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Outline
• (Brief) review of calculation of full color two-loop five-point scattering amplitudes in massless QCD

2

Why How

• Five parton scattering in the high energy limit

Regge and Multi-Regge kinematics

Regge poles vs Regge cuts

Factorization beyond NLL

“Cut contamination”

2-loop central emission vertex
NEW!
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“Pain is inevitable, suffering is optional”

Worth it!

[PDG]

Testing running of strong coupling at TeV scale

∼ αs(Q)

Input for higher order jet 
cross sections

Simplest playground to 
study non planar sectors 

of QCD

Why

Infrared

High energy: Regge limit and 
factorization, BFKL evolution, 

PDFs@small x etc..

e.g. 3-jet XS [Czakon, Mitov, Poncelet 2106.05331] 
[Dixon et al 1912.09370] 
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Brief history of 5-point 2-loop QCD amplitudes

Full color: A. Agarwal, F. Buccioni, FD, G. Gambuti, A. von Manteuffel and L. 
Tancredi [2311.09870] + G. De Laurentis, H. Ita, M. Klinkert, V. Sotnikov in 

[2311.10086] & [2311.18752]

Leading color by Abreu et al in 
[2102.13609] 

This talk

Contributors: [Abreu, Agarwal, Badger, 
Buccioni, Chawhdry, Chicherin, Czakon, 
Cordero Febres, De Laurentis, Gehrmann, 
Brønnum-Hansen, Hartanto, Henn, Ita, 
Klinkert, Kryś, Marcoli, Mitov, Moodie, 
Page, Pascual, Peraro, Poncelet, Sotnikov, 
Tancredi, Manteuffel von, Zoia, …]
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Old but gold

𝒜 = ∑ HhTh

𝒜 = ∑ Feynman diagrams

Helicity projection
Tancredi, Peraro: 

1906.03298 & 2012.00820

> 40k

How
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Old but gold

𝒜 = ∑ HhTh

𝒜 = ∑ Feynman diagrams

Helicity projection
Tancredi, Peraro: 

1906.03298 & 2012.00820

> 40k
H = ∑

c

HcCc

Color decomposition



Federica Devoto, 06/10/2024 Amplitudes 2024, IAS 7

Old but gold

𝒜 = ∑ HhTh

𝒜 = ∑ Feynman diagrams

Helicity projection
Tancredi, Peraro: 

1906.03298 & 2012.00820

> 40k
H = ∑

c

HcCc

Color decomposition

ggggg qq̄ggg qq̄QQ̄gCc

Tree level

Beyond tree

Tr(Ta1Ta2Ta3Ta4Ta5)−
Tr(Ta5Ta4Ta3Ta2Ta1)

+ permutations

Tr(Ta1Ta2) ×
(Tr(Ta3Ta4Ta5) − Tr(Ta5Ta4Ta3))

+ permutations

(Ta1Ta2Ta3)ji

+ permutations

Tr(Ta1Ta2)Ta3
ij

(Tr(Ta3Ta4Ta5) − Tr(Ta5Ta4Ta3))δij

(Tr(Ta3Ta4Ta5) + Tr(Ta5Ta4Ta3))δij

Same as tree

Ta
ijδkl

Ta
ikδjl

Polynomial in Nc , nf

Optimal choice of color 
basis depends on problem 
at hand (see later in MRK)
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Old but gold

𝒜 = ∑ HhTh

𝒜 = ∑ Feynman diagrams

Helicity projection
Tancredi, Peraro: 

1906.03298 & 2012.00820

> 40k
H = ∑

c

HcCc

Color decomposition

H = ∑
m,c

RmcMmCc

Integration by 
parts identities

 Feynman integrals𝒪(106)

  master integrals𝒪(103)

Finite fields reconstruction 
Syzygy techniques

FinRed
(von Manteuffel)

s23s51s45 + (d − 4)s12s13s25

s12s23s34

(Only ~500 indipendent functions)

Master integrals & 
Pentagon functions

Chicherin, Sotnikov: 
2009.07803

Papadopoulos, Tommasini, Wever, Gehrmann, Henn, Lo 
Presti, Chicherin, Wasser, Zhang, Mitev, Böhm, Georgoudis, 
Larsen, Schönemann, Abreu, Page, Zeng,...

https://inspirehep.net/authors/994323
https://inspirehep.net/authors/1077771
https://inspirehep.net/authors/1269379
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1274393
https://inspirehep.net/authors/1274393
https://inspirehep.net/authors/1259630
https://inspirehep.net/authors/1694405
https://inspirehep.net/authors/1062340
https://inspirehep.net/authors/1046016
https://inspirehep.net/authors/1684314
https://inspirehep.net/authors/1445068
https://inspirehep.net/authors/1048855
https://inspirehep.net/authors/2556710
https://inspirehep.net/authors/1287226
https://inspirehep.net/authors/1272484
https://inspirehep.net/authors/1310565
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Old but gold

𝒜 = ∑ HhTh

𝒜 = ∑ Feynman diagrams

Helicity projection
Tancredi, Peraro: 

1906.03298 & 2012.00820

> 40k
H = ∑

c

HcCc

Color decomposition

H = ∑
m,c

RmcMmCc

Integration by 
parts identities

s23s51s45 + (d − 4)s12s13s25

s12s23s34

Instagram

Reality
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Old but gold

𝒜 = ∑ HhTh

𝒜 = ∑ Feynman diagrams

Helicity projection
Tancredi, Peraro: 

1906.03298 & 2012.00820

> 40k
H = ∑

c

HcCc

Color decomposition

H = ∑
m,c

RmcMmCc

Integration by 
parts identities

s23s51s45 + (d − 4)s12s13s25

s12s23s34

Master integrals & 
Pentagon functions

Chicherin, Sotnikov: 
2009.07803

Final result



High energy limit

In collaboration with 
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Warm-up:  amplitudes in Regge kinematics2 → 2

p1

p2p4

p3
s ∼ |u | ≫ − t

+ Large rapidity gap

x =
−t
s

Tree level:

Light-cone components

pμ
1 ∼ p+

1 pμ
2 ∼ p−

2

p+
3 ≫ |p⊥

3 | p−
4 ≫ |p⊥

4 |

s12 = p+
1 p−

2 t ∼ − k2
⊥

One loop:

1
t

×
log x

xSmall x

Dominant contribution (LL): 𝒜 ∼ τg(t)
log x

x
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Warm-up:  amplitudes in Regge kinematics2 → 2

Structure repeated to all orders: generalized ladder topologies

τg gluon Regge trajectoryGluon “reggeization” at LL

LL

Factorization at LL

𝒜(s, t) ≃ 𝒜(0)(s, t)( s
−t )

CA αs τg(t)

Universal, does not depend on 
partonic nature of projectiles

Beyond LL:  effective theory of “reggeons”

NB: this picture is schematic, in QCD things are more complicated
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NLL factorization

LL ∼ ( αs

2π )
n

logn x

NLL ∼ ( αs

2π )
n

logn−1 x

Di

Dj

𝒜(s, t) ≃ 𝒜(0)(s, t)Di(t)Dj(t)( s
−t )

CA αs τg(t,αs)

Impact factors

Corrections to Regge 
trajectory

[Fadin, Lipatov hep-ph/9802290] 

Factorization still holds (in )𝒜−

Regge pole is in the “odd amplitude”: define signature eigenstates

𝒜± =
1
2 (𝒜(s, t) ± 𝒜(−s − t, t))  : “even”𝒜+ : “odd”𝒜−

Starts with cut @1-loop Contains Regge pole
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NNLL factorization

NNLL ∼ ( αs

2π )
n

logn−2 x

Di

Dj

“Pole” “Cut”
Regge cuts responsible for violation of 

factorization at NNLL

Factorization is restored once “cut contamination” is removed

How? Wilson line approach
[Balitsky/JIMWLK + Caron-Huot 1309.6521, Caron-Huot, 

Gardi, Vernazza 1701.05241] 

+
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 amplitudes: Multi-Regge kinematics2 → 3

A(hA)(p1) B(hB)(p2) → B′ 
(hB′ )(p3) g(hg)(p4) A′ 

(hA′ )(p5)
Strong rapidity ordering, no ordering in transverse 

components, gluon centrally emitted

p+
5 ≫ p+

4 ≫ p+
3 , p−

3 ≫ p−
4 ≫ p−

5 , p±
4 ∼ |p3,⊥ | ∼ |p4,⊥ | ∼ |p5,⊥ |

Longitudinal and transverse dynamics 
completely factorized

s12 =
s
x2

, s23 = −
s1s2

s
zz̄, s34 =

s1

x

s45 =
s2

x
, s51 = −

s1s2

s
(1 − z)(1 − z̄)

p+
1 , p+

5 , p−
2 , p−

3 ∼ 1/x , p+
4 , p−

4 ∼ 1 , p+
2 , p+

3 , p−
1 , p−

5 ∼ x
MRK limit: x → 0

[Caron-Huot, Chicherin, Henn, Zhang, Zoia 2003.03120] 
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𝒜(σa,σb)(p1, p2, p3, p4, p5) ∼ 𝒜(p1, p2, p3, p4, p5) + σa𝒜(p5, p2, p3, p4, p1)

+σb𝒜(p1, p3, p2, p4, p5) + σaσb𝒜(p5, p3, p2, p4, p1)

Signature and color decomposition

 odd, odd 
 even, even 
 even, odd 
 odd, even

𝒜(−,−)

𝒜(+,+)

𝒜(+,−)

𝒜(−,+)

Contains pole contributions, 
relevant part for factorization 

Beyond NLL, receives cut 
contamination 

Color: t-channel in irreducible representation

8 ⊗ 8 = 0 + 1 + 8a + 8s + 10 + 10 + 27

antisymmetric

symmetric

Only  amplitude 
receives pole 
contribution

(8a,8a)
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𝒜λ(s) = s12 [Ta
A𝒞λA

A (s51)]
ℛ(s45, s51)

s51
[ f aba4 𝒱hg]

ℛ(s34, s23)
s23

[Tb
B𝒞λB

B (s23)]

18

 amplitudes: factorization at NLL and beyond2 → 3

: Factorization at NLL works as expected, only pole contributions 𝒜(−,−)

ℛ(s, t) =
1
2 [( s

t )
τg(t)

+ ( −s
t )

τg(t)

]
New ingredient: central emission 

vertex (Lipatov vertex)

At NNLL: cut contamination in , they enter 𝒜(−,−) (8a,8a)

Strategy: compute the cut contributions from Wilson-line 
approach and subtract it to expansion of 5-point amplitudes to 

get universal structures

Need expansion of amplitude: rational + 
trascendental
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Expansion of the amplitude in MRK

Rational Transcendental 

{s12, s23, s34, s45, s51} → {s, s1, s2, z, z̄} + x

Scaling parameter 
 : “physical point”, 

:MRK
x = 1

x = 0

dIi(s) = ϵ dAij(s) Ij(s) dAij(s) = ∑
n=1

an
ij d log(Wn)

Wn → Wn(x)
[Caron-Huot, Chicherin, Henn, Zhang, Zoia 2003.03120] 

∂
∂x

f(x, y, ϵ) = ϵ Ax(x, y) f(x, y, ϵ)

∂
∂y

f(x, y, ϵ) = ϵ Ay(x, y) f(x, y, ϵ)

{s,s1,s2,z,z}

x10

1) to MRK

2)

f (w)(s; x) = ∑
n=0

w

∑
m=0

f (w)
mn (s) xn logm x {x}, {

s1 s2

s
}, {s1, s2, s1 − s2, s1 + s2},

{z, z̄,1 − z,1 − z̄, z − z̄,1 − z − z̄}

Set of PF and BC from 
[Chicherin, Sotnikov: 

2009.07803]
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Cut contributions: Wilson-line EFT approach

Wa
1ab ∼ − 2g[ . . . F . . . ]ba = 2gs[Fa1]baWa1(p1 + p2)[ ϵ ⋅ p1

p2
1

+
ϵ ⋅ p2

p2
2 ]

+ig2
s [Fa1Fa2]ba ∫ [dq1]Wa1(p1 + p2 − q1)Wa2(q1)[ ϵ ⋅ p1

p2
1

+
ϵ ⋅ (q1 − p1)
(q1 − p1)2 ]+

+g3
s [Fa1Fa2Fa3]ba ∫ [dq1][dq2]Wa1(p1 + p2 − q1)Wa2(q1 − q2)Wa3(q2) ×

× [1
6 ( ϵ ⋅ (q1 − p1)

(q1 − p1)2 ) −
1
2 ( ϵ ⋅ (q2 − p1)

(q2 − p1)2 ) −
1
3 ( ϵ ⋅ p1

p2
1 )] + 𝒪(g4

s )

Wa
1Wb

1Wc
1ad ∼ 2gs[Fa1]da ∫ [dq1][dq2]Wa1(p1 + p2 − q1)Wb(q1 − q2)Wc(q2) ×

× [ ϵ ⋅ p2

p2
2

−
ϵ ⋅ (q1 − p1)
(q1 − p1)2 ] + (a ↔ b) + (a ↔ c) + 𝒪(g2

s )

U(p1)aa(p2) ∼ − 2g∫ [dz1][dz2][Uab
adj(z2) ̂Tb

R,1 − ̂Ta
L,1]U(z1)e−ip1⋅z1−ip2⋅z2 ∫ [dq]

ϵ ⋅ q
q2

eiq⋅(z2−z1)U = ei gs T⋅W

Our focus is (8,8)

Caron-Huot [1309.6521]
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Cut contributions in (8,8) amplitude: Wilson-line EFT approach

𝒜2,cut
ab,[8,8] = ( αs

4π )
2

( iπ
3 )

2

( μ2

|p4 |2 )
2ϵ

[ℱLC(z, z̄, ϵ) + ℱab(z, z̄, ϵ)]

ℱLC(z, z̄, ϵ) = N2
c ( 2

ϵ2
−

log(zz̄) + log((1 − z)(1 − z̄))
ϵ

+ 6iD2(z, z̄) − 2ζ2

+
5
2

log2(zz̄) +
5
2

log2((1 − z)(1 − z̄)) − log(zz̄)log((1 − z)(1 − z̄)))
ℱqq(z, z̄, ϵ) =

18
ϵ (log((1 − z)(1 − z̄)) + log(zz̄)) − 9(log((1 − z)(1 − z̄)) + log(zz̄)))2

+108iD2(z, z̄) +
1

N2
c [ 18

ϵ2
−

36
ϵ (log((1 − z)(1 − z̄)) + log(zz̄)) − 108iD2(z, z̄)

−18ζ2 + 36 log2((1 − z)(1 − z̄)) + 36 log2(zz̄) + 18 log((1 − z)(1 − z̄))log(zz̄)]
ℱqg(z, z̄, ϵ) =

27
ϵ2

+
1
ϵ (54 log((1 − z)(1 − z̄)) − 36 log(zz̄)) + 216iD2(z, z̄) − 27ζ2 + 45 log2(zz̄) − 36 log(zz̄)log((1 − z)(1 − z̄))

D2(z, z̄) = − i ( log(zz̄)
2 (log(1 − z) − log(1 − z̄)) + Li2(z) − Li2(z̄))

LC is universal

SLC is non-
universal

See also talk by E. Gardi @ L&L2024
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In qg  reggeon interaction also contributes 
to : we can check it against the MRK 

expansion of the amplitude!

1 → 3
(8a,10 + 10)

We find agreement 

𝒜2,cut
qg,[8,10+10]

= ( αs

4π )
2

( iπ
3 )

2

( μ2

|p4 |2 )
2ϵ

[ 9
2ϵ2

+
18 log((1 − z)(1 − z̄)) − 9 log(zz̄)

ϵ

+54iD2(z, z̄) −
9
2

log2((1 − z)(1 − z̄)) + 9 log2(zz̄) − 9 log(zz̄)log((1 − z)(1 − z̄)) −
3ζ2

4 ]
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2-loop central emission vertex NEW!!!

2-loop Lipatov vertex

Universality at NNLL!!!
Final formula not instagrammable yet BUT

Weight drop in finite remainder (weight 4  prod of lower weights) 

Spurious  cancels in finite remainder (seen at symbol level for now)

∼

z − z̄

Three-loop Regge trajectory  

Two-loop impact factors
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Summary and outlook

24

Review of the computation of full color 5-point 2-loop QCD massless amplitudes  

Exploration of high energy regime: MRK kinematics 

Beyond NLL factorization in the Regge pole is broken by multi-reggeon exchanges 

We computed the cuts with EFT approach and subtracted from expansion of the amplitude 

Preliminary results for Lipatov vertex @2-loops from qqggg & qqqqg amplitudes

TO DO:

Complete check of universality of vertex with ggggg channel 

What about other color structures?, check with N=4?, ….



Thank you!



Backup slides
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Old but gold

𝒜 = ∑ HhTh

𝒜 = ∑ Feynman diagrams

Helicity projection
Tancredi, Peraro: 

1906.03298 & 2012.00820

> 40k
H = ∑

c

HcCc

Color decomposition

H = ∑
m,c

RmcMmCc

Integration by 
parts identities

Computation of 
master integrals + 

algebraic 
simplification

Final result

RmcMm =
M

∑
k=1

rc
k(sij, d)M(sij, d)

Key step for simplification

ak(sij, d) =
N(sij, d)

Q(d)D(sij)
ak(sij, d) = ∑

l

gl(d) Rl(sij)

Uni (d) +multivariate PF
MultivariateApart [Heller, von Manteuffel 2101.08283]
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Old but gold

𝒜 = ∑ HhTh

𝒜 = ∑ Feynman diagrams

Helicity projection
Tancredi, Peraro: 

1906.03298 & 2012.00820

> 40k
H = ∑

c

HcCc

Color decomposition

H = ∑
m,c

RmcMmCc

Integration by 
parts identities

Computation of 
master integrals + 

algebraic 
simplification

Final result

RmcMm =
M

∑
k=1

rc
k(sij, d)M(sij, d)

Key step for simplification

rc
k(sij, d) =

N(sij, d)
Q(d)D(sij)

rc
k(sij, d) = ∑

l

gl(d) Rc
l (sij)

Uni (d) +multivariate PF
MultivariateApart [Heller, von Manteuffel 2101.08283]

Not independent!

Look for linear relations amongst rational functions
Rk = ∑

m1+…+m30≤p

ak,m1…m30
Mm1…m30

∑
k

Rkbk = 0 ∑
k

ak,m1…m30
bk = 0

Absolutely crucial step (see later)

Mm1…m30
= qm1

1 …qm25
25 sm26

12 …sm30
51
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2-loop central emission vertex NEW!!!

With cuts under control we extract the 2-loop Lipatov vertex from the qqggg 
amplitude and check against the 4q1g channel 

Other ingredients are known: 

Three-loop Regge trajectory  

Two-loop impact factors

Universality at NNLL!!!

Final formula not instagrammable yet BUT

Weight drop in finite remainder (weight 4  prod of lower weights) 

Spurious  cancels in finite remainder (seen at symbol level for now)

∼

z − z̄
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NNLL factorization

NNLL ∼ ( αs

2π )
n

logn−2 x

Di

Dj

“Pole” “Cut”
Regge cuts responsible for violation of 

factorization at NNLL

Factorization is restored once “cut contamination” is removed
How?

Wilson line approach
[Balitsky/JIMWLK + Caron-Huot 1309.6521, Caron-Huot, 

Gardi, Vernazza 1701.05241] 

Leading color: universal 
Sub leading color: non-universal 

“LO” in the Wilson line correlators

Matched to amplitudes 
in a given theory

[Falcioni et al 2112.11098]  

+
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Expansion of the amplitude in MRK

Rational Transcendental 

{s12, s23, s34, s45, s51} → {s, s1, s2, z, z̄} + x

Scaling parameter 
 : “physical point”, 

:MRK
x = 1

x = 0

dIi(s) = ϵ dAij(s) Ij(s) dAij(s) = ∑
n=1

an
ij d log(Wn)

Wn → Wn(x)
[Caron-Huot, Chicherin, Henn, Zhang, Zoia 2003.03120] 

∂
∂x

f(x, y, ϵ) = ϵ Ax(x, y) f(x, y, ϵ)

∂
∂y

f(x, y, ϵ) = ϵ Ay(x, y) f(x, y, ϵ)

Ax(x, y) =
A0

x
+ ∑

k≥0

xkAk+1(y)

f(x, y, z) = xϵ A0P exp [ϵ∫
y

y0

Ay(0,y′ )dy′ ] g0(ϵ)

{s,s1,s2,z,z}

x10

1) to MRK

2)

f (w)(s; x) = ∑
n=0

w

∑
m=0

f (w)
mn (s) xn logm x

{x}, {
s1 s2

s
}, {s1, s2, s1 − s2, s1 + s2},

{z, z̄,1 − z,1 − z̄, z − z̄,1 − z − z̄}

Solution at LP ( )x0

We need NNLP
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Balitsky/JMWLK equation

32
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Credits to Fabrizio :)



Federica Devoto, 06/10/2024 Amplitudes 2024, IAS 34

Credits to Federico :)


