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Testing running of strong coupling at TeV scale

tdecay (N3LO) —«

low Q2 cont. (N3LO) =~
Heavy Quarkonia (NNLO)
HERA jets (NNLO) ++—

e*e” jets/shapes (NNLO+NLLA)
e*e” Z0 pole fit (N3LO) +e—

Simplest playground to
study non planar sectors

pp/pp jets (NLO) +=—
SASSE e
High energy: Regge limit anad 0.
factorization, BFKL evolution, 005 |

August 2023

PDFs@small x etc..
[IPDG]

& e
’1: Input for higher order jet

Cross sections

-

@
“ e.g. 3-jet XS [Czakon, Mitov, Poncelet 2106.05331]
O

T BFKL

INnfrared

log (1/x)
non-perturbative

[Dixon et al 1912.09370]

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS



Brief history of 5-point 2-loop QCD amplitudes

three photons diphoton + jet dijet + photon
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Contributors: [Abreu, Agarwal, Badger,

Buccioni, Chawhdry, Chicherin, Czakon,

Cordero Febres, De Laurentis, Gehrmann,

BrgnnuMm-Hansen, Hartanto, Henn, Ita,

Klinkert, Krys, Marcoli, Mitov, Moodie,

5 5 : Leading color by Abreu et al in
age, Pascual, Peraro, Poncelet, Sotnikov, 1210213609]

Tancredi, Manteuffel von, Zoia, ...] v

Full color: A. Agarwal, F. Buccioni, FD, G. Gambuti, A. von Manteuffel and L.
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Old but gold

How

A = Z Feynman diagrams

> 40k
Helicity projeot'onk

Tancredi, Peraro:
1906.03298 & 2012.00820
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Old but gold

A = Z Feynman diagrams

> 40k
H= ) HC,
Helicity projection C
Tancredi, Peraro: ‘Q[ — Z HhTh \/ "
1906.03298 & 2012.00820 Color deCOmpOSItIOﬂ
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Old but gold

= Z Feynman diagrams (\ Polynomialin N, iy

> 40k

H= Y [HC,
Helicity projection Z C
Tancredi, Peraro: ‘Q[ — HhTh -
1906.03298 & 2012.00820 Color deCOmpOSItIOﬂ
C. 88888 49888 93008
aypa asas sy _ a
Tree level S (T T2T™) i le Ou
Tr(TST“TSTRT) J . .
, . . Ta 5 Optimal choice of color
+ permutations permutations ik“jl :
basis depends on problem
Tr(TaT%) x Tr(THT%) T at hand (see later in MRK)
Beyond tree 4
(Tr(TST%TY%) — Te(TSTAT%)) | (To(THTHTS) = To(TSTT))d;; Same as tree
+ permutations (Tr(TBTHT™) + Te(THTHT™)) 0y
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Old but gold

A = Z Feynman diagrams
> 40k

Helicity projection of HT
Tancredi, Peraro: — h h
1906.03298 & 2012.00820 o
Color decomposition /-\ VieRiEr el
Pentagon functions

— mc | Chicherin, Sotnikov:
H="Y RIEM,C.

2009.0/803
m,c
0(10°) Feynman integrals

INntegration by
H = Z HCCC parts identities
C

e | 573551845 + (d — 4)5125135)5
Finite fields reconstruction _—

Syzygy technigues

512523934

O(10%) master integrals

(Only ~500 indipendent functions)

Papadopoulos, Tommasini, Wever, Gehrmann, Henn, Lo
Presti, Chicherin, Wasser, Zhang, Mitev, Bohm, Georgoudis,
Larsen, Schonemann, Abreu, Page, Zeng,...
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Old but gold

A = Z Feynman diagrams
> 40k

Helicity projection of HT
Tancredi, Peraro: — h h
1906.03298 & 2012.00820 o
Color decomposition /-\ VieRiEr el
Pentagon functions

H — E RmCM C Chicherin, Sotnikov:

m—~«c 2009.07803

INntegration by
H = Z HCCC parts identities
C

512523934

Final result
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Warm-up: 2 — 2 amplitudes in Regge kinematics

— =

: Light-cone components |
s~ |lul>-—t
P1 > 22 y . : \
Py ~P1 P, ~ D2
+ Large rapidity ga \ N _ I
S - py>|pi| py>lpil |
P4 % D> =
S
Tree level: >J A ‘}{\.
i -~
|
[

log x

Dominant contribution (LL): &f ~ Tg(t)
ceme- X

T ko

One loop:

Small x
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Warm-up: 2 — 2 amplitudes in Regge kinematics

Structure repeated to all orders: ladder topologies
—=
. < Cpa,7,(1)
NB: this picture is schematic, in QCD things are more complicated ‘Q[(SQ t) i ‘Q[( )(S9 t) _l'
Gluon "reggeiZOItiOﬂ" at LL Tg gluon Regge trajectory
~Q 9 9 S 9S>

L - .
_ Universal, does not depend on

e Ry RO IAIN oartonic nature of projectiles

e

Beyond LL: effective theory of “reggeons”

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS 13



Regge pole is in the “odd amplitude”: define signature eigenstates

, 1
d* =— (A(s,t) £ A(—s —1,1)) ot

o even”

l

Starts with cut @1-loop

NLL faCtOriZation [ orere)

LL ~ (ﬁ) log” x 09 9= ‘

27

27 )
(s, 1) ~ A, t)Di(t)Dj(t) (—_t)

Factorization still holds (in &™)

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS

2~ “odd”

l

Contains Regge pole

Impact factors
o n
_ W \u"@
NLL ~ (—S> log" 1 x

Ca 0, 7,(1105) /\

Corrections to Regge
trajectory
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NNLL factorization

~Q 9 9 S 98
n
94
NNLL ~ (—S> log" 2 x +
27
W
”PO|6" ‘Cut”

Regge cuts responsible for violation of

factorization at NNLL

Factorization is restored once “cut contamination” is removed

Wilson line approach

[Balitsky/JIMWLK + Caron-Huot 1309.6521, Caron-Huot,
Gardi, Vernazza 1701.05241]
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2 — 3 amplitudes: Multi-Regge kinematics

AW(p ) B"(p,) = B'")(p,) g (p) A’ )(ps)

7 =0

] & 3
))JJS'>O

S0 W?h

P, ‘;5

[Caron-Huot, Chicherin, Henn, Zhang, Zoia 2003.03120]

Federica Devoto, 06/10/2024

Strong rapidity ordering, no ordering in transverse

components, gluon centrally emitted

J

ps>pl>p’, p3y>p;>ps, pi ~ P3|~ |pss|l ~1ps |

Longitudinal and transverse dynamics
completely factorizea

/7 A MRK limit: x = 0

pl_l_aps_l_apz_ap?,_N l/x, p:,pZN 1, p;_’p;_’pl_’pS_Nx

S12 =

S45 =

Amplitudes 2024, TIAS

S S1S2 . Sl
o 923 T L, 834 =
S
59 5157 .
— S =T (1 -2)(1-2)
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Signature and color decomposition

ﬂ(aa,db)(plapzap:}apél.?pS) ~ ‘Q[(pl’pZ’p:S’pél-’pS) T Ga‘Q[(pS’pZ’p3’p4’pl)

+0, 9 (P1> P3s P2> Pas P5) + 0,06,4 (Ps, P35> Prs Pas P1)

F Contains pole contributions,
even, even relevant part for factorization
A7) even, odd Beyond NLL, receives cut

of (=) odd, even contamination

symmetric
Color: t-channel in irreducible representation /' / 4\
10 + 27

QA 8®8=0+1+8,+8 + 10

) receives pole
, , contribution
antisymmetric

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS

Only (8,,8,) amplitude

17



2 — 3 amplitudes: factorization at NLL and beyond

A, p Ta, Ca A, ps (_ _) . . : :
3 g 7’: Factorization at NLL works as expected, only pole contributions
39 A HK(S455 S51) R (S345 523)
ANs) = 515 [T567(s5))] [fP% 7] [T5E7(53)]
A B
% 020009009090090900 ~ ¢, P4 SSI S23
B : :
r 1 [/ o\%0 g\ % 2
g %(S, t) = 5 (7) + <T> :

New ingredient: central emission

vertex (Lipatov vertex)

Strategy: compute the cut contributions from Wilson-line
approach and subtract it to expansion of 5-point amplitudes to
get universal structures

L» Need expansion of amplitude: rational +

trascendental

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS 18



Expansion of the amplitude in MRK

/ \ Scaling parameter Set of PF and BC from
— x =1 “thSiCC” pOth, [Chicherin, Sotnikov:
x = 0-MRK 2009.07803]

15125 523> 534 545, 551} = 15,81,8, 2,2} + X

Nelilelalel

dI(s) = edA(8)I(s) ~ dAyS) = ) afdlog(W,)

n=1
‘ if(x,y, €) = € A(x, ) E(x, y, €) ° o
ox
l a_ay (x,y,€) = e Ay(x, y) H(x, y, €) W, = W,(x)

[Caron-Huot, Chicherin, Henn, Zhang, Zoia 2003.03120]

(W) an o N (WY ( e\ Tl Ton ottt X}, {m}» {$1, 82,81 — 83,81 + 5>},
fs:0) = ), ) fin®)x" log"x ;

{z,z,1—z,1—-2,z—2,1 —z—2}

n=0 m=0

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS 19



Cut contributions: Wilson-line EFT approach

P1+DP2—q1

U=e¢e'4IW Ulppa®(py) ~ — 2gJ[dz1][dz2] Uz Tl = T4 | U(zl)e‘ipl'zl‘ipz'@[[dq]fjc]'—zqeiq-@z—zo
- D
~2_g 9_8S== WiWyWia? ~ 2g [ F “1]d“J[dq1][dq21 Wa(py + py — q)W(q; — )W (gy) X
Al DU
e ( (93 1)721) +(a o b)+(a )+ 0(g)
TN B E T, D3 q1 — P
\_ : : J
g o e )
Wia® ~ = 2g[...F...1" = 2g [F“]"W%(p, + p,) . fl o f :
- Pi Py
RN A SN . P
+i83[Fa1Fa2]baJ[d%]Wal(pl+P2_C]1)Wa2(ql) - fl + ] pzl) +
@~ P (g1 =P~
+g [FF“F “3]b“[[dq1][dq2] Wh(py + py — q)W*(q; — @) Wh(g,) X b
O IAA AN
o (ats) ) S (5 o
qd1 — P1 4> — P1 P
_ 1 Y

Our focus is (8,8)

Federica Devoto, 06/10/2024

Amplitudes 2024, TIAS

—P1—DP2

Z1

Caron-Huot [1309.6521]

di1 — P1 do— P1

. P1+DP2—q1

—P1—D2

q2
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See also talk by E. Gardi @ L&L2024

Cut contributions in (8,8) amplitude: Wilson-line EFT approach

a \” [ ir\" /42 .
2,cut $ T = T =
~Q_9 9SS ’ = | — —
ddb,[S,S] 4 3 2 [‘fr LC(Za Zs 6) + ‘/rab(za Zs 6)]
4 | P4 |
A - :
RS EEE 9C(ZZG)_N2<3_W+@D(ZZ)_Q; /\
LC\% %, €) = INe | — 2%, 2 . |
. . L C is universal
Y B UWUE +% log?(27) + % log?((1 — 2)(1 — 2)) — log(z2)log((1 — 2)(1 - z»)

€

M . B 1 18 36 _ _ . _
+108iDy(2,2) + vile ?(log((l — 2)(1 — 2)) + log(z2)) — 108iD,(z, 2) SICis non.

universal

F (27 €) = — (log((1 = 2)(1 = 2)) + log(z2)) = 9(log((1 = (1 - 7)) + log(z2)))’ /\

—18¢, + 36 log?((1 — 2)(1 — 2)) + 361og?(zZ) + 18log((1 — z)(1 — Z))log(ZZ)]

F. (2,7, €) = 2, l(54 log((1 — 2)(1 = 2)) = 36log(z2)) + 216iDs(z, 7) — 27¢, + 4510g%(2Z) — 36 log(zZ)log((1 — 2)(1 — 2)) /

€

48

log(z2) (

Dy(z,2) = —1 ( log(l — z) —log(1 — Z)) + Li,(z) — Li2(2)>
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Ingg 1 — 3 reggeon interaction also contributes

to (8,10 + 10): we can check it against the MRK
—______-’-__ :
expansion of the amplitude!
. We Tind agreement J
~NY X0 8>
2 /. 2 o) 2€ - _
g2t (% (= H 9  18log((l —2)(1 —2)) — 9log(z2)
42.[8,10+101 — \ 47 3 D4 |2 2¢2 €
9 3
+54iD5(z,7) — 5 log?((1 — 2)(1 = 2)) + 91og*(z2) — 91og(z2)log((1 — 2)(1 — 2)) jz

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS
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2-loop central emission vertex

o Three-loop Regge trajectory

o Two-loop impact factors

e

Final formula not instagrammable yet

2-loop Lipatov vertex ‘/
\+ Universality at NNLLI!

° Weight drop in finite remainder (weight 4 ~ prod of lower weights)

° Spurious 7 — zZ cancels in finite remainder (seen at symbol level for now)

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS
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Summary and outlook

o Review of the computation of full color 5-point 2-loop QCD massless amplitudes

o Exploration of high energy regime: MRK kinematics
o Beyond NLL factorization in the Regge pole is broken by multi-reggeon exchanges
o We computed the cuts with EFT approach and subtracted from expansion of the amplitude

0 results for Lipatov vertex @2-loops from ggggg & gggag amplitudes

o Complete check of universality of vertex with ggggg channel

o What about other color structures?, check with N=47 ...

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS
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Backup slides



Key step for simplification H = 2 R™M,,C,

m,c

R™M Z ré(s;, dYM(s;, d)

N(s;, d) Computation of
_ : a(s..d) = d) R(s::
ai (s d) = — & Y ) Zg’( ) R U) master integrals +

Final result aigebrdic
Uni (d) +multivariate PF simplification

MultivariateApart [Heller, von Manteuffel 2101.08283]

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS
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Rk = Z ak,ml D) .m3OMm1 .. .Mz

my+...+ms,<p

— 4™ M5 M6 N3
M,y = 4y - 8p57515"° S5,

Key step for simplification

M
R™M,, = Y ré(s;, d)M(s;. d)
k=1

N(s;, d)

" 0(d)D(s;)

Uni (d) +multivariate PF
MultivariateApart [Heller, von Manteuffel 2101.08283]

Federica Devoto, 06/10/2024

Look for linear relations amongst rational functions

2 Rkbk =0 Z ak,ml...m30bk =0
k k

H= ) R™M,C.

m,c

Not independent!

master integrals +

Final result algebraic
simplification

J Absolutely crucial step (see later)
Computation of
s {Gspd) =Y g(d)Ri(s;) :
[

Amplitudes 2024, TIAS
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2-loop central emission vertex

With cuts under control we extract the 2-loop Lipatov vertex from the ggggg
amplitude and check against the 491g channe

k—' Universality at NNLL!!!

Other ingredients are known:

o Three-loop Regge trajectory

o Two-loop impact factors

Final formula not instagrammable yet

° Weight drop in finite remainder (weight 4 ~ prod of lower weights)

° Spurious Z — Z cancels in finite remainder (seen at symbol level for now)

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS
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NNLL factorization

~Q 9 9 S\ 9
n
94
NNLL ~ [ == ) log"2x +
27
W
. . . ”Pole” “Cut”
Regge cuts responsible for violation of
factorization at NNLL
Factorization is restored once “cut contamination” is removed
OW

Matched to amplitudes

/* in a given theory

Leading color: universal Wilson line approach
: : [Balitsky/JIMWLK + Caron-Huot 1309.6521, Caron-Huot,
SUb |eOdIﬂg CO|OF: ﬂOﬂ-UﬂlverSO\ Gardi, Vernazza 1701.05241]

[Falcioni et al 2112.11098] KJ
“LO” in the Wilson line correlators

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS

30



Expansion of the amplitude in MRK (5,5152,2,2}

/ \ Scaling parameter \
. . - ) to MRK
Sational Transcendental x = 1. “physical point’, P PR
HHONE x = 0:MRK 2) 4
\
¥
- I >
15125 5235 5345 S450 S511 = 15, 51,82, 2, 2} + X 0 1
W — W (x)
Al (S) — ¢ dA (S) I(S) dA.(s) = Z a"dlog(W) [Caron-Huot, Chicherin, Henn, Zhang, Zoia 2003.03120]
\z T i ] Y J a
] ] n=1 Sl S2
a {.X}, {T}a {S19S29S1_S29S1+S2}9
af()@y, 6) — €Ax(-xay)f(xay9 6) {Z,Z,l . Z,l _ Z,Z . Z,l — o — Z}

0
l a—y (X, Y, 6) — €Ay(x, }7) f(xa Y, 6) 4
f s Vo — GAOP J' A Oa ,d ,
(x,y,2) = x“oPexp e | A)0,y)dy’| gole) ’\ We need NNLP

Yo
Ay J
Ax(xa y) — | xkA (y) Z
A kzzo - Solution at LP (x°) (s x) = Z Zf;fnv;‘;)(S) x" log" x
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K equation

[1dzolidzildz]Kisox

{[T2,02, + (L & R)] — U (20) [T2TER + (i ¢ 5)] } +O(a2y)

+ [idsaldzlidz Kiso{ - 525

2
as,b

67

+ [W()iWOWOW()j — WoiWoWo,; W5 — WiW()iW()W()j]xy + }

Federica Devoto, 06/10/2024 Amplitudes 2024, TAS
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Poles and cuts

) _ :
7) a§. )(t)eﬂ’

1

(-)
a; '(t) = -
’ j—1-a(t)—s “Regge trajectory”

T s
A (s, e pole = Zel® 4+ sub-leadin
( )lRegg pol sin (‘n’at) P g

2

(=) (4} — 1 <
j (t) = j— 1 —a(t)]”ﬁ(t) —M

e S 1

S [B0La(®) 4 sybleading
sin (’%ﬂ) tI'(1+B(t))

.A(_)(S, t)IRegge cut —

Credits to Fabrizio :)

Federica Devoto, 06/10/2024

T §— 8 — 1€

Mellin moments

1 ds
aj(t)—;/o TAL(,0)

Signature eigenstates

,A(i)(s, t) = % (A(s,t) = A(—s —t,t))

~y+ioe di .
(+) — 4 J T (1)l
A zL sin(7) Ccos ( > ) a;"’(t)e

—100

~¥+i00 . .
A =/ % — sin (ﬂ) ag-—)(t)e"
, 2

—100 Sin(ﬂ])

Als t) = = / B A+t
0

Some jargon...

r

du
U+ 8+t —1e

0y
=1In|s/t| —i—
s/t — i

Amplitudes 2024, TIAS
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Expansion of pentagon functions in MRK

dI;(5) = edAy(9)1;(5)  dA;(5) =) af;dlog(W,)

n=1
S, S,5,,2,2
Wn — Wn (.CE' ) [Caron-Huot, Chicherin, Henn, Zhang, Z2oia 2003.03120] {- 1=l A?-' ' }

For fixed {s;} ~ y, one gets a I-d differential equation in x 1) to MRK

—
(CB,y,E) — EASE(xvy) —’(xvyv 6) \

A
R Ag(z,y) = ?0 + ) 2" Apa(y)
(CC,y,E) — eAy(a:,y)f(a:,y,e) k>0

—

Yy
Flz,y.¢) = e Pexp e / A,(0,4)dy'| Go(e)
Yy

0 _ pentagon functions at LP

Nice property of MRK at LP:
Gram-determinant a perfect square {a:} : Alphabet in MRK much simpler than in

all square-roots in letters rationalized { 5152 } full kinematics (35-12 letters)
?
S

2.2 =\2 _
A — 62 ~ 8182(’2 o Z) | {81782781 52,51 + 32}7
O 250 x4 {2,2,1—2,1—2,2—2,1—2—Z}

Freiburg 04/06/2024

Credits to Federico :)
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