical region

S-matrix bootstrap+chiSB
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pQCD: SVZ sum rules
" Form factor asymptotics

Analyticity+Crossing+Unitarity:

S-matrix/form factors bootstrap
nonperturbative parameterization

EFT: tree level amplitudes




S-matrix/form factor bootstrap

[Karateev, Kuhn, Penedones, 2019]

‘w1> — ‘p17p2>ina W2> - ‘p17p2>outa |¢3> - /dme—i(p1+p2)-x0(x)‘0>

state created by

1S F
positive semidefinite matrix <¢a‘¢b> =1 S* 1 F|>=0 UV local operator
F*F p



S-matrix/form factor bootstrap

[Karateev, Kuhn, Penedones, 2019]

W1> = ‘p17p2>ina ‘w2> = ‘p17p2>outa |¢3> = /dxe—i(p1+p2)-x0(x)‘0>
1 S F state created by
positive semidefinite matrix <¢a‘¢b> =1 S* 1 F|>=0 UV local operator

F*F p
2-particle form factor: out (D1, p2|0(0)|0) = F(s) analytic function of s |ﬁ
00 F(s)
F(s) = l/ d:l:ImF(m) +subtractions
™ Ja xr—S
diz 4
spectral density: / Wesz<0\(’)T(x)(’)(O)\O> = p(s)  supportedat s>4




S-matrix/form factor bootstrap

[Karateev, Kuhn, Penedones, 2019]

‘w1> - ‘plap2>ina W2> - ‘p17p2>outa |¢3> - /dxe—i(p1+p2)-x0(x)‘0>

1 S F state created by
positive semidefinite matrix <¢a‘¢b> =1 S* 1 F|>=0 UV local operator
F* F p
2-particle form factor:  out (P1,D2|O(0)|0) = F'(s)  analytic function of s El
00 F(s)
F(s) = l/ demF(:v) +subtractions
™ Ja r—S
; d4£L' iPx T 4
spectral density: WG (0|0 (2)O(0)]0) = p(s)  supportedat s> 4

extended bootstrap variables:  {p12(2,y),...,ImF(x), p(z)} allow connection with UV theory



Current correlators from the UV gauge theory

‘in>P,[,£ |OUt>P,I,€ Op1.4]0)

" (infp 1 Si(s) F
to connect wit (out| 1, Si*(s) 1 Flx | =0 s>4 VI
UV gauge theory <O‘OT /’[ ’g ‘FEI* Jrgl """"""" p é(S)

construct operators from gauge theory
with desired quantum numbers



Current correlators from the UV gauge theory

‘in>P,[,£ |OUt>P,I,€ Op1.4]0)

_ (inlpr 16 1 S A

Jc:/connec:hw:th (out|p ,, Sl (s) 1 Fil* 0 s>4 V0,1

gauge theory I ) R M=

(010h 14 Firo FL )

construct operators from gauge theory e

with desired quantum numbers /)é (s) =2 ImHé (2 + i€) LS
e.g. vector (electromagnetic) current II(s)

. L, S I

Pl : gglz) = §(u7“u — dy*d) g ) 4
M) = i [ e ™ O {340} 10




Current correlators from the UV gauge theory

‘in>P,I,£ |OUt>P,I,€ Op1.4]0)

_ (il pr j g 1 S A

l;c:/connec:hw:th (out|p ,, Sl (s) 1 Fil* 0 s>4 V0,1

gauge theory Iy : e =

(010h 14 Firo FL )

construct operators from gauge theory :

with desired quantum numbers Pé (s) =2 ImHé (2 + i€) LS
e.g. vector (electromagnetic) current II(s)

. L, =

Pl : ji(x) = §(u7“u — dv"d) P ) 4
M) = i [ e ™ O {30} 10

large spacelike momenta — asymptotic free region with pQCD computation



SVZ expansion

[Shifman, Vainshtein, Zakharov, 1979]

OPE: T{j(x)j(0)} = Cy(x 1+Zc@

OIT G OH0) = Ca(e}+Caa) OlmadalO)+Cen(o 2) (012G, GO 0)+. .

pQCD

I




SVZ expansion

[Shifman, Vainshtein, Zakharov, 1979]

OPE: T{j(x)j(0)} = Cy(x JI+ZC@

(07{7()7(0)}[0) = Cy(x )+qu( )<O|quJQ|O>+CG2(5U) <0|7 GG 10)+

T quark B gluon
SB vacuum condensate condensate

o ) o
pQCD computation

OV




SVZ expansion

[Shifman, Vainshtein, Zakharov, 1979]

OPE: T{j(2)j(0)} = Ca(x) 1+ Y Co(x) O(0)
O
: : _ Qa0
(0T'{j()5(0)}10) = Cu(w)+Cq(x) (Olmqqq|0)+Co2 () (O] =G, G |0)+..
v 5 quark B gluon
SB vacuum condensate condensate
Fourier L . OCD E2
transform pQCD computation
I
large s expansion of vacuum polarization: e.g. vector current AAAAAAAA
11 1 G S 1l « 1
Im(s) = = —— (14 2) shn(==5) + —(2G) + = (myda) + - .
1(5) 2 (2m)4 { 472 T T Gl ,uQ) T 123< T G+ S<mqqq> T
N.=3




Finite energy sum rule

|5 connect pQCD with bootstrap at s

e

™~ contour integral SnH(S) vanishes
SVZ

EARAARA, 50 2
/ p(:lj)xndﬂ? - _88+1 / ez(”Jrl)(’OH(Soew)dSO
4 0

.,
~ s
~. i
________




Finite energy sum rule

S .
|5 connect pQCD with bootstrap at s
/';:‘ ~~~~~~~~~ \Hi . an :
X, contour integral S S ) vanishes
\\‘ yi ‘\\‘ SVZ
) -
[ EARAARAAAAAA S0 o
\ / plz o™ de = —88+1/ e P HDPT (506)dgp
\\\ ’/', 4 | 0 |
_______ bootstrap variables gauge theory information

linear constraints



P1
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S

1

P
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...............

-
A
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_________

-S0
/ p1(x)z"ds =
J4

Finite energy sum rule

1

boot

connect pQCD with bootstrap at s

contour integral 5" 11 (S) vanishes
SVZ

S0 27 ' '
/ p(x)a"de = —88+1/ e P HDPT (506)dgp
4 0
|

strap variables gauge theory information

linear constraints

W

&

1 o O« On2m
1 —S)— "GP — S (mggq) + ..., n > —1
n+2) ( T T < ) 52 (mqqq) + } =

N J
Y

condensates suppressed at large s,, not used as input



Asymptotic behavior of form factor from pQCD

perturbative QCD also controls asymptotic behavior of form factors

q
e.g. electromagnetic FF  (m(p2)]J4, (0)|7(p1)) = (0} + ph) Fr(q?) \\\ ),
q= (p2 —p1) pl//4/ T
\ 2
+++++ I

[Lepage, Brodsky, 1979]



Asymptotic behavior of form factor from pQCD

perturbative QCD also controls asymptotic behavior of form factors

q
e.g. electromagnetic FF (7 (p2)|J4,(0)[7(p1)) = (0 + pb) Fr(q?) \\ ’,
q = (p2—p1) Py 1 4
\ .
16ma(s) f2
+++++ [ ] mom-tmk
S
[Lepage, Brodsky, 1979] evaluate to estimate

in practical numerical implementation
suffices to require smallness above s = s | F(s > s0)|] Se



Test GTB with Ny =2 N, = 3 : numerical input

so=(1.2CeV)?, a,~041, m, ~4MeV my~T7.3MeV

so=(2GeV)?, @, ~0.31, my,~36MeV my~65MeV



Test GTB with Ny =2 N. = 3 : numerical input

so=(1.2CeV)?, a,~041, m, ~4MeV my~T7.3MeV

so = (2 GeV)2, as ~0.31, m, ~3.6MeV my~6.5MeV

F1

-0.005}

-0.010¢

-0.015;}

-0.020¢}

-0.025;}

-0.030¢

0.05 0.10 015 20

"o, look again at extremal numerical amplitude:

near tree physical f,_ point

® ]
Q'a °
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Gauge Theory Bootstrap

phase shifts up to 1.2 GeV

experimental data (gray dots)
[Protopopescu et al, 1973]
[Losty et al, 1974]
pheno fit (gray line)
[Pelaez, Yndurain, 2005]
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Gauge Theory Bootstrap phase shifts up to 2 GeV
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Low energy parameters: threshold expansion

scattering lengths and effective range parameters

\ /

Reff(5) "= 220K af + 00+ .. o
W GTB CGL PY

al’ | 0.16 ).178, 0.182 0.220 4 0.005 0.230 4 0.010

al? | -0.046 | -0.0369, -0.0378 | —0.0444 £ 0.0010 | —0.0422 % 0.0022
by | 0.18 | 0.287,0.290 0.280 4 0.001 0.268 4 0.010

b2 [-0.092 | -0.064,-0.066 | —0.080 = 0.001 —0.071 + 0.004

a’ | B 28.0, 28.4 37.0 £0.13 38.1+ 1.4 (x1073)
bY | © 2.86, 3.37 5.67+£0.13 | 4.75+0.16 (x1073)
a0 12.6, 12.3 17.54 0.3 18.0 0.2 (x107%)
a) | 0 2.87, 2.81 1.70 £ 0.13 2.240.2 (x107%)




Low energy parameters: pion charge radii

threshold expansion of the form factors:

1
scalar form factor: EY(s) = F)(0) |1+ Es<r2)§ + ...
1
vector form factor: Fl(s) = 1+ 58<T2>7‘T/ + ...
GTB Exp. fits

T | 0.64, 0.61 0.61 £ 0.04 fm?
(r?)7 | 0.388, 0.381 | 0.439 £ 0.008 fm*




Low energy parameters: chiral Lagrangian coefficients

calculate the chiral

Lagrangian coefficients

1
144073 {

_ _ 53
l1+4l2—%}+...

apo =
= g Sl
aps = 14407T3f;1 1 9 10
S 13
Bls] = 1+ 16722 <l4 - E) i
S
F](S> = 1+967T2f2(l6 1>‘|’
GTB GL Bij CIGL
[; | 0.92,0.93 | —2.3+3.7 —1.7+1.0 —0.44+0.6
I | 40, 40 6.0+ 1.3 6.1+ 0.5 4.3+0.1
I, | 47, 46 | 43409 4.440.3 4.440.2
lg | 14.3,14.1 | 16.5+1.1 | 16.0+0.5+0.7




p(770) meson as pole on

the second sheet of Si(s)
\ imls] (VeV)
" Ls. 400 600
40
a 30
1S71(s)l 20
10
GTB PDE \/K[s] (MeV) 0
Re(\/%) 829, 832 | 761 — 765 £ 0.23 MeV
Im(,/5,) | 63,64 | 71—74+038MeV




Vector (electromagnetic) form factor and p(770) meson

IF"4|

8t

..... Breit—Wigner . Breit-Wigner form
—— Gounaris—-Sakurai
..... Breit-Wigner 2

—— Gounaris-Sakurai Fl(S) . mp
1 o . ; _ 2
s —m2 +im,[',0(s — 4m2)

Gounaris-Sakurai form

m2[1 + dl',/m,)

(m§ = s) = im,yLp(a/4p)*(mp/V/5)

0.4 0.6 08 1.0 15 [s(GeV)
GTB PDG
3
couplings T, =g Mo [1 _ 4m7%] * Gprn =49, 49 m, | 836, 839 | 775 + 0.23 MeV
T A8 m; Gprr = 6 T, | 111, 111 | 149.1 + 0.8 MeV




Vector (electromagnetic) form factor and p(770) meson

|71l
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JPC
1= 24+ 3~ 4+
1 T T T T
n=3 n=2 n=1 n=0

4,(2040)
f,(2050)

w(1650) D4(1690)

20 Vs (GeV)

,(1670)
p(1450)
©(1420) a,(1320)
£,(1270)
p(770)
L p2) | | I |
0 1 2 3 4
L

p(1450)\ leading meson of the

second Regge trajectory



Gravitational form factor and f2 meson

IF%|

form factor of stress energy tensor

GTB PDG

1165, 1283 | 1275.4 £ 0.6 MeV
151, 201 186.6 &= 2.3 MeV

05 1.0 15 2.0 Vs (Gev)
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Conclusions

Gauge Theory Bootstrap: theoretical/numerical computation

only input: N, Ny mq fr ma

strongly coupled low energy physics of asymptotically free gauge theories
Numerical test with Ny =2 N. = 3find good agreement with experiments
Results suggest: we are on the right track for solving QCD (gauge theories)

Fast machine precision numerics (~20min on average laptop)

Ancillary files (details):
e GTB_numerics.m
e GTB_numerics.nb

need refinement/improvement to be more robust
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Prospects

e many future explorations in this framework:
change gauge theory parameters === strongly coupled low energy dynamics

gauge theory vs. chiral dynamics (e.g. SO vs. P1)

N =6
2000 \} =3 @
fixed t'Hooft coupling, change N, ¢ e $ ¢ *
the o0 meson in SO wave 150 o ® . o °®
e®0® s & °
o ) seeec *® ®
[WIP with Kruczenski] very preliminary results: i Soe00t it — =15
@ ®
[ J
50 ':
o8¢ — N=12

e analytic understanding? 0

0.5 1.0 15 2.0

convex geometry of ACU+pQCD — strongly coupled amplitudes of physical theory



Thank youl



